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The £ spectra of Au!® and Zn® were measured under identical conditions using an iron- 
free toroidal 8 spectrometer; the 8 spectrum of Zn*® is known to have a Fermi shape. A 
difference between the 6 spectra was observed at low energies (100—300 kev) which at 100 
kev reached (6.5 + 0.5)% on the Fermi plot, a lack of electrons being discovered in the Au! 
spectrum in this region. It is interesting to note that some time ago a deviation from v/c 
in the longitudinal polarization of Au!®8 g electrons was observed at the same energies. 


Ir has been observed!+] when measuring the lon- 
gitudinal polarization of Au!®® g electrons that the 
magnitude of this polarization differs considerably 
from v/c at low energies. Geshkenbein and Rudik 
have shown!?] that such a difference should be ac- 
companied by a deviation of the B spectrum from 
the Fermi shape in this energy region. We per- 
formed an experiment aimed at detecting such de- 
viations in the 8 spectrum of Au, 

Distortions in the shape of the B spectrum may 
arise in measurements made with ordinary spec- 
trometers, especially at low electron energies. 
The causes of this distortion may be divided into 
two groups. The first group has to do with the 
composition of the source. The scattering and 
slowing down of electrons in the source increase 
the number of low-energy electrons in the spec- 
trum. Back scattering of electrons from the 
source backing can produce a similar effect. 

The second group of causes is associated with 
the scattering of electrons inside the spectrom- 
eter and with the passage of electrons through the 


counter entrance window. If the measured p- 


spectrum shape is found to remain unchanged 
when thin sources of varying thickness (thinner 


than 100 yg/cm?) are used, it may be supposed 
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that the distortions in shape are due only to the 
second group of causes. 

When comparative measurements are made of 
spectra with identical end-point energies, the dif- 
ference observed in spectrum shape can be ex- 
pected to reflect true differences in these spectra 
(in spite of the deviation of both spectra from the 
Fermi shape). 

For this reason it was decided to compare 
under strictly identical conditions the B spectrum 
of Au!®8 with a spectrum of known Fermi shape. 
The B spectrum of zn® is especially suitable for 
such a comparison. When zn®8 is irradiated with 
neutrons, Zn® is formed both in the ground state, 
from which £ decay proceeds to the ground state 
of zn®® (half-life 51 minutes), and in the isomer 
state, from which a y transition to the ground 
state of Zn® (half-life 14 hours) is followed by 
a 51-minute B decay. [3] The end-point energy 
of the Zn®® electrons is 914 kev, which is com- 
paratively close to the maximum energy of the 
Au} g spectrum (960 kev). A less essential 
but advantageous circumstance is the proximity 
of the energies of the y rays emitted by both 
sources (411.8 kev for Au’*®® and 436 kev in the 
case of Zn®*). The 8 spectrum of zn® has 
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Fermi plot for Au’®* and Zn’. p and Ey are the momen- 
tum and total energy of the 8 electron, G is a modified Fermi 
function, and N is the number of counts per unit time. 


log ft = 4.4, [8] indicating that this spectrum 
should have an allowed shape. This has been 
confirmed by earlier experiments, at least up to 
200 kev.{4] Data on the longitudinal polarization 
of Zn® g electrons are, unfortunately, lacking. 

The measurements were made with a large 
iron-free B spectrometer. 1°] The sources were 
prepared by evaporating one drop of the corre- 
sponding nitrate solution on a layer of insulin 
coating a 0.6-mg/cm? aluminum backing. This 
procedure is known to lead to considerable im- 
provement in source homogeneity. The sources 
were 25 mm in diameter. 

The 8 spectrum of the gold was measured 
using sources 25, 50, and 100 ug/cm? thick. Within 
an experimental error of ~ 1%, the spectra ob- 
tained from the various sources were identical in 
shape for electron energies greater than 80 kev. 
The zinc B-spectrum measurements were per- 
formed with 50- and 100-yg/ cm? sources; with the 
same accuracy, no marked differences in B-spec- 
trum shape were observed. 

Sources from 50 to 60 yg/cm? thick were em- 
ployed for the principal measurements. Ten 
series of such measurements were made with 
Au!8 and Zn®, fresh sources being prepared 
each time. The good reproducibility of the re- 
sults thus attained is evidence of the absence of 
significant inhomogeneities in the sources. An 
end-window Geiger counter with a 1.6-mg/cm? 


mica window served as electron detector. The B 
spectra were compared by superposing the straight- _ 
line sections of the Fermi plots. The Zn® and 
Au!*8 spectra superposed in this way are shown in 
the figure (the scales of the coordinate axes for 
the Zn®® spectrum are changed). The divergence 
between the plots in the low-energy region, which 
becomes as large as (6.5 + 0.5)%, is distinctly 
visible; there is a lack of low-energy electrons 
in the Au!®8 spectrum. The Au! g spectrum is 
estimated to contribute several hundredths of a 
percent. The deviation of the zinc Fermi plot 
from a straight line at low energies is due to the 
scattering of electrons inside the spectrometer, 
in particular on the current-conducting wires of 
the magnet coil. It was this circumstance which 
compelled us to employ a comparative method. 
Our result shows that the surplus of low-energy 
electrons discovered by Steffen®] in the Au!*® 

B spectrum is not connected with the increase in 
the B-spectrum shape factor in this region. 

The authors express deep gratitude to O. N. 
Vasil’eva for mathematical treatment of the ex- 
perimental results, and also to V. G. Alpatov and 
Yu. I. Nekrasov for participating in the measure- 
ments. 
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Experiments are described in which plasma is ejected from a powerful pulsed discharge in 
hydrogen. The plasma parameters are investigated under various conditions of operation of 
the injector by photographic, photoelectric, and thermal probe methods. A plasma formation 
containing a total of the order of 10!* charged particles is shown to move in vacuum with a 
velocity ~ 10’ cm/sec. The injection time is 2—5 usec. 


1. INTRODUCTION 


‘Tue interaction between a plasma and a magnetic 
field as well as the injection and confinement of a 
plasma in magnetic traps has been the subject of 
many investigations. [1-6] The behavior of a plas- 
ma inside a trap is determined in many respects 
by the properties of the plasma injector. The main 
parameters of a moving plasma, such as its veloc- 
ity, temperature, and density, must be determined 
experimentally. It is equally important to choose 
an injector that ensures control of these param- 
eters within certain limits. The electrodynamic 
coaxial accelerators described in the literature {"®! 
can generate within several microseconds, under 
normal conditions, up to 1 cm? of hydrogen plasma 
moving in vacuum at velocities 5 x 10°—1.5 x 10° 
cm/sec. 

The temperature of the particles forming an 
accelerated plasma layer apparently does not dif- 
fer greatly from the temperature of the plasma 
produced during the earlier stages of development 
of a high-power pulsed discharge in cylindrical 
chambers."*] It is impossible to increase appre- 
ciably the conductivity of the plasma in such a 
system (o ~ 10'8 cgs esu). 

Certain interest is attached to experiments on 
the production of a cumulative jet by contracting 
a conical plasma sheath. {!%11] When the jet moves 
in hydrogen at a gas pressure 0.2 mm Hg, the 
glow propagates at about 1 x 10’ cm/sec. !"!] How- 
ever, it is difficult to estimate the properties of 
the plasma emerging from such a system into 
vacuum without special experiments. 

Vasil’ev et al/!2] demonstrated the possibility 
of obtaining a long lived (up to 40 usec) dynam- 
ically stable current pinch. The plasma jets thus 
formed moved in hydrogen at a pressure 0.1mm 
Hg with a velocity ~ 5 x 10° cm/sec. Such a sys- 
tem can obviously be used as a plasma injector, 


although, just as in the preceding case, no data 
are given on the parameters of the ‘‘fountain 
pinch’’ propagating in the free space. 

Plasma sources based on a different prin- 
ciple [13-15] have ejected plasmoids with velocity 
~1x10' cm/sec. The plasma itself, however, 
was of indefinite composition and, as a rule, of 
low temperature and density. 

In the study of the interaction between a mag- 
netic field and a high-conductivity plasma, such 
constructions are apparently of little use. In this 
case the systems of interest are those producing 
streams of pre-heated plasma. 

It is known that during the instant of maximum 
contraction of the current pinch in a powerful 
pulsed discharge a certain amount of hot plasma 
with parameters n = 10!7cm™? and Tj = 100 ev!61 
is produced on the chamber axis. This suggests 
the attractive idea of extracting such a plasma 
from the discharge zone into the vacuum. The 
present paper is devoted to an experimental in- 
vestigation of such ejection. 

If the plasma current pinch is strongly over- 
compressed, say with a diaphragm, then the self- 
magnetic forces of the current will produce an 
excess pressure at the pinch contraction. The 
pressure drop along the axis will tend to become 
equalized by the macroscopic plasma flow. [17,18] 
Filippov et al [19] have noted in an investigation of 
a pulsed hydrogen discharge in a chamber with 
conducting walls that the contraction of the dis- 
charge towards the axis is not uniform over the 
entire height of the chamber, and begins at one 
of the electrodes. In this case a natural neck is 
formed, as it were, in the discharge channel, 
which should lead to the formation of an axial 
plasma stream. On the other hand, owing to the 
conical character of the compression, a certain 
amount of plasma can be captured in the axial 
cumulative jet. Experimental apparatus was 
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therefore designed to verify these premises and 
to measure the parameters of the plasma ejected 
into vacuum. The experiments were carried out 
with two models of the apparatus, small and large. 


2. EXPERIMENTS WITH THE SMALL MODEL 


The character of discharge formation in a 
chamber with conducting walls and the effect of 
ejecting of the plasma from the discharge were 
investigated by optical means, using the small 
apparatus. Figure 1 shows the construction of 
the apparatus and the shapes of its various ele- 
ments. The discharge chamber was made of a 
copper cylinder 1, on one end of which electrode 
2 was mounted on a porcelain insulator. The sec- 
ond electrode comprised the lateral surface and 
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FIG. 1. Small 
model (explanation 
in text). 


FIG. 2. High-speed motion sere of plasma ejection from a echeree ABs hiyk with ue 30 ‘=, 
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the second end of the chamber. The process in- 
side the chamber could be viewed through small 
holes in the side walls of the cylinder. Symmet- 
rical placement of the holes prevented distortion 
in the formation of the discharge. The plasma 
was ejected through a 40 mm diameter hole 3 in 
the end of the chamber. To observe the ejection 
in the backward direction, a corresponding hole 
was drilled in the second electrode. In either 
case, the plasma stream detached from the dis- 
charge zone propagated further in glass chamber 
4, the pressure in which was determined by the 
initial pressure in the discharge volume. The ex- 
periments were carried out in hydrogen at initial 
pressures ranging from 0.1 to 1.0 mm Hg. 

The discharge circuit was a 40 uf capacitor 
bank charged to 20—30 kv, with maximum dis- 
charge current 400 kiloamp. Switching was by 
means of vacuum discharge gap 5. 

Motion pictures of the discharge taken with an 
SFR high-speed camera confirmed the predicted 
assumptions concerning the plasma ejection. Fig- 
ures 2 and 3 show by way of an example certain 
frames taken at intervals tT = 0.5 usec apart at 
different initial hydrogen pressures and at differ- 
ent capacitor-bank polarities (the outlines of the 
photographed object are shown for clarity on the 
left of the illustrations ). 

The experiments made with the small model 
lead to the following picture of the process: the 
discharge contracts towards the chamber axis 
unevenly both in time and in space. The bright 
central rod formed at the electrodes increases 
along the axis with a velocity close to 1 x 10 
cm/sec. The diameter of the rod does not exceed 
1.5—2 cm. After passing through the opening in 
the bottom of the chamber, the plasma jet con- 
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P, = 0.1 mm Hg: a—on positive electrode, b—on negative electrode. 


FIG. 3. Motion pictures of plasma ejection (U = 30 kv and P, = 1 mm Hg): a—on negative electrode, b—on positive 


electrode, c—ejection towards the electrode (V = 30 kv, P, = 0.1 mm Hg) 


tinues to move outside the discharge zone. Plasma 
is also ejected in the opposite direction. 

We recall that the plasma jet propagates in hy- 
drogen at a pressure equal to the initial pressure 
in the discharge chamber, i.e., at P = 0.1—1.0 
mm Hg. Calculation shows that the characteristic 
time for charge exchange with molecular hydrogen 
under similar conditions is ~ 107’ sec. Since the 
ejection time was several microseconds, much of 
the moving plasma was under these conditions the 
product of interaction between the primary plasma 
and the residual gas. These difficulties were over- 
come to some extent in the investigations made 
with the second, large experimental model. 


3. EXPERIMENTS WITH THE LARGE MODEL 


A diagram of the apparatus is shown in Fig. 4. 
Unlike the small model, the discharge chamber 
was separated from the observation chamber by 
two diaphragms with holes 5 and 10 mm in diam- 
eter. The space between the two diaphragms was 
evacuated with a BNM-1500 booster pump. The 
vacuum chamber was pumped out with a VNM-2000 
diffusion pump. The differential pumping produced 
in the observation chamber a vacuum sufficient to 
make the charge exchange negligible. The pres- 
sure drop in both chambers was 1:2000 and re- 
mained approximately constant as the pressure 
in the discharge chamber was varied from 0.1 to 
1.0 mm Hg. The distance from the diaphragm to 
the point of observation was too large to be covered 
by contamination from the diaphragm edges during 
the lifetime of the plasma jet. 
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FIG. 4. Large 
model: 1,2,3— 
viewing windows, 

4 —discharge cham- 
ber, 5— diaphragms, 
6 — discharge gap, 

7 —capacitor bank, 
C = 80uf, 8—gas 
inlet 


—- |« 500 mm——-»} 


all 


The rating of the discharge bank was C = 80 uf, 
and the charging voltage was 30—40 kv. The cur- 
rent at the maximum was about 500 kiloamp at an 
initial build-up rate of about 1 x 1044 amp/sec. 

Attempts to use photographic methods failed 
because of the low brightness of the plasma mov- 
ing in the vacuum. Only a photoelectric procedure 
in conjunction with thermal sounding made it pos- 
sible to determine the dimensions of the plasmoid, 
the density of the charged particles in it, and its 
translational velocity. 

The determination of the velocity by measuring 
the shift of the maxima of like pulses needs no 
special explanation. To illustrate the determina- 
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FIG. 5. Oscillo- 
gram of Hy line glow. 


tion of the plasma velocity from the transit time, 
Fig. 5 shows an oscillogram corresponding to the 
Hg line, registered by two photoelectric receivers 
placed 15 cm apart in the direction of the plasma 
motion. Each receiver consisted of a UM-2 mono- 
chromator and an FEU-12 photomultiplier, the 
collector signal of which was amplified and applied 
to the plates of an OK-17M double-beam oscillo- 
scope. 

Let us discuss the thermal sounding method in 
greater detail. The thermal probe was a copper- 
constantan thermocouple, on which was fastened 
an energy receiver in the form of a platinum foil 
6p thick. The foil dimension was 8 x 8 mm. Such 
a probe, when placed in a particle current, regis- 
ters the total energy transferred from these par- 
ticles to the receiver. The thermal emf produced 
upon heating of the junction was measured with an 
M-95 millivoltmeter, with one scale division cor- 
responding to ~ 3 x 10? ergs transferred to the re- 
ceiver. Knowing the time of interaction between 
the plasma current and the thermal probe, it is 
possible to estimate the plasma density averaged 
over this time interval. 

An exact quantitative interpretation of the data 
obtained is a rather complicated matter, particu- 
larly when it comes to determining absolute quan- 
tities. However, control experiments set up to de- 
termine the role of the extraneous factors in the 
heating of the thermocouple have shown that this 
heating is due essentially to the moving protons 
of the plasma. During the course of the control 
experiments small (~ 1000 oe) magnetic fields 
were produced with the aid of coils placed directly 
in the vacuum. It was thus possible to show that 
the light radiated and the possible flow of neutral 
particles make a negligibly small contribution to 
the observed effect. In the data reduction it was 
assumed that the plasma particles give up all their 
energy as they collide with the surface of the heat 
receiver. 
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Using a system comprising several thermal 
probes placed along the radius of the chamber, ~ 
data were obtained on the radial distribution of 
the particle current. The system was displaced 
along the chamber axis, and the distribution pat- 
tern could be studied at different distances from 
the diaphragm. In addition, three thermal probes 
were placed in the chamber, oriented to measure 
the axial, radial, and azimuthal energy fluxes at 
different distances from the diaphragm. Assum- 
ing that in the latter case the energy transferred 
was determined by the thermal motion of the 
plasma, we can draw certain qualitative conclu- 
sions concerning the ion temperature in the plas- 
moids. 

Table I lists the plasma velocities Vz and the 
injection times Art for different injector operating 
modes and different chamber pressures, with C 
= 80 pf and U = 35 kv. 

It should be noted that the modes of greatest 
interest are those in which the injection is in 
pulses ranging from 1.5 to 5 usec (C = 80 uf, 
U=16 kv, Py) = 0.2 mm Hg). An illustration is 
Fig. 6, where the light pulse registered by a col- 
limated photoelectric receiver is phased with the 
discharge current. In other cases, particularly 
at large capacitor-bank voltages and considerable 
initial pressures (up to 1mm Hg), the light pulse 
is strongly stretched out (see Fig. 7, for which 
C = 80 pf, U=35 kv, Pp =1mm Hg). This ap- 
parently points to repeated additional discharges 
inside the chamber, leading to additional ejection 
of the plasma through the diaphragms. The photo- 
electric and thermal-sounding research methods 
do not yield in this case any definite conclusions 
concerning the translational velocity and density 
of the charged particles. 

Figure 8 (P) = 1mm Hg) shows the character- 
istic curve of radial distribution of a plasma cur- 
rent inside a vacuum chamber, from which we can 


FIG. 6. Oscillo- 
gram of light pulse 
from plasma moving 
in a vacuum, phased 
with the current in 
the discharge cham- 
ber. 
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few particles are lost by the plasmoid as it moves 
along the chamber axis. Data on the number of 
protons injected into the vacuum in each discharge 
under different initial conditions and on the density 
of the charged particles, obtained under these con- 
ditions in the central section of the chamber, are 
summarized in Table II. 

A rough estimate of the ion temperature of the 
plasmoid, based on experiments with differently 
oriented heat receivers, yields Tj = 5 x 10° deg K. 


FIG. 7. Oscillo- 
gram of stretched- 
out light pulse. 


4. CONCLUSIONS 


1. The effect of injection of a certain amount 
of plasma into vacuum from a pulsed discharge 

FIG. 8. Distribution of | in hydrogen has been experimentally demonstrated. 
the density of a plasma It is shown that the plasma is ejected in two oppo- 
moving in vacuum, at dif- site directions along the discharge axis. 
ferent distances from the 2. Operating conditions have been determined, 
diaphragm (the lower dis- under which the system can inject plasma in the 
Aas SaaS Mts a form of individual pulses lasting 2—5 usec. The 
a scale 1:2), : eet F 

length of the plasmoid is in this case 30—40 cm. 

3. Photoelectric and calorimetric measure- 
ments yielded the total number of particles in- 
jected per pulse, an estimate of the density, and 
the axial velocity of the plasma. The following 
values in these experiments were obtained for the 
parameters in various modes: N= 8x 108 n=6 
x 10 em-3, Vv, = 2.8 x 10’ cm/sec. 

.The authors take this opportunity to thank 
Academician L. A. Artsimovich and S. Yu. Luk’- 
yanov for a discussion of the results, and also to 
M. A. Savenkov and V. S. Shumanov for partici- 
pating in some of the experiments. 


estimate the localization of the plasma in free 
space. We give the values of the charged-particle 
density n, obtained by thermal-sounding measure- 
ment with heat receivers placed at different dis- 
tances from the diaphragm: 


Distance from upper diaphragm, cm: 6 35 54 
Density of charged particles n X 10743, cm™3: 38 5,0 4.0 1S. Yu. Luk’yanov and I. M. Podgornyi, JETP 
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Injection direction . from electrode towards electrode 
Polarity of electrode = | = = | — | + | + 
a: —80 uf 
Electric parameters peas BE Faia. C=80 Hf, U=36 kv 
P,, mm Hg lathe fe 68. re Leyldic | Aeal ae 
Total number of particles injected 4.1016 8-1018 (4.1014 [4.1016 18. 1014 |2. 1016 


per pulse 


Meat eee ee te 1.4018 | 3.4018 [4.4012 [5.4019 |2. 40226. 1018 
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Using a source of sni8M in SnO,, we have studied the resonance absorption of 23.8-kev 

y quanta by Sn!!? nuclei in crystals of SnO,, SnO, B-Sn and SnNb3. Resonance absorption 
spectra were obtained for different absorber thicknesses at liquid nitrogen temperature, 
and at solid CO, termperature for the B-Sn crystal. For each of the crystals we deter- 
mined the probability of absorption without energy loss to recoil, and the magnitude of the 
isomer shift relative to the energy of the y transition in the SnO, crystal. For crystals of 
SnO and B-Sn, we observed quadrupole splittings of the absorption line, which were equal 
(at liquid nitrogen temperature ) to (12.5 + 1.5) x 1078 and (11.0 + 1.5) x 1078 ev, respec- 
tively. For the 6-Sn crystal, the quadrupole splitting has a strong temperature dependence. 


1. INTRODUCTION 


As was first shown by Méssbauer, [1] nuclei con- 
tained in crystal lattices have a certain probability 
for radiating (or absorbing) y quanta without loss 
of energy to nuclear recoil. The quantum state of 
the crystal does not change and the recoil momen- 
tum is transferred to the crystal as a whole; since 
the mass of the crystal can be regarded as infi- 
nitely large, there is no loss of energy of the quan- 
tum as a result of the recoil. The probability for 
such a process, calculated in the Debye approxima- 
tion using Lamb’s theory, /*] coincides with the 
Debye-Waller factor which appears in coherent 
X-ray scattering. This probability increases with 
decreasing recoil energy of the free atom R 

= E?/2Mc” (where Ep is the energy of the y tran- 
sition and M is the mass of the atom), with de- 
creasing temperature of the crystal and increase 
of its Debye temperature. Thus we may expect a 
sizable probability of the Méssbauer effect for 

low energy y transitions (Ey) < 100 kev); in addi- 
tion in most cases it is necessary to resort to 
cooling the source and absorber. 

The experimental data which have been obtained 
and the theoretical computations, which have been 
made by Kagan, ?! show that the Debye tempera- 
ture is generally not the determining factor of the 
probability for this process, except possibly for 
the case of monatomic crystals. The probability 
for recoilless emission or absorption of y quanta 
depends essentially on the specific form of the vi- 
brational spectrum of the crystal lattice. The fun- 
damental theory of the Méssbauer effect and the 


relation of its probability to crystal properties is 
treated in the papers of Visscher, “4] Lipkin, [51 
and Shapiro. [6] 

The presence in the emission and absorption 
spectra of lines having natural width and not sub- 
ject to any Doppler broadening or shift due to re- 
coil provides favorable conditions for observing 
the resonance absorption of y quanta in crystals. 
By giving the source a velocity v relative to the 
absorber, we can artificially produce a Doppler 
shift of the absorption line by an amount AE 
= Epv/c. By observing the resulting change in 
the effective cross section for the resonance ab- 
sorption, we can investigate various effects asso- 
ciated with very small changes in the energy of 
the y transition. The required velocities are 
equal to a few millimeters or centimeters per 
second. Experiments carried out recently using 
the Méssbauer effect are discussed in the pub- 
lished summaries. {71 

In the present work, we investigate the spectra 
of resonance absorption of 23.8-kev y quanta by 
Sn!!9 nuclei contained in the crystal lattices of 
various tin compounds. Some preliminary results 
of these experiments have been published previ- 
ously. [8,9] 


2. CALCULATION OF MAGNITUDE OF RESO- 
NANCE ABSORPTION 


In studying the dependence of the resonance ab- 
sorption on the relative velocity v of source and 
absorber, the quantity which is measured experi- 
mentally is 
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@ (v) = [N (00) — N (v)]/N (co), (1) 


where N(v) is the counting rate for y quanta 
transmitted through the absorber when the velocity 
is v; N() is the counting rate at high velocity, 
where the resonance absorption is absent. In the 
future, for brevity, we shall call the quantity « (v) 
the magnitude of the effect. It is not hard to show 
that the expression (1) for the magnitude of the 
effect can be written in the form 

e(v) = xf (I —\ exti2W(E) dB), 


0 


(2) 


where o(E) is the effective cross section for reso- 
nance absorption of y quanta of energy E, We(E) 
is the distribution function for the emission spec- 
trum, n is the number of atoms of the particular 
isotope per cm? of the absorber, f is the probabil- 
ity of recoilless radiation of the y quanta, k isa 
parameter which determines the relative contribu- 
tion of the particular y quanta to the total counting 
rate. The parameter x takes account of the pres- 
ence of background, i.e., the recording by the 
counter of y radiation whose resonance absorption 
is not under investigation. 

The effective cross section is given by the 
formula 


, 


T2 
(E) = 7 SE EFTTA 


where [I is the total width of the level, f’ is the 
probability of recoilless absorption of the y quanta, 
and 


(3) 


2h+1 wT, 
eee fe ae, er ee 


(Here Ip) and I, are the spins of the ground and 
excited states, A is the wave length of the y radi- 
ation, ly is the radiative width; for the first ex- 
cited state, P,/T = 1/(1 +a) where a is the 
total internal conversion coefficient. ) 

In the following we shall, for simplicity, con- 
sider the case where the source and absorber are 
chemically identical and are at the same tempera- 
ture i.e., the case where there is an exact overlap 
of the emission and absorption lines for v = 0. 
This does not cause any loss of generality, since 
the presence of a constant line shift 6 can be 
taken into account by simply changing the veloc- 
iby VV. t0 tv) 0. 

If the source does not contain the nuclei whose 
resonance absorption is being studied (or if the 
source is sufficiently thin) the emission spectrum 
has the form 


1 


Ty 
We(E) = 5 EP Ewe Ey Tae? 


(4) 
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and the magnitude of the effect can be written in 
the following form: 


exp [— C/(1 + »?)] dx) 


i 
2) = (1-4 Vaecanarat 


E—E 
x= PZ °, (5) 
The integral in (5) can in general be computed only 
by numerical integration. An exception is the case 
of v = 0, where the expression (5) can be brought 
to the form (cf., for example, (101), 


@ (0) = xf [1 — 1) (C/2)e-S?], 


__ Evoje 


eT ed as C =0,f'n. 


(6) 


where I)(x) = Jo(ix) is the Bessel function of zero 
order and imaginary argument. 

Expression (6) can be used to determine the 
value of f’, if we determine experimentally the 
dependence of the magnitude of the effect on ab- 
sorber thickness. Formula (6) contains two un- 
known parameters (f’ and kf), so it is convenient 
to make a comparison with experiment of the ratio 
€ (0,n)/e(0,n9), where np is some fixed value 
of n. 

Formula (5) enables us to compute the shape 
of the experimentally measured absorption spec- 
trum. In particular we can find the width of the 
line in the resonance absorption spectrum as a 
function of the absorber thickness. For suffi- 
ciently thin absorbers (C <1) the line width at 
half maximum is equal to 21; with increasing 
absorber thickness the line width increases be- 
cause of the effect of saturation. The natural 
width of the level can be found by extrapolating 
to zero thickness or by making corrections to 
the observed width in accordance with formula (5); 
in the latter case a prior determination of f’ is 
required. 

If the source contains nuclei of the isotope 
whose resonance absorption is being investigated, 
formulas (5) and (6) are not exact, since the emis- 
sion spectrum will be distorted because of self- 
absorption and cannot be represented by formula 
(4). It is easy to show that in this case the distri- 
bution function for the emission spectrum will 
have the form (for v= 0): 


tel (cee) 


do + C + pdox* : (7) 


where C =oof’n, dy is the source thickness and yu 
is the coefficient of nonresonant absorption. We 
note that the function (7) practically coincides with 
expression (4) when v = 0, if we simply replace 
the natural width [ by a width Tegf, which is 
larger than [. So for practical computations 


W.(E) = const- 
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formula (7) can be written in the form 


W.(E) = 6 5— : 


Qn 62(E — Eo?+ 12/4’ (8) 


where b=I'/I'ggg. The parameter b can be calcu- 


lated for different values of f’ by using formula (7). 


If the nucleus has electric or magnetic moments 
(in its ground or excited states), then as a result 
of interaction with external or crystalline fields 
the emitted line, the absorption line or both may 
be split into a number of components. In this case 
the results obtained above cannot be used directly 
since every splitting causes a change in the form 
of the functions o0(E) and We(E). 

The simplest case is that in which the emission 
line is split into a number of components with rela- 
tive intensities Jj (2ZJj =1), while the absorption 
line is unsplit. From formula (2) it immediately 
follows that in this case the magnitude of the effect 
can be represented as a sum of terms like (2), 
each of which enters with weight Jj. The presence 
of a shift between the i-th component of the emis- 
sion line and the absorption line must be taken into 
account by an appropriate choice of the form of the 
function We(E). It is easy to see that for the case 
of such a splitting the magnitude of the effect can 
be written in the form 


e(v) = Dic Jze (82), (9) 


where 6; is the shift between the i-th component 
of the emission spectrum and the absorption line, 
for a given relative velocity of source and ab- 
sorber. 

The computation is more difficult for the case 
where the absorption line is split. Then the func- 
tion o(E) splits into a sum of terms: o (E) 
= LjJjo (E + 6j), where Jj is the relative intensity 
of the i-th component in the absorption spectrum, 
and 6; is the shift between the emission line and 
the i-th component of the absorption line. Since 
the function o(E) is in the exponent of the for- 
mula (2), in this case the expression for the mag- 
nitude of the effect cannot be written as a sum of 
terms, as we did above. The computation of the 
quantity ¢(v) can be done only by numerical in- 
tegration. 

Let us consider in more detail the case of 
quadrupole splitting of the absorption line for the 
case of Sn!!9, The interaction of the nuclear quad- 
rupole moment with the electric field gradient 
dij = 8°V/axj8xj is described by the Hamiltonian 


eQ 
le rea ZI 


where Q is the nuclear quadrupole moment and 
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I is the nuclear spin operator. As a result of such 
an interaction, the excited state of the sn!1® nucleus 
(which has spin Ay, splits into two sublevels, which 
are degenerate in the sign of the spin projection; 
their separation is 


A = +2Qq,,(1 a: 1 yy", 


where the asymmetry parameter 7 = (dxx — Gyy)/dzz- 

The ground state of Sn!19 (with spin 4%) is not 
split by quadrupole interaction. Consequently the 
absorption spectrum should consist of two lines, 
of equal intensity, whose separation is given by 
formula (10). Let us find the expression for the 
magnitude of the effect for the case where, at a 
given velocity vo, the unsplit emission line ex- 
actly overlaps one of the two components of the 
absorption line. Using formulas (2) and (5) one 
can easily show that in this case the magnitude of 
the effect is 


(10) 


-+oo 


© (00) = xf (1—+ | 
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(11) 


where x has the same meaning as in (5), and y 

= A(I'/2)71. The integral in (11) was calculated 
by numerical integration for different values of 
the parameters C and A. The results were used 
for determining the values of f’ for cases of quad- 
rupole splitting of the absorption line. 


3. DESCRIPTION OF THE EXPERIMENT 


Measurements of the dependence of the reso- 
nance absorption effect on the relative velocity of 
source and absorber (the resonance absorption 
spectrum ) were made with an apparatus whose 
principle of operation was described briefly ear- 
lier.£®] An overall view of the arrangement 
(omitting the electronics) is shown in Fig. 1. The 
absorber 9 moved relative to the fixed source 5, 
where the absorber velocity changed linearly with 
time between given limits (from —vy to +vo, 
where vy is the maximum velocity). The absorber 
velocity was produced by rotation of the cam 2, 
whose profile was cut to correspond to a linear 
variation of velocity. The rate of rotation of the 
cam (and consequently the limits of variation of 
the absorber velocity) could be changed by a sys- 
tem of gears and pulleys. The cam set in motion 
a rod to which the frame-holder 4 of the absorber 
was attached. 

The source was at room temperature in all the 
measurements. In many of the measurements the 
absorbers were cooled with liquid nitrogen or dry 
ice; in these cases the absorbers were placed ina 
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FIG. 1. Schematic diagram of apparatus for measuring 
reasonance absorption spectra: 1 — pulley, 2 — cam, 3—con- 
tact disc for amplitude modulation circuit, 4 — absorber 
holder, 5 — source, 6 — palladium filter, 7 — lead collimator, 
8 — low-temperature styrofoam vessel, 9 — absorber, 10 —lead 
collimator, 11 — Nal(T1) crystal, 12 — photomultiplier. 


low-temperature vessel 8 of styrofoam. The con- 
struction of the container was such that a y quan- 
tum on its path to the counter encountered no liquid 
nitrogen but only styrofoam, which absorbs the 24 
kev y quanta weakly. The x rays of tin are prac- 
tically completely absorbed by the 0.6 mm thick 
characteristic filter 6 of palladium. 

Gamma quanta passing through the absorber 
were recorded by a Nal(T1) crystal 1.5 mm thick 
and a FEU-11 photomultiplier. The amplified 
pulses entered a single-channel pulse analyzer, 
whose window was set on the 24 kev photopeak. 
Separate recording of counts of y quanta for dif- 
ferent absorber velocities was accomplished by 
linear (in time) amplitude modulation of the 
pulses. The pulses from the output of the single- 
channel analyzer entered a gating circuit at whose 
other input a modulating voltage was applied which 
increased linearly in time in synchronism with the 
change in velocity of the absorber. The amplitude- 
modulated pulses entered a 100-channel AI-100 
pulse analyzer. The period of variation of the 
modulation voltage was exactly equal to the period 
of rotation of the cam; thus there was a one-to-one 
correspondence between absorber velocity and am- 
plitude of the output pulse, which enabled us to 
measure the whole absorption spectrum simulta- 
neously, i.e., the dependence of the resonance ab- 
sorption effect on velocity over the whole selected 
range of velocities. In the present work measure- 
ments were made for three different values of the 
maximum velocity: 2.5, 5, and 6.5 mm/sec. 
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A source in the form of SnO, was prepared from 
metallic tin, enriched to 92% of Sn!18 and then irra- 
diated with thermal neutrons in a reactor. 

The powder of irradiated tin was then oxidized 
by heating to form SnO,; at the beginning the SnO, 
is formed mainly in an amorphous state. After a 
long period of baking (ten days) at a temperature 
~ 700°C a transformation of the SnO, to the metal- 
lic state occurs. The source thickness was 6 
mg/cm?, 

As was already mentioned earlier, for the SnO, 
crystal the probability of recoilless emission of 
y quanta is already reasonably large at room tem- 
perature. There is no quadrupole splitting of the 
emission line for the SnO, crystal. Thus the 
source of Sn!!9™ in the form of tin dioxide is 
convenient for the investigation of the resonance 
absorption of 23.8-kev y quanta by Sn!!9 and has 
definite advantages over, for example, the source 
of white metallic tin previously used by us. [8,9] 

Absorbers of white metallic tin were prepared 
by rolling tin foil or by depositing tin on an organic 
backing in vacuum. Absorbers of SnO,, SnO and 
SnNb3 were prepared by precipitating powders on 
a thin aluminum foil. 


4. RESULTS OF EXPERIMENT 


In all the measurements, the Sn!™O, source 


was at room temperature, while the absorbers 
were either at room temperature or at liquid 
nitrogen temperature or (for the white tin ab- 
sorbers ) at dry ice temperature. 

SnO,. The measurements of the resonance 
absorption spectrum for a SnO, polycrystal were 
done with absorbers of seven different thicknesses 
in the range from 4.2 to 37 mg/cm”. In Fig. 2 we 
show one of these spectra, for an absorber thick- 
ness of 9.4 mg/cm? at room temperature. For 
each of the measured spectra we determined the 
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FIG. 2. Resonance absorption spectrum for.an SnO, ab- 
sorber. The abscissa is AE = E,v/c (where E, = 23.8 kev and 
v is the absorber velocity). Positive values of AE correspond to 
motion of the absorber toward the source. The ordinates give 
the number of quanta passing through the absorber, which is 
proportional to the number N of quanta recorded. 
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FIG, 3. Dependence of width of absorption line I’g,, on 
absorber thickness. The abscissa gives the number of atoms 
containing the Sn’’® isotope per cm? of absorber. 


width of the absorption at half height T'exp and 
the maximum value of the resonance absorption 
effect € (0). 

The dependence of the line width of the absorp- 
tion spectrum on absorber thickness is shown in 
Fig. 3. Extrapolation to zero absorber thickness 
gives the value (5.5 + 0.5) x 10-8 ev. This is equal 
to the sum of the natural width T and the width of 
the line in the emission spectrum. A computation 
shows that for the source which we used (contain- 
ing 2.3% of Sn!!*) the broadening of the line in the 
emission spectrum is only 12%. Thus we get for 
the natural width of the 23.8 kev excited state of 
Sn! the value 


1° == (2,60: +.0,25)-10°° ey, 


which is in good agreement with the value found 
earlier by a delayed coincidence method. [at] 

The probability for recoilless absorption of 
the y quanta, f’, was determined for the SnO, 
crystal from the dependence of € (0) on absorber 
thickness. From formula (6), for different values 
of f’ we can calculate the dependence on n of the 
ratio €«(0,n)/e(0,n9). To improve the accuracy 
and reliability of the results, we took for ng in 
turn the thicknesses of all the seven absorbers 
which we used. In Fig. 4, the dependence is shown 
for no = 1.45 x 1018 (4.2 mg/cm”). 

The average value of f’ for the SnO, crystal 
at room temperature was found to be 0.7 + 0.1. 
With the absorber cooled to liquid nitrogen tem- 
perature, the value of f’ is close to unity. Know- 
ing the value of f’ enables us to determine the 
parameter xf [cf. formula (6) ] for the source. 

It was equal to 0.25 + 0.02. The parameter xf 
was much less than unity, mainly because the 
source radiation contained x rays of indium pro- 
duced from decay of the long-lived isotope Sn‘. 
Since this parameter is practically independent of 
the form of the absorber, this value can now be 
used for determining f’ for the other crystals. 
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FIG. 4. Dependence of maximum value of resonance ab- 
sorption effect €(0) on thickness of SnO, absorber. The ab- 
scissa is the number of atoms containing the Sn’*® isotope 
per cm’ of absorber. The ordinate is €(0,n)/€(0,n,), where 
n, = 1.45 x 10°*. The solid curve was calculated theoretically 
for f'= 0,7. 


SnO. Resonance absorption spectra for a SnO 
polycrystal were measured with absorbers of 
various thicknesses in the range from 4.8 to 27 
mg/cm, at liquid nitrogen temperature and at 
room temperature. Two of these spectra are 
shown in Fig. 5. Both spectra have a doublet 
structure, corresponding to a splitting of the ab- 
sorption line in the SnO crystal into two compo- 
nents. Such a splitting can be interpreted as the 
result of the interaction of the quadrupole moment 
of the Sn!!* nucleus in its excited state with the 
electric field gradient in the SnO crystal. The 
center of the absorption line is shifted toward 
positive energies relative to the emission line. 

It is apparent that changes of temperature have 
little effect on the appearance of the absorption 
spectrum (in contrast to the case of white tin, 
which will be considered later). The value of the 
shift of the absorption line in the SnO crystal rel- 
ative to the energy of the emission line in an SnO, 
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FIG. 5. Absorption spectrum for SnO crystal. The upper 
figure is for a 4,8 mg/cm? absorber at liquid nitrogen tempera- 
ture. The lower is for a 15 mg/cm’ absorber at room tempera- 
ture. 
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crystal is equal to + (22 + 2) x 107 at 78°K and 
(21.5 + 1.5) x 1078 ev at 293°K. The values of 

the quadrupole splitting A are equal to (12.5 + 1.5) 
x 1078 ev at 78°K and (11.0 + 1.5) x 1078 ev at 
293° K. 

The probability f’ for recoilless absorption of 
y quanta by the SnO crystal was determined from 
the dependence of the magnitude of the effect on 
absorber thickness. The experimental values of 
the effect were compared with those computed for 
different values of f’ according to formula (11). 
We found a value of 0.47 + 0.07 at liquid nitrogen 
temperature and 0.15 + 0.05 at room temperature. 

B-Sn. The resonance absorption of 23.8 kev 
y quanta by Sn!!* nuclei in a polycrystal of white 
tin (B-Sn) was first observed in the work of 
Lyubimov and Alikhanov [12] and of Barloutaud 
et al.{!3] In our previous work, §8®] in which we 
used a source of Sn!#®™ in the form of a -Sn 
polycrystal, we showed that at liquid nitrogen 
temperature the absorption line (or the emission 
line) ina £-Sn crystal is split by the quadrupole 
interaction into two components whose separation 
A is equal to (11.0 + 1.5) x 1078 ev. 

The observation of the quadrupole splitting with 
source and absorber in the form of polycrystals of 
B-Sn presents considerable difficulties. The struc- 
ture of the absorption spectrum is well resolved 
only if one uses a source and absorber which are 
thin (in the Sn!"* isotope). If this is not the case, 
the broadening of the emission line in the source 
because of self-absorption and of the absorption 
line because of saturation prevents a satisfactory 
separation of the side maxima from the central 
absorption maximum, which has an amplitude twice 
that of the side maxima. 

The effect of absorber thickness on the shape 
of the absorption spectrum for this case is graph- 
ically illustrated by Fig. 6, in which are shown ab- 
sorption spectra in a 6-Sn crystal at liquid nitro- 
gen temperature, obtained with a source of white 
metallic tin, which was also at liquid nitrogen 
temperature. Despite the fact that the source was 
very thin (9 mg/cm?, content of Sn!!? isotope 
equal to 2.3%), for an absorber thickness of 31.3 
mg/cm? the side maxima are poorly resolved 
from the central one. The considerable broaden- 
ing of the line may explain the result of Picou et 
al., [14] who used relatively thick sources and ab- 
sorbers and did not observe any quadrupole split- 
ting in B-Sn at liquid nitrogen temperatures. 

The use of an Sn!"™ source in a polycrystal 
of SnO,, in which there is no quadrupole splitting 
of the line, considerably simplifies the problem 
of investigating the hyperfine structure of the ab- 


FIG. 6. Resonance absorption spectrum for a B-Sn crystal, 
obtained with a source of Sn’!°™ in.the form of white metallic 
tin. The absorber thicknesses were: 1 — 5 mg/cm’, 2—14.4 
mg/cm?, 3 — 31.3 mg/cm’. The spectra are symmetric about 
zero velocity, so the figure shows only the half of the spec- 
trum for positive velocities. 


sorption line in the B-Sn crystal, though even in 
this case the source and absorber must be suffi- 
ciently thin. 

The measurements of the resonance absorption 
spectrum for a B-Sn polycrystal were done with 
absorbers of varying thickness in the range from 
5 to 50 mg/cm? of natural tin, at liquid nitrogen 
temperature, dry ice temperature and room tem- 
perature. The main results of these measure- 
ments were discussed in our previous paper, £15] 
where we gave the resonance absorption spectra. 
It was shown that the quadrupole splitting A in 
the B-Sn crystal depends strongly on temperature. 
We found the following values for A: (11.1 + 1.5) 

x 10-8 ev at liquid nitrogen temperature, (8.0 + 1.6) 
x 1078 ev at dry-ice temperature and (4.6 + 1.5) 
x 1078 ev at room temperature. 

Thus, with increasing temperature the value of 
the quadrupole interaction decreases, and at room 
temperature the splitting A does not exceed the 
line width in the absorption spectrum (5 x 10° ev) 
even for a thin source and absorber. In this case 
one can only judge the quadrupole interaction from 
the considerable broadening of the line in the ab- 
sorption spectrum. This fact may explain the re- 
sults of Boyle et al.,{48] who observed no splitting 
of the line from #-Sn with the absorber at room 
temperature. In their work they used a thick 
source for which the width of the emission line 
was twice the natural width; under such conditions 
of measurement, the quadrupole splitting of the 
line could not be seen. 

The probability of recoilless absorption of y 
quanta, f’, was determined for the £-Sn crystal 
by the method discussed above for the case of the 
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SnO crystal. For f’ at liquid nitrogen tempera- 
ture we obtained the value 0.4 + 0.1, which is in 
good agreement with the value of 0.36, found by 
Picou et al.{'4] The determination of f’ at room 
temperature for the case of B-Sn is difficult, be- 
cause at this temperature the hyperfine structure 
components are not resolved and the magnitude of 
the quadrupole interaction is not determined suf- 
ficiently accurately. From an analysis of the line 
shape in the absorption spectrum and of the de- 
pendence of the magnitude of the effect on absorber 
thickness, we found for f’ at room temperature a 
value of the order of 0.1. Picou et al.{!4] found a 
value 0.04 + 0.01 for f’ at room temperature, but 
they did not take into account the change in the 
quadrupole splitting of the absorption line with 
temperature. 

SnNb;. We have shown previously!®! that there 
is no quadrupole splitting of the absorption line in 
the SnNbg; crystal and that at liquid nitrogen tem- 
perature the energy of the y transition in the 
SnNb; crystal is close to the energy in a crystal 
of white tin. Resonance absorption spectra ob- 
tained with the absorber temperature equal to that 
of liquid nitrogen and room temperature, respec- 
tively, are shown in Fig. 7. A striking feature is 
the considerable reduction in the energy of the y 
transition with increasing temperature of the crys- 
tal. The shift in energy of the y transition in the 
SnNb, crystal is equal to + (15 + 2) x 107° ev at 
liquid nitrogen temperature and + (11 + 2) x 107° ev 
at room temperature. The values of f’ were de- 
termined from the dependence of the magnitude of 
the effect on absorber thickness, and were equal 
to 0.3 + 0.1 at liquid nitrogen temperature and 
0.06 + 0.02 at room temperature. 


5. DISCUSSION OF RESULTS 


The results of our measurements of the reso- 
nance absorption spectra of the 23.8 kev y quanta 
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FIG. 7. Absorption spectra of SnNb, crystal. Upper fig- 
ure — 26 mg/cm’ absorber at liquid nitrogen temperature; 
lower figure — 62 mg/cm’ absorber at room temperature. 


by Sn!!9 nuclei in crystals of SnO,, SnO, B-Sn 
and SnNb; are given in the table. 

The values found for the probability of absorp- 
tion of y quanta without loss of energy to recoil 
vary over quite a wide range for the various crys- 
tals. It is not possible at present to make a de- 
tailed comparison of the experimentally deter- 
mined values of f’ with the theoretical computa- 
tions, since such computations can be carried out 
only if one knows the phonon spectrum of a real 
crystal. Computations on the Debye approximation 
are certainly only a rough approximation; the 
Debye temperature cannot in general serve as a 
parameter to determine the probability of the 
Mossbauer effect. "*] For example, on the Debye 
approximation one cannot explain the low value of 
f’ for the SnNb3 crystal and the extremely high 
value for the SnO, crystal. 

Such an approximation might be reasonable for 
the monatomic £-Sn crystal; but the known values 
of the Debye temperature of tin, as found from 
specific heat measurements, give considerably 


SnO | B-Sn | SnNb, 


Quantity* SnOz 
ne ee erect eens” y i a ee oe eee 
78°K ~1 | 0,47+0,07 | 0,440.4] 0.3 +0,4 

| 293°K 0.7+0,1] 0.15+0.05 | ~0,4 | 0,06+0,02 
78°K <2 2242  |20.0£1,5| 1542 

6,10°* ev spe 0.0 {24,5 44,5 |19,5441,0] 4444 
78°K QO [42.5 4,5 |44,044,5 0 

A,10-8ev {108% a =e 8,0+4,6 a4 
293°K 0 |44,044,5 | 4.64.5 0 


*f' is the probability of recoilless absorption of y quanta, 6 is the shift 
of the y transition energy relative to the transition energy in the SnO, crystal, 
A is the quadrupole splitting, For the SnO and B-Sn crystals, 5 was deter- 
mined from the position of the ‘center of gravity’’ of the split line. 
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greater values of f’ than the experimental value. 
Mitrofanov and Shpinel’ [17] measured the temper- 
ature dependence of the resonance absorption ef- 
fect for the B-Sn crystal; the dependence is not 
in agreement with that computed theoretically on 
the Debye approximation. Agreement could be 
obtained if one assumed that the Debye tempera- 
ture of the B-Sn crystal changes from 180° at 
liquid nitrogen temperature to 165° at tempera- 
tures above 200° K. But these values of the Debye 
temperature lead to values of f’ which are far 
greater than the value of f’ found in the present 
work. Furthermore, the relative change in the 
magnitude of the effect with temperature which 
they found is in agreement with the change in the 
value of f’ found in the present work. 

The lattices of the B-Sn and SnO crystals are 
tetragonal, and in both crystals the tin atoms do 
not have spherically symmetric surroundings. In 
such lattices we may expect considerable electric 
field gradients at the tin nuclei, and this is con- 
firmed by the observed quadrupole splitting in 
these crystals. The SnNb; crystal has a lattice 
like that of B-tungsten, which is very close to 
cubic; in such a lattice one should not find any 
sizable quadrupole splitting. The SnO, lattice is 
not cubic, but in this lattice the surroundings of 
the tin atom should be much more symmetric than 
they are in B-Sn and SnO, which is probably the 
reason for the absence of a quadrupole splitting 
in the SnO, crystal. Unfortunately it is not pos- 
sible at present to make a sufficiently exact cal- 
culation of the electric field gradients in the B-Sn 
and SnO crystals and thus to determine the quad- 
rupole moment of the Sn!!* nucleus in the excited 
state. 

The observed changes in energy of the y tran- 
sition for the different crystals (the values of 6 
in the table) can be explained very naturally as 
the result of the interaction of the nucleus with 
the outer electrons (mainly with s-electrons ), 
which is different for the ground and excited 
states of the nucleus and changes according to 
the chemical surroundings of the tin atom in the 
crystal (the isomer shift )."%»1819] The value of 
the shift should be proportional to the product 
A(R?) * Ape(0), where A(R?) is the change in 
the square of the effective radius of the nucleus 
when we go from the ground state to the excited 
state and Ape(0) is the change in the electron 
density in the neighborhood of the nucleus when 
we change the chemical environment of the tin 
atom in the crystal. The theoretical calculation 
of the interaction of the nucleus and the electrons 


requires a knowledge of the electron wave func- 
tions for atoms in crystals; such calculations would 
enable us to get additional information concerning 
the charge distribution in the nucleus and its change 
when the nucleus is brought to the excited state. 

The influence of the temperature on the hyper- 
fine structure of the y radiation and on the energy 
of the y transition is an extremely interesting 
effect. When the crystal temperature changes 
there is a change in the amplitude of thermal vi- 
bration and a change in the interatomic spacings; 
as a consequence we may expect a change in the 
electric field gradient at the nucleus and a change 
in the interaction of the nucleus with the outer 
electrons in the crystal. Other factors, such as 
pressure, can also have an analogous effect. Such 
effects can be calculated in principle (cf., for ex- 
ample, 2°J), A comparison of the theoretical com- 
putations with experimental data would also be 
very interesting for this case. 

The authors thank N. E. Alekseevskii for useful 
discussions. 
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Single-crystal balls of copper, tungsten, chromium, iron, cobalt, and germanium and of 
indium-antimony alloy were bombarded with 1—10 kev krypton ions. The sputtered material 
was deposited on a spherical or a cylindrical surface, and the emission directions of sput- 
tered particles were determined. Substances with diamond-type and face-centered cubic 
lattices were sputtered predominantly in the [110] and [100] directions, whereas for metals 
with body-centered cubic lattices the [111] and [100] directions were predominant. The de- 
posited patches were more clearly defined than when plane single crystals are sputtered. 
Photometric measurements indicated that the density decreased from the center to the edge 
of a patch more rapidly than by a cosine law. The dependence of cathode sputtering aniso- 
tropy on crystal structure, atomic number, temperature, and sputtering coefficient is 


discussed. 


INTRODUCTION 


Waen metal single crystals are bombarded with 
ions, sputtered material is concentrated on the col- 
lector in separate well-defined spots. C1] At ion 
energy close to threshold the spots are formed by 
atoms ejected only in close-packed crystallographic 
directions. With increasing ion energy the target 
material also begins to be sputtered in other direc- 
tions./2] For example, when the (111) plane of a 
face-centered lattice is sputtered the deposition 
pattern consists of six spots instead of the three 
spots observed at low energies. The three new 
spots are assigned by different authors to differ- 
ent directions: by Henschke!*J to the [112] direc- 
tion, by Koedam and Hoogendoorn [4] to [114], and 
by the authors of !1 to [100]. 

The disagreement between the interpretations 
evidently results from the fact that the angles be- 
tween the directions corresponding to different 
spots were not determined very accurately. The 
arrangement and shapes of the patches are af- 
fected by the position of the sample with respect 
to the collector, by the angle that the dominant 
sputtering direction makes with the ion beam (a) 
and with the sputtered plane (a,), and also by 
effects arising when a small area to be sputtered 
is delimited by Aquadag or a mica diaphragm. 

Some of the foregoing difficulties disappear 
when spherical single crystals are used and the 
sputtered material is deposited on a spherical 
collector. In this case all directions (whether 


close-packed or not) of particle ejection are 
equivalent with respect to the ion beam direction 
and the orientation of the target surface. The use 
of a spherical sample makes it unnecessary to 
limit the target area with a diaphragm. Also, it 
becomes possible to detect and index easily a 
considerably larger number of spots correspond- 
ing to definite crystallographic directions 

than for a plane target. 


EXPERIMENTAL PROCEDURE 


The cathode sputtering of single-crystal balls 
of copper, tungsten, chromium, iron, cobalt, and 
germanium and of an indium-antimony alloy was 
performed in a low-pressure plasma of high den- 
sity (at a krypton pressure of ~5 x 107° mm Hg), 
with a current of 1—2 amp between the anode and 
cathode. Spherical samples with 3—6 mm diam- 
eters were mounted in the tube through a ground- 
glass joint and were surrounded by a spherical 
glass bulb with diameter from 18 to 35 mm. Sam- 
ples introduced into the plasma in the manner of 
a Langmuir probe were maintained at a high nega- 
tive voltage of from 1 to 10 kv. The current den- 
sity to the sample was usually 5—7 ma/cm?, and 
in some experiments reached 13—15 ma/cm?, The 
sputtering time varied from a few minutes to two 
hours. Krypton ions always struck the target per- 
pendicularly, since the thickness of the Langmuir 
sheath around the sample was less than the mean 
free path of bombarding ions. 
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Deposited spots were indexed according to 
their relative arrangement (pattern symmetry) 


and angles. For a known radius of the glass bulb 


the angles were determined from the separation 
of spots on the spherical surface of the bulb. Since 
spots on the spherical bulb could not be scanned 
photometrically, in some instances the glass 
spheres were replaced with mica cylinders, on 
which undistorted spots were deposited around 

the equator of the single-crystal ball. The mica 
was then unrolled and the spots were scanned 
photometrically. 

Cathode sputtering as a function of tempera- 
ture was studied as the balls were heated by the 
ion bombardment. The temperature of a ball was 
measured by comparing its glow with that of an 
adjacent tungsten, filament 0.1 mm thick. The fila- 
ment temperature was known from a calibration 
table as a function of current. 


RESULTS 


1. Sputtering of face-centered cubic single- 
crystal balls of Cu and B-Co. After a copper ball 
of 4-mm diameter had been sputtered for 15 min- 
utes the glass collector of 35-mm diameter re- 
vealed well-defined equally spaced spots (Fig. 1a). 
The angles between all nearest directions of de- 
position were 60°, i.e., all spots represented sput- 
tering in the [110] direction. When the sputtering 
period is a few times longer an additional series 
of spots is observed; these are considerably less 
defined and broader than those in the [110] direc- 
tion. The directions of the new spots are 45° from 
the [110] direction; they therefore represent sput- 
tering in the [100] direction (Fig. 1b). The spots 
in the [112] or [114] directions that are mentioned 
in [3] and [4] were not observed in the sputtering 
of a copper ball. 

A similar pattern consisting of spots in the 
[110] direction was obtained by sputtering a face- 
centered 8-Co single crystal, although the indi- 
vidual spots were considerably less well defined 
than in the case of Cu. 

In the experiments with a copper ball it was 
noticed that patch size decreases as the collector 
approaches the ball, and that the patches can even 
become smaller than the diameter of the ball. 
Figure 2 shows spots on an unrolled cylindrical 
collector which had been positioned eccentrically 
with respect to the ball. The smallest spots, 
which were obtained at a distance of 6 mm from 


the Cu ball, had one-half the diameter of the latter. 


Somewhat larger spots were produced at 11 mm 
separation. 
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b 
FIG. 1. a — spots formed on a spherical collector by sput- 
tering a single-crystal copper ball; b — spots of sputtered 
copper on an unrolled cylindrical collector. Spot 1 corre- 
sponds to the [100] direction; the other spots correspond to 
[110]. 


The production of spots with diameters smaller 
than that of the target sphere evidently resulted 
from the fact that at incident ion energies greater 
than 1 kev perpendicular ejection from the surface 
is favored, all other conditions being equal, over 
oblique ejection. Therefore sputtering in a given 
crystallographic direction originates most effi- 
ciently on a small region of the spherical surface 
from which particles are ejected close to the 
normal. 

Photometric scanning showed that on spots in 
the [110] direction, which were very much more 
clearly defined than when a plane was sputtered, 
the deposit density decreases from the center to 
the periphery considerably more rapidly than by 
a cosine law. The density distribution in the [100] 
direction is close to a cosine law. 

2. Sputtering of body-centered cubic single- 
crystal balls of Fe, Cr, and W. Ion bombardment 
of Fe, Cr, and W balls resulted in identical pat- 
terns on a spherical collector. Each pattern con- 
sisted of two series of spots: a) small but very 
well defined spots separated by angles of 70° (the 
[111] direction), and b) larger and somewhat dif- 


_ 


FIG. 2. Deposition pattern on an unrolled cylindrical col- 
lector that had been positioned eccentrically with respect to 
the copper ball. 
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FIG. 3. Spots formed on a cylindrical collector by sputter- 
ing a single-crystal tungsten ball. Spot 1 corresponds to the 
[111] direction; spot 2 corresponds to [100]. 


fuse spots separated by 90° (the [100] direction). 
This difference between spots in the [111] and [100] 
directions appears in Fig. 3 and in the photometric 
curves 1 and 2 of Fig. 4. The most clearly defined 
pattern was obtained for W, and the least well de- 
fined for Fe. 

Tungsten was sputtered at different tempera- 
tures. At 1300°C the spots were more sharply de- 
fined than when the target was heated to only 200 
—300° by ion bombardment (curves 2 and 3 in 
Fig. 4). At higher temperatures two processes 
occur. First, various impurities are removed 
from the surface, thus enhancing the sharpness of 
the pattern; secondly, atomic oscillations around 
their equilibrium positions are intensified, thus 
impairing the sharpness of the pattern. At ~ 1300° 
the first process probably prevails in W. 

3. Sputtering of single-crystal balls of Ge and 
InSb (diamond-type lattice). Wehner!!!) has shown 
that when plane faces of a Ge single crystal are 
sputtered particles are ejected predominantly in 
the [111] direction. When we sputtered Ge balls, 
using a spherical collector, we observed spots in 
the [110] and [100] directions. 

The same result was obtained when an indium- 
antimony alloy was sputtered (Fig. 5a), although 
spots in the [110] and [100] directions were more 
sharply defined than in the case of Ge sputtering. 
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FIG. 4. Photometric density curves of separate spots 
produced by sputtering a single-crystal tungsten ball. Dashed 
curve — cosine law. Experimental curves for spots at 200° 
1 — in the [100] direction; 2 — in the [111] direction. At 
1300°: 3 — in the [111] direction. The ordinate I(r) is propor- 
tional to the density at points of the collector, in relative 
units.'7] The abscissa is r=x/d, where x is the distance 
from the center of the spot to the given point in the scanning 
direction, and d is the distance between the target and col- 
lector. The same notation is used in Fig. 5b. 
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FIG. 5. a — spots in the [110] direction on a cylindrical 
collector, obtained by sputtering InSb; b — result obtained by 


photometric scanning of Fig. 5a. The dashed curve repre- 
sents a cosine law. 


The pattern obtained from a diamond-type lat- 
tice is considerably less well defined than from 
body-centered and face-centered lattices. This 
could result from the fact that the lattice constant, 
and therefore the separation of neighboring atoms, 
in the predominant sputtering directions from the 
diamond-type lattices of Ge and InSb is consider- 
ably larger than in the case of the other metals. 
The density distribution of the deposit in the [110] 
direction for InSb is well fitted by a cosine law 
(Fig. 5b). 


DISCUSSION OF RESULTS 


The predominant crystallographic directions of 
single-crystal sputtering and a number of other 
characteristics are best accounted for by the fo- 
cusing effect [5,6] arising in some instances of 
collisions between heavy particles (atoms or ions) 
in solid matter. 

When a solid is irradiated with a stream of 
heavy particles (specifically, in ion bombardment ) 
atoms of the target are displaced. The moving 
particles bring about displacements mainly through 
elastic collisions. Over a broad energy range of 
incident particles (up to several times ten kev for 
heavy atoms) the interaction between the incident 
particles and target atoms (and also the interac- 
tion between displaced and fixed atoms) can be 
calculated quite accurately using the model of 
elastic solid spheres. 

The effective diameter ry of a solid sphere de- 
pends on the incident-particle energy E, and is 
determined from the expression for the potential 
V(r) describing the field due to the charges of 
the nuclei and electron shells of the interacting 
atoms. In the first approximation ry is deter- 
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mined from V(r) = E/2."] It is difficult to ob- 
tain an exact expression for V(r). Bohr’s analy- 
sis (7 gives 


V(r) = SS era, 


(1) 


where z, and z, are the charges of the moving and 
fixed nuclei, a is the screening constant, and r 
is the distance between the centers of the moving 
and the fixed particle. For the special case of 
copper bombardment Huntington !®] found that a 
good approximation of the potential is given by 


V (r) = 0,038 exp [— 17.2 (r — d)/d]'ev, (2) 
where d is the distance to the nearest neighboring 
atom which is in its equilibrium position.* 

The equation V (ry) = E/2 thus determines the 
effective diameter of a solid atomic sphere of cop- 
per for different ion energies. The results for 
some small values of E are given in the table, 
where d is taken to be the smallest distance be- 
tween copper atoms in the [110] direction (2.55 
x 1078 cm). 

Silsbee’s analysis [5] shows that in some in- 
stances where ry is close to d and where d is 
small (i.e., where d/ry exceeds unity by an in- 
significant amount), the moving particle transfers 
its momentum to the fixed atom in such a way that 
displacement occurs mainly along close-packed 
rows of the crystal lattice (the focusing effect ). 
Silsbee’s focusing condition is 


ar pay) (3) 


and is satisfied for copper atoms in the [110] direc- 
tion when E is small. When (3) is fulfilled in the 
[110] direction for copper atoms, focusing in the 
[100] direction is impossible, according to Sils- 
bee’s theory, because a particle displaced in the 
latter direction must collide with an atom in a 

[110] row before it reaches an atom in the [100] 
row. 

A more rigorous analysis, however, can also 
account for the experimentally observed focusing 
in the [100] direction. It has recently been 
shown!?,10] that when interactions between neigh- 
boring atoms are taken into account focusing is 
also possible (although less efficient ) in direc- 
tions other than those of close packing. 

For body-centered crystals (3) ean also be ful- 
filled in the [100] direction, although not so well 
as in the close-packed [111] direction. Sputtering 
in the second most closely packed direction [100] 
is therefore probably more efficient for body- 
centered crystals than for face-centered crystals, 


*A potential similar to (2) can also be obtained for copper 
from (1), subject to the condition that r is close to d/2,[s] 


971 
E,ev | ry A | d/ro 
11.6 2.23 41.44 
50 4.57 1.80 
100 41.51 4.69 
400 4.28 4,99 


as we have observed experimentally. The emis- 
sion in the [110] and [100] directions from the 
diamond-type lattices of Ge and InSb is not ac- 
counted for by the focusing effect. Equation (3) 
is not fulfilled for either of these directions; 
otherwise the spheres of two neighboring atoms 
separated by the distance avV3/4 in the [111] 
direction would overlap. In this case, to account 
for focusing in the [110] and [100] directions we 
must use the more rigorous analysis of Vineyard 
et al, [101 

As already mentioned, the focusing effect is 
possible only at low energies of the moving par- 
ticles. However, preferentially directed ejection 
from sputtered single crystals is also observed 
at high incident-ion energies of the order of sev- 
eral times ten kev."7] Yet even at high primary 
energies most displacements of atoms from crys- 
tal sites are produced by slow particles, very 
many more of which are present in matter than 
fast particles. 

Therefore even in the case of sputtering by 
fast ions directed ejection can result from the 
focusing effect. 

Equation (1) shows that the effective radius rp 
of a solid sphere depends in general not only on 
E but also on the nuclear charges z, and Zp, of 
both the moving and fixed particles, respectively. 
Yr) increases with z, and Z», so that the focusing 
condition should be satisfied best by substances 
with large values of z,. This agrees with the ex- 
perimental results for W and Cr sputtering. 
These two metals have approximately identical 
values of the sputtering coefficient N, but the 
lattice constant of W is larger than that of Cr. 
Nevertheless, the spot pattern for W is more 
clearly defined than for Cr. This can possibly 
be associated with the fact that the radius ry for 
W, all other conditions being equal, is consider- 
ably larger than for Cr (since zw>zcy). A 
similar explanation is perhaps possible for the 
fact that InSb produces a clearer pattern than 
Ge, although in this case the results are also 
affected by the circumstance that N is larger 
for InSb than for Ge. 

It appears from the experimental results that 
some relation exists between the magnitude of 


972 


the sputtering coefficient and the distinctness of 
spots for different substances. For example, Cr 
and Fe have identical lattice structures and very 
close values of both the lattice constant a and 
nuclear charge Z». Yet NCr > NFe, and this can 
possibly account for the fact that the spot pattern 
is more clearly defined for Cr than for Fe. The 
same conclusion can be reached by comparing the 
sputtering patterns for face-centered cubic crys- 
tals (Cu and B-Co), which have close values of 
a and Z». In this case NCu > NCo and therefore 
the spots are more clearly defined for Cu than 
for B-Co. For large values of N and at high ion 
current densities the surface layers of the target 
are removed more rapidly. This can possibly 
result in clearer sputtering patterns. 


CONCLUSIONS 


When face-centered metal lattices are sputtered 
by krypton ions having energies up to 10 kev, par- 
ticles are ejected mainly in the close-packed [110] 
direction, and only to a very small extent in the 
[100] direction. For metals with body-centered 
lattices the [111] and [100] directions are pre- 
dominant, and for diamond-type crystals the pre- 
dominant directions are [110] and [100]. 

The patterns of sputtered deposits are most 
clearly defined for face-centered lattices and are 
least clear for diamond-type crystals. For the 
latter the density distribution in individual spots 
nearly obeys a cosine law, whereas for the former 
lattices the density decreases much more rapidly 
with increasing distance from the center of a spot. 
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When sputtered patterns are compared, a 
greater relative sharpness is found to accompany 
a larger sputtering coefficient, a larger atomic 
number, or a smaller lattice constant of the target 
(other conditions being identical). The definition 
is also improved by a temperature rise, within 


certain limits. 
Many results can be accounted for by a focusing 


effect (according to Silsbee ), which should occur 
under certain conditions if the interaction between 
moving and stationary atoms is regarded as a two- 
body collision of elastic solid spheres. 

In conclusion the authors wish to thank Profes- 
sor G. V. Spivak for a valuable discussion, and 
V. M. Bukhanov for experimental assistance. 
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A new method of investigating the transfer reactions by detecting the delayed neutron activity 
is proposed. Li, C, Al, and Cu targets were bombarded with N', 08, and Ne” ions using the 
accelerator of the Joint Institute for Nuclear Research in Dubna. Production of N* nuclei 
was observed in all cases. The cross sections for the production of N‘" by bombarding the 
above-mentioned targets with 95 Mev N* ions were measured, as well as the yield of N’" 
from thick C, Al, and Cu targets irradiated with O' and Ne?? ions. 


Aone the many types of reactions involving 
heavy ions, those occuring in the peripheral col- 
lisions of the incident nuclei with those of the tar- 
get are of special interest. A direct transfer of a 


single nucleon or even of a whole group of nucleons 


from one nucleus to the other, without passing 
through the stage of the compound nucleus, may 
occur in such collisions. Such reactions have 
lately been called transfer reactions. Since such 
processes occur on the surface of the nuclei, we 
can expect their study to reveal the state of the 
peripheral nucleons. 

The capture of neutrons, protons, and a@ par- 
ticles has been observed in a number of experi- 
ments.'!-18] The capture of two neutrons was ob- 
served in!"4] and possibly in Cis) and the transfer 
of larger fragments in!!6), 

The detection of B-active reaction products is 
usually employed in the study of transfer reac- 
tions. In the present experiment an attempt has 
been made to study transfer reactions by another 
experimental method. 


1. PRINCIPLE OF THE METHOD 


One of the possible transfer reaction products 
of the irradiation of nuclei by beams of various 
heavy ions is N!", which emits delayed neutrons 
with a half-life of 4.15 sec. "17-181 This neutron 
activity, unique among all nonfissionable nuclei, 
enables us to overcome the problem of background 
radioactivity from other reaction products, which 
is especially important in the study of the reac- 


tions having a small cross section. 


*Center for Nuclear Studies, Krakow, Poland. 
tInstitute for Nuclear Research, Warsaw, Poland. 


Other neutron-active nuclei can also be pro- 
duced in the reactions, such as Li*® (T,/) = 0.16 
sec) "7] and Cc (T,,. = 0.74 sec)."9] However, 
in view of the marked difference in the half-lives, 
the identification is not difficult. Moreover, the 
proposed method enables us to find new nuclei 
emitting delayed neutrons. 

The method was first proposed for studying the 
two-neutron capture by the N nucleus: 

Az + N%® = (A—2)z+ N"™. 

However, from the experiment carried out, it 
is clear that the method can be successfully ap- 
plied to the study of other transfer reactions as 
well. 


2. APPARATUS AND PROCEDURE 


The experiments were carried out using the 
internal beam of the heavy-ion cyclotron of the 
Joint Institute for Nuclear Research. Proportional 
BF, counters were used to detect the neutrons 
from the N!" nuclei. The counters were placed 
in a 140x 250x340 mm lucite moderator (Fig. 1) 
with a hollow central part containing the target. 
The assembly was placed in a copper casing 
cooled by water. The casing also contained an 
emitter follower. A graphite beam collimator 
was placed before the casing, which helped to 
guide the beam to the casing. (The collimator is 
omitted in the figures.) Eight proportional count- 
ers 2 cm in diameter and 25 cm long were placed 
in two groups in the upper and lower parts of the 
assembly. Since all counters had practically iden- 
tical characteristics, their cathodes were con- 
nected together and were supplied with the same 
high voltage. 
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Target head 


FIG. 1. General view of the detector: 1 — copper 
casing, 2—lucite moderator, 3— BF, counters, 
4—target head, 5—probe support, 6 — aluminum foil, 


To current 
integrator 
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A block diagram of the apparatus is shown in perpendicular to the counter axis does not change 
Fig. 2. The pulse produced in any of the counters its counting properties. 
was fed to the emitter follower and transmitted to In order to test the method, thick targets of 
a linear amplifier and amplitude discriminator and Li,CO3, aluminum, copper, and graphite were ir- 
to a 13-channel time analyzer. A scaler was con-_ radiated by N*°°" ions and 088” ions. The 


nected in parallel to the analyzer. It was found by graphite was also irradiated by Ne”2(4) ions. The 
trial and error that the most satisfactory counter shape of the target is shown in Fig. 1. 


operation was at 3000 v, with an amplifier gain In the irradiation of the aluminum and copper, 
equal to 400 and a discriminator level of 25 v. all parts of the target head exposed to the beam 
Under these conditions, the efficiency of the de- were made of one material. In the irradiation of 
tector amounted to 0.5% for the polonium-beryllium graphite with Li,CO3, a 15y aluminum foil was 
source in the position of the target. The back- used to stop singly charged ions. In the two latter 
ground, in the presence of 2 mC of Co®, amounted cases, the contribution from the ‘‘impurity’’ ele- 
to 2 pulses per minute. ments was estimated from the data obtained with 


aluminum and copper. 

The beam intensity, measured using a current 
integrator, varied from 0.05ya to lua. The en- 
ergy of the bombarding ions was determined from 
the beam radius. Pulsed operation of the cyclo- 
tron was employed in the measurements. Since 
the half-life of N‘" is 4.15 sec, the target was 
irradiated for 30 sec. The high-frequency voltage 
on the dee was then switched off, and the neutron 
activity was counted for 30 sec. 

At the moment the beam was switched off, the 


FIG. 2. Block diagram of the apparatus: 1 —neutron detec- 
tor, 2—high-voltage supply, 3 —linear amplifier, 4 —oscillo- 
scope, 5—amplitude discriminator, 6 —time analyzer, 


price: counter voltage was automatically switched on, 
and the time analyzer and scaler began counting. 

Since the proportional neutron counters had to The counter voltage was removed when the beam 

operate in the magnetic field of the cyclotron, a was switched on. 

preliminary experiment was carried out to deter- For each value of ion energy, 4—5 irradiation 

mine the influence of the magnetic field on their cycles were carried out. Since the vertical dis- 

counting rate. It was found that a magnetic field tribution of the ion beam varied with the radius 

N/channel Sale 

300 


200 


FIG, 3. Typical curves of neutron activity decay 
for the Cu + N** and C + Ne” reactions. 
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Table I. Effective cross section for the N!® — nN!" reaction 
for 95 Mev energy of N" ions, and the value 
of Q* for these reactions 


Target | a; mb | Q, Mev | Target oO, mb | Q, Mev 

Li,CO3 4 — 4,40** Al 0.1 —16.05 
pen *K 

Cu 1 PN Q 0,01 —23.69 


*The Q values were calculated from the isotope masses using the Wapstra 


tables, [24] 


**Q was calculated for Li’, and the contribution of C and O was neglected. 
***Q values for Cu® and Cu® respectively. 


(influence of the magnetic focusing of the cyclo- 
tron), a graphite beam collimator was placed be- 
fore the experimental assembly 24 cm ahead of 
the target (Fig. 1). The background measurements 
carried out showed that the yield from the graphite 
collimator amounted to not more than 10% of the 
effect when the whole beam fell only on the upper 
or lower part of the collimator. During irradia- 
tion, only a small part of the beam fell on the col- 
limator, so that the background from the colli- 
mator could be neglected. 


3. RESULTS OF THE MEASUREMENTS 


A. Irradiation with N! ions. In order to ob- 
serve the two neutron-capture reactions, Li, C, 
Al, and Cu were irradiated. Lithium (natural 
isotope mixture) was used in the form of Li,CO3; 
the carbon target was made of pure graphite. In 
all cases, the onset of neutron activity was ob- 
served, which decreased with a half-life of 4 sec. 
A typical picture of the decay is shown in Fig. 3. 
The effective reaction cross section was calcu- 
lated from the yield from a thick target (see 
Table I). The range of N’ necessary for this 
calculation was computed using formulas given 
by Northcliffe. [20] 


Table II. Yield of N* nuclei 
per bombarding particle in 
the irradiation of C, Al, 
and Cu targets by o'* ions 
of 95 Mev and Ne”? ions 
of 184 Mev 


Bombarding ion 
Target 


O1s | Ne?? 
eg of eat a all ak ey i 
@ 4-10-10 ane 
Al 5-10-19 = 
Cu 6-410-9 H = 


B. Irradiation with O! and Ne”? ions. The 
onset of neutron activity with a 4-sec half-life 
was also observed upon irradiation of the above- 
mentioned targets with O'* ions and of a graphite 
target with Ne”? ions. The yields of these reac- 
tions are shown in Table II. It can be assumed 
that the. N!” nucleus, in these cases, is produced 
as a result of reactions in which the O” nucleus 
transfers a proton to the target nucleus and cap- 
tures neutrons from it. The Ne”? nucleus trans- 
fers a proton and an @ particle. The possibility 
cannot be excluded that N*" is produced on light 
nuclei as one of the decay fragments of a strongly 
excited compound nucleus. 

To obtain a final answer to this question, addi- 
tional and more detailed experiments are neces- 
sary. However, apart from the final solution of 
this problem, the results obtained show that the 
neutron activity of N!” can successfully be used 
for the study of a wide range of transfer reactions. 

In conclusion, the authors consider it their 
pleasant duty to thank all members of the cyclo- 
tron team who ensured a trouble-free operation 
of the machine, and especially to Iu. Ts. Oganesyan, 
Yu. V. Lobanov, A. S. Pasyuk, B. N. Markov, I. A. 
Shelaev, and V. A. Shchegolev. We would also like 
to thank A. F. Linev and L. Kumpf for the design 
and construction of the time analyzer, and A. N. 
Filipson for testing the vacuum probe. 
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A polycrystalline sample of ammonium fluoroberyllate was investigated from —183° C up to 
room temperature and a single crystal of (NH,).BeF, was investigated at room temperature 
by means of magnetic resonance of F" nuclei. Reorientation of (BeF,)*- ions has been es- 
tablished above the ferroelectric Curie point at —97°C. Reorientation of (BeF,)- ions is 
shown to occur about an axis fixed with respect to the crystal structure and coincident with 


the c axis of the crystal. The height of the potential barrier for the reorientation of the 


BeF, group is 9.5 + 0.4 kcal/mole. 


‘Tae method of nuclear magnetic resonance 
(n.m.r.) is a comparatively simple and convenient 
method for studying the position and the degree of 
mobility of nuclei in crystals. We have used the 
n.m.r. method to study a number of ferroelec- 
trics 1-3] and in some cases we have established 
the existence of a correlation between the ferro- 
electric properties and the change in the degree 
of mobility of certain groups occurring in the 
structure of these ferroelectric substances. 

In the present work we have used the method of 
magnetic resonance of F’* nuclei to investigate 
samples of ammonium fluoroberyllate (NH,).BeF,, 
the ferroelectric properties of which below —97° C 
have been discovered by Pepinsky and Yona. [4] 
We have studied the temperature dependence of 
the second moment of the n.m.r. absorption line 
in the temperature range from —183° C up to room 
temperature. This dependence is shown in Fig. 1. 
The second moment of the n.m.r. absorption line 
is determined by the crystal structure and can be 
calculated by means of Van Vleck’s formula. 4 
In the case of ammonium fluoroberyllate the sec- 
ond moment can be written in the form of the fol- 
lowing sum: 


S,= Sp" + Sp" + Sp +S (1) 


Here the first term on the right represents the 
contribution to the second moment of the dipole- 
dipole interaction between the F nuclei in a 
BeF, group, the second term represents the con- 
tribution due to the interaction between the F 
nuclei of neighboring BeF, groups, the third term 
represents the contribution of the Be’ nuclei, and 


the fourth term represents the contribution of the 
protons of the NH, groups. 

In the case of a polycrystalline sample these 
terms depend on the distances between the nuclei 
and their direct calculation by means of Van 
Vleck’s formula gives for a fixed position of the 
nuclei 


RR ts 10748 S'rz6 
Si = 316,3-10 de, (2) 


Sy P'S 15.610 @ 7°, (3) 
i 


jin sean wl One ety (4) 
k 


where the subscripts i, j, k refer respectively to 
the distances from a given F nucleus to other flu- 
orine nuclei belonging to the same BeF, group 
and to neighboring groups, from a given F nucleus 
to the beryllium nuclei, and from the F nucleus to 
the protons. 

For the numerical evaluation of the second mo- 
ment it was assumed that the BeF, group can be 
represented by a regular tetrahedron with the Be 
atom at the center, and that the F—F and the 
F—Be distance (cf. reference (6) are respec- 
tively equal to 2.63 and 1.61A. Since the complete 
structure of ammonium fluoroberyllate is as yet 
unknown, the calculation of the second and of the 
fourth terms in the sum S, presents certain dif- 
ficulties. However, it is known that in general 
terms the structure of (NH,),BeF, is close to the 
structure of the (NH,),SO, crystal. Until very re- 
cently these structures were even considered to 
be isomorphic, but Pepinsky et al." have shown 
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that small differences between these structures 
exist even at room temperature. In carrying out 
the calculation it was assumed that the BeF, and 
NH, groups in ammonium fluoroberyllate are sit- 
uated similarly to the SO, and NH, groups in the 
structure of (NH,),SQ,. For this reason the cal- 
culation can be regarded only as a first approxi- 
mation, particularly at low temperatures. 

With respect to the NH, groups it was as- 
sumed that they undergo spherically isotropic 
reorientation within the whole range of tempera- 
tures studied. This follows from the experimen- 
tal data of Blinc and Levstek!®] who drew this 
conclusion on the basis of studying (NH,).BeF, 
by proton n.m.r. We have also observed proton 
resonance in (NH,),.BeF, at room temperature: 
the results obtained confirm the conclusion with 
respect to the isotropic reorientation of the NH, 
groups. 

The results of the calculation are shown in the 
table. The calculations have been carried out for 
two cases. In the first case it was assumed that 
the BeF, groups are stationary—‘“‘rigidly’’ fixed 
in the structure, in the second case it was as- 
sumed that they undergo reorientation about axes 
fixed in the structure and coincident with the third 
order axes of the BeF, groups themselves. As 
can be seen from the table, the results of the cal- 
culation in the first case agree with the experi- 
mental values of the second moment in the range 
from —183° C to —100° C, and in the second case 
agree with the value of S. measured in the range 


F—F F—B 
BeF, groups S; Sy : 
Stationary 2,835 | 0.90 | 0,10 
Undergoing 
reorientation Oe a On25 e203 


F—F’ 
S2 


« FIG. 1. Temperature dependence of the sec- 
ond moment of the magnetic resonance absorp- 
tion line due to F*’ nuclei in (NH,),BeF,. 


G) WRE 


from —20°C to +20°C. Therefore, the variation 
in the second moment within the range from 
—100° C to —20°C is a consequence of the usual 
rotational transition associated with a reorienta- 
tion of the BeF, groups about fixed axes. 

In order to answer the question as to the direc- 
tion in the elementary crystal cell about which the 
BeF, groups undergo reorientation additional ex- 
periments were carried out on a single crystal 
sample of ammonium fluoroberyllate at room 
temperature. The sample was a crystal of 10x6 
x1.5 mm with well defined faces; the crystal axes 
were denoted by a, b, c, and their directions co- 
incided with the directions of the axes of the ele- 
mentary cell whose parameters are equal to 
a=5.89A, b=10.39A and c=7.49A. 


A 


2 
57,0€ 
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FIG. 2. Dependence of the second moment on the orienta- 
tion of the single crystal of (NH,),BeF, at t = 20°C: A—fora 
rotation about the a.axis; B—for a rotation about the c axis. 
The angle ¢ is measured from the b direction. 
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FIG, 3. Temperature dependence of the correlation 
frequency for the reorientation of the BeF, group in am- 
monium fluoreberyllate (the value of V, is given in 
kcal/mole). 


We have studied the dependence of the second 
moment of the n.m.r. absorption line on the ori- 
entation of the crystal in a magnetic field as the 
crystal was rotated about the a and c axes. 

The results of this experiment are shown in Fig. 2. 
The solid lines on the same diagram represent the 
results of a numerical calculation of the angular 
dependence of the second moment on the assump- 
tion that all the BeF, undergo reorientation about 
the c axis. In this calculation we have used Van 
Vleck’s formula for a single crystal; in order to 
take into account the reorientation of the BeF, 
groups we have averaged over all the motions 
occurring. The method of evaluating such an 
average in the general case is given by Andrew 
and Eades. [1 

The absence of any appreciable angular depend- 
ence of the second moment as the crystal is ro- 
tated about the c axis is explained by the fact that 
the BeF, groups themselves undergo reorientation 
about this axis. The small angular dependence 
which appears in the calculated curve is explained 
by the contribution to the second moment of the 
neighboring BeF, and NH, groups. 

Thus, the experimental results shown above 
give evidence for the existence of reorientation 
(‘hindered rotation’’) of the BeF, groups in the 
(NH,),BeF, crystal about the c axis at tempera- 
tures above —100°C. The temperature dependence 
of the second moment enables us to determine the 
height of the potential barrier hindering the rota- 
tion of these groups. As Gutowsky and Pake!!01 
have shown, the temperature dependence of the 
second moment is given by the expression 


So (T) = Se®+ (Spt Sie). x tan7! (7 VS2(T)/2nv-), (5) 
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where S18, sft and S,(T) are respectively the 
second moments at low temperatures (when there 
is no reorientation), at high temperatures (above 
the rotational transition) and at the given temper- 
ature; Vg is the correlation frequency for reorien- 
tation, which can be represented in the form /11:3] 


%e= ae (7") exP(—ar): (6) 
where k is the Boltzmann constant, T is the ab- 
solute temperature, V) is the height of the poten- 
tial barrier for reorientation, J is the moment of 
inertia equal to 219.1 x 10~*° g-cm? for the rota- 
tion of the regular BeF, tetrahedron about its 
threefold axis. This formula is valid for the 
case of the so-called classical reorientation when 
the tunnel effect can be neglected. As Das [11] has 
shown, the tunnel effect can always be neglected 
when the nuclei undergoing reorientation are 
heavier than protons. Thus, the use of formula 
(6) in our case is completely justified. 

Figure 3 shows the dependence of the correla- 
tion frequency on the temperature for different 
values of Vp; it also shows the experimental val- 
ues of vg calculated by means of formula (5). The 
experimental values agree well with the calculated 
ones for Vp = 9.5 + 0.4 kcal/mole, and this once 
again confirms the classical mechanism for the 
reorientation of the BeF, groups. 

The correlation between the beginning of the 
decrease in S, at a temperature of —100°C and 
the Curie point of ammonium fluoroberyllate is 
noteworthy. At the present time it is difficult to 
say whether this correlation indicates some deeper 
relation between the decrease in the mobility of 
the BeF, groups at temperatures below —100°C 
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and the existence of spontaneous electric polari- 
zation in (NH,),BeF, at these temperatures. It 
is also possible to assume that the appearance 

of spontaneous polarization is accompanied by a 
change in the relative position of the structural 
elements of the lattice, and also by deformations 
of the structure elements themselves. The latter 
possibility, apparently, agrees with the deforma- 
tion of the electronic shells of the [NH,]* and 
[BeF,]*" ions found by Blinc !®! in the course of 
his investigation of the infrared spectra of ammo- 
nium fluoroberyllate below the Curie point. The 
appearance of spontaneous polarization in this 
crystal can, thus, be related to the combined 
effect of these factors. As regards the mechan- 
ism responsible for the appearance of polariza- 
tion as a result of the ordering of the rotational 
transitions of the NH, groups proposed by 
Matthias and Remeika, !!2] in the light of the pro- 
ton magnetic resonance data [8] we can be dealing 
only with the ordering of the positions or of the 
polarization of the ammonium ions themselves, 
since the nature of the reorientation of these ions 
does not change as a result of passage through 
the Curie point. 

The authors are grateful to V. A. Koptsik for 
his having kindly supplied us with the ammonium 
fluoroberyllate crystals, and to K. S. Aleksandrov 
for his interest in the work and useful comments. 
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The values of wy7 for ions and electrons of a plasma column in a longitudinal magnetic 
field can be determined with aid of two plane probes (single and double), by measuring the 
radial and azimuthal diffusion currents with them. The values thus obtained can be used to 
determine the mean collision frequencies of electrons and ions. Examples of such measure- 
ments in argon are presented for various gas pressures. The values thus derived are com- 


pared with the calculated values. 


A longitudinal homogeneous magnetic field ap- 
plied to a low pressure cylindrical plasma (posi- 
tive column) produces in the plasma a transverse 
drift (‘‘Hall’’ diffusion) of the electrons and ions 
in the azimuthal direction, perpendicular both to 
the direction of the concentration gradient (Vnllr), 
and to the magnetic field (H||Oz)."'] The diffu- 
sion of the electrons and ions towards the walls in 
a tube with non-conducting walls is ambipolar, with 
total velocity vy = —DgVn/n. To the contrary, the 
azimuthal drift takes place with velocities v 
=—-WHpTpYr and Veg = WHeTeVr; which differ 
from each other in direction and in magnitude. 
One of the results of this drift is the rotational 
magnetomechanic effect of the plasma. [1 

This azimuthal diffusion can be used to deter- 
mine the influence of the magnetic field on the 
plasma electrons and ions, and also the mean 
collision frequencies of both (ve = Te, vp = Tp’). 
For this purpose it is sufficient to measure the 
densities of the electron and ion currents towards 
the walls (jer and jpy) and in the azimuthal di- 
rection (jg, and ip ) in the same place (say at 
the wall). ieee 


Jor =a) as Jer = €)fv,, Jes = — CpVes, Ip = CplUpo, 


we have 


Ipe!jpr = Upeld, = WHpTp, lecllur = Veo/Ur = WHele. 


We made measurements of this kind in inert 
gases with the aid of two probes. One probe was 
flat, and perpendicular to the radius of the tube, 
and is used to measure jy. The second was a flat 
double probe, made of two metallic square plates 
separated by a thin glass plate, the ends sealed in 


section AB 


side view 


b ~/imm: 


view in C direction 


~))mm 


glass —_ metal (Mo) 


FIG. 1. Diagrams of probes: a) dual b) single. 


glass (Fig. 1), and placed parallel to the z, r 
plane at the same distance from the axis as the 
first probe. This probe measured the g-com- 
ponent of the particle current on both sides of the 
probe. By applying to these probes suitable po- 
tentials relative to the comparison electrode, we 
determined the electronic and ionic currents in 
the radial and azimuthal directions; from these 
currents we calculated the mean collision frequen- 
cies vg and vp of the plasma electrons and ions 
in the magnetic field.* The values of vg and v 
thus obtained were compared with the calculations 
based on the effective cross sections of the gas 
molecules relative to the electrons and ions and 


*At small values of @,;7 (high pressures, weak magnetic 
fields), an error can creep into the determination of the azi- 
muthal drift current j 4 if the probe is not accurately set rela- 
tive to the (z,r) plane. The relative error in j, may be of the 
order of unity if the probe is tilted relative to the radius r by 
an angle a ~ w,,7. However, in repeated installations of the 
probe this error ‘becomes random and not systematic, and is 
thus averaged in the repeated measurements. 
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j, ma/com* 10-"vp, sec 10-*¥p, sec” 
p, L Bg j | j j Hee °Hp'p |measure-| calcu- | measure- calcu- 
a | AY PP ment lation ment lation 
5 0.6 WOE2 NO AS | 447 0,75 0.13 0.45 0.6 ~0.1 
50 0,64 | 11.8 | 0,05 19,5| 0,075 “is Wels 326 ~1 
500 0.62 | 3.4 | 0.006 5 0.0091 41 15 44 ~10 


on the mean energy of these particles. is-5I" The 
measurements were made in an argon-filled tube 
37 mm in diameter, at H = 400 oe and a discharge 
current of 0.5 amp. The azimuthal and radial cur- 
rents were measured with the corresponding 
probes many times. Example: at a pressure of 

50 uw Hg, the values obtained were leg =) 2.00.1, 
10,1. Spek? 12k l.2y andel.o ma, with an 
average of 1.18 ma. The area of the probe used 

to measure the azimuthal current was S ~ 10 mm’, 
so that the average of j, was 11.8 ma/cm?. The 
average measurement error does not exceed 10 
percent. 
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FIG. 2. Dependence of the mean frequency of ion col- 
lision on the pressure. 


The ion and electron current densities (identi- 
fied by the subscripts p and e, respectively ) ob- 
tained in this fashion are listed in the table to- 
gether with the values of wy7 calculated for 


both particles. The results pertain to argon at H 
= 400 oe, I, = 500 ma, and tube diameter 37 mm. 
The dependence of the experimentally obtained 
values of Vp on the gas pressure in the plasma 
is shown in Fig. 2 for two magnetic fields. 

These results show that: a) in a field H = 400 oe 
the influence of the magnetic field on the electron 
(the value of wy;7) remains appreciable up to 
p< 10%p Hg; in ions it is small even when p ® 5yu 
Hg; b) the ion collision frequency Vp) is propor- 
tional to the pressure p, and consequently the 
mean ion velocity does not change noticeably. 


1§. Chapman and T. G. Cowling, The Mathemat- 
ical Theory of Non-uniform Gases, Cambridge 
Univ. Press, 1939, Ch. 18. 

2. L. Granovskii and E. I. Urazakov, JETP 
38, 1354 (1960), Soviet Phys. JETP 11, 974 (1960). 
3. L. Granovskii, Elektricheskii tok v gaze 
(Electric Currents in Gases), Gostekhizdat 1952, 

Sec. 2, Ch. 4. 

4S. C. Brown, Basic Data of Plasma Physics, 
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5A. von Engel, Ionized Gases, Clarendon Press, 
Oxford, 1955. 


Translated by J. G. Adashko 
237 


SOVIET PHYSICS JETP 


VOLUME 14, NUMBER 5 


MAY, 1962 


FORMATION OF A CURRENT CHANNEL IN A GAS DISCHARGE IN A WEAK MAGNETIC 


FIELD 


Submitted to JETP editor May 17, 1961 


- BABICHEV, A. I. KARCHEVSKII, Yu. A. MUROMKIN, and V. V. SOKOL’SKII 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1378-1381 (November, 1961) 


The configuration of a strong-current toroidal discharge in a weak magnetic field is experi- 
mentally investigated for a magnetic flux uniform over the liner cross section, and for both 
constant and variable longitudinal field on the discharge periphery. It is shown that the ex- 
perimentally observed formation of a current channel outwardly reminiscent of the pinch 
effect can be described, for both constant and variable external magnetic fields, by a sta- 


tionary force-free discharge model. 


In order to study certain features of a strong- 
current discharge, we have carried out experi- 
ments with a toroidal chamber having a thick-wall 
aluminum case with diameters 750 and 250 mm. 
Inside the case was mounted a discharge chamber 
(liner ) 160 mm in diameter. In one series of ex- 
periments the liner was assembled of 16 aluminum 
sections (wall thickness 4 mm), insulated from 
each other with teflon gaskets; in the second series, 
an analogous sectionalized liner was made of non- 
magnetic steel 0.1 mm thick. The steel liner was 
placed in a supplementary coil to introduce a vari- 
able longitudinal magnetic field into the plasma. 
The discharge current and voltage were measured. 
The distribution of the magnetic fields in the dis- 
charge was determined with magnetic probes. 

In experiments with the aluminum liner, the 
amplitude of the discharge current reached 50 kilo- 
amp at an initial loop voltage 1.1 kv, duration of 
first half wave 600 psec, initial magnetic field up 
to 1000 oe, and hydrogen pressure 107-?— 107? mm 
Hg. The conductivity of the plasma, calculated at 
the current maximum, was 6 x 10'4 cgs esu on the 
chamber axis. 

When the steel liner was used and the supple- 
mentary coil turned on, the amplitude of the dis- 
charge current reached 35 kiloamp and the con- 
ductivity did not exceed 8 x 10!8 cgs esu, other 
conditions being equal. An appreciable change 
took place in the configuration of the magnetic 
field in the discharge region: in the first case the 
distribution of the azimuthal component of the 
magnetic field indicates that a current channel, 
‘‘detached’’ from the walls, was formed; in the 
second case the current has practically constant 
density over the entire section of the liner (Fig. iy 
It must be noted that in both cases the configuration 


Hz9=690 oe Hzg=690 oe 

Ung = 0.95 kv 4 Dog= 1,15 kv 

J,=41 kiloamp J2= 39,5 kiloamp 
re fom 


4 
Outer wall 
of liner 


a Outer wall uf 
liner 

A 

FIG. 1. Distribution of the longitudinal (H,) and azi- 
muthal (H ,) components of the magnetic field in the dis- 
charge: a—thick-wall aluminum liner; b—thin-wall liner 
made of nonmagnetic steel. Solid curves — force-free 
model, dashed — paramagnetic model. 


of the discharge is completely determined by the 
initial magnetic field and by the current flowing 
in the plasma at the given instant of time, regard- 
less of the discharge phase at which this current 
is reached. 

For a further study of the character of the dis- 
charge, alternating current was passed through 
the supplementary winding at approximately four 
times the fundamental frequency of the process. 
(The influence of an alternating magnetic field on 
the discharge configuration was investigated by 
Ivanov and Kirillov.“) The amplitude, sign, and 
instant of application of the supplementary field 
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could be varied. In some experiments the field 
was introduced simultaneously with the start of 
the discharge, and its first half wave amplified 

the initial field. Up to the time t, (Fig. 2) the 
longitudinal field on the edge changes in phase 
with the field in the central region of the discharge, 
but beyond this instant the field in the central re- 
gion remains constant, or even decreases some- 
what, whereas the field on the edge decreases with 
the current in the exciting coil. Within 2—4 usec 
after t, the longitudinal field inside the plasma 
reverses direction. The value of the field before 
the instant t, is proportional to the discharge 
current. 


FIG. 2. Oscillograms of discharge current J, and 
longitudinal magnetic field H,(0) at the center of the 
chamber upon application of an alternating magnetic 
field (r, — radius of liner). The dashed curve is calcu- 
lated in force-free model. 


From an examination of all the oscillograms 
obtained it follows that t, practically coincides 
with the time when the longitudinal component of 
the magnetic field on the edge of the liner becomes 
equal to the azimuthal component, and t, coincides 
with the instant when the external longitudinal field 
passes through zero. 

Measurements of the azimuthal component of 
the field show that a current channel exists in the 
discharge between the instant t, and t,, witha 
radius that decreases gradually to about half the 
initial radius at the instant t,. A comparison of 
the results of different experiments shows that in 
this case, too, the configuration of the discharge 
is determined by the external magnetic field on 
the edge of the liner and by the discharge current 
flowing at the given instant of time, and is prac- 
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tically independent of the rate of change of the ex- 
ternal field. The quantities also determine the 
times t, and t,. Accordingly, for a given dis- 
charge current, the time t,—t, was found to be, 
inversely proportional to the rate of decrease of 
the external magnetic field. 

The low conductivity of the plasma in the ex- 
periments described should cause the diffusion 
time of the magnetic field in the gas-discharge 
column to be much less than the periods of vari- 
ation of the external fields, and in the first ap- 
proximation there should be no ‘‘frozen-in’’ mag- 
netic field in the plasma. Yet a pronounced for- 
mation of a current channel is observed, along 
with an increase in the longitudinal magnetic field 
in the central region of the discharge (only out- 
wardly reminiscent of the ‘‘pinch’’). These phe- 
nomena can be reconciled with the stationary dis- 
charge theory?) by imposing as an additional 
requirement the vanishing of the current density 
perpendicular tothe magnetic field. This leads to 
the force-free discharge model, which is natural 
for a low-temperature plasma. 

The discharge configuration calculated by this 
theory agrees with experiment (Fig. 1). The dif- 
ferent behavior of the discharges in aluminum and 
steel liners is explained by the fact that in the for- 
mer case the magnetic flux is constant over the 
cross section of the liner during the discharge, 
while in the latter the magnetic field intensity is 
maintained practically constant on the edge of the 
liner. An account of this difference permits a cor- 
rect interpretation of both cases. 

The jump-like change in the longitudinal field . 
inside the plasma also has a natural explanation. 
The direction of the current helix in the discharge 
is determined by the sign of the external longitud- 
inal magnetic field. At the instant when this field 
passes through zero, the helix direction should re- 
verse and cause a corresponding jump-like change 
in the magnetic field. It is seen from the oscillo- 
grams that the change in the sign of the longitudi- 
nal field in the plasma actually occurs somewhat 
later than the passage of the field on the periphery 
of the discharge through zero. It would be incor- 
rect to attribute this phenomenon entirely to the 
finite diffusion time of the magnetic field in the 
plasma, since the delay in the reversal of the sign 
of the field at the center of the plasma relative to 
the periphery (Fig. 2) depends on the rate of 
change of the external magnetic field, although 
the plasma conductivity is the same in these ex- 
periments. We propose that this phenomenon is 
connected both with the insignificant frozen-in 
magnetic field in the plasma and with the toroidal 
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geometry of the discharge and the existence of 
magnetic-field inhomogeneities. 

The absence of a perpendicular current-density 
component can be explained by using the mechan- 
ism of convective instability (B. B. Kadomtsev, 
private communication ). 

In other installations of similar type '°-®] the 
conductivity and the ratio of the characteristic 
geometrical dimensions to the duration of the 
process differ somewhat from those given above. 
This raises the hope that the stationary force- 
free model can be employed to explain a large 
number of experimental facts. This model was 
successfully used by Lees and Rusbridge!" to 
calculate the distribution of the magnetic fields 
in the ‘‘Zeta’’. 

The authors are grateful to I. K. Kikoin, B. B. 
Kadomtsev, and V. D. Shafranov for useful discus- 
sions of this work. 
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A method for producing and recording irregular modes of shock-wave collisions in solids is 
described. The parameters of three-shock configurations due to the collision of 300—400 
thousand atm and 1.0—1.8 million atm shock waves are presented for four metals. In the 
first series of experiments a six- to eightfold pressure increase was observed at angles 
close to the critical angles of appearance of the leading waves. For waves of greater ampli- 
tude the pressure increased to 4 million atm for aluminum and to 7 million atm for steel, 
copper, and lead in the collision region when the waves cross at right angles. 

The results obtained are analyzed by the method of shock-wave polar curves. It is shown 
that the model with a single tangential discontinuity cannot describe irregular modes of 
oblique collision of ‘‘weak’’ shock waves in metals. A method is described for determining 
the pressure and density behind the reflected wave front from the parameters of the three- 
shock configurations. As an example, the pressures and densities are calculated for the col- 
lision of strong shock waves in aluminum. Consecutive compression by the incident and re- 
flected waves increased the density of aluminum by 2.26 times, i.e., to 6.12 g/ cm, 


INTRODUCTION 


‘Tue transition from regular to irregular reflec- 
tion is connected with the appearance of a leading 
wave moving away from the reflecting wall; this 
wave forms together with the incident and reflected 
waves a characteristic three-shock configuration 
(Fig. 1). Irregular reflections of air shock waves 
were discovered in 1869 by E. Mach. They were 
subsequently the subject of numerous experimental 
researches, described in sufficient detail in the 
review by Bleakney and Taub. (1 

The theory of a three-shock configuration in a 
perfect gas has been treated by Landau and Lif- 
shitz (2 and by Courant and Friedrichs. 3] The 
simplest and most probable flow is usually as- 
sumed to have a single tangential discontinuity 
between the region of single compression (behind 
the front of the leading wave) and the region of 
the two-stage (or double) compression of the re- 
flected wave. Nonlinear reflections of weak shock 
waves in air were recently calculated by Ryzhov 
and Khristyanovich. 4] The flow modes are char- 
acterized in this case by large pressure gradients 
both along the normal to the discontinuity surface 


and along the front of the leading wave. 
The conditions under which three-shock config- 


uration occurs in certain condensed substances 
were examined by Zel’dovich and Gandel’man in 
1947. At approximately the same time the leading 


FIG. 1. Diagram of three-shock configuration: AB—in- 
cident wave, AD—reflected wave, AC — frontal wave, 
OA — trajectory of the branching point, OC — mass of frontal 
wave, proportional to D,,(C), OE —segment proportional to 
D,,(A). 


wave in solids was observed experimentally by 
Feoktistova, §] who recorded with a high-speed 
photochronograph pictures of collisions between 
shock waves in a solid explosive and in aluminum. 
We report in this article the results of experi- 
mental studies of irregular modes in solids, under- 
taken by the authors to determine their equations 
of state. An oblique collision between shock waves 
results in regions of extra high pressures, several 
times greater than the pressures of the incoming 
incident shock waves prior to collision. 
Compressibility is of greatest interest in the 
regions of two-stage compression behind the fronts 
of reflected waves. The successive application of 
the pressures of the incoming and reflected waves 
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results in a smaller increase in the entropy than 
a single shock transition. The states obtained on 
the pressure-density diagram in the region of 
two-fold compression lie therefore below the 
Hugoniot adiabat and approach essentially the 
compression curve for absolute zero temperature. 

In the first section of this article we describe 
methods for obtaining and registering three-shock 
configurations and report the experimental results. 
We then use several metals of known equations of 
state as examples to analyze the conditions under 
which the regular modes set in and the character 
of the resultant flow. The concluding section con- 
siders a method for investigating compressibility 
by registering the parameters of the irregular 
reflection. 


1. INVESTIGATION PROCEDURE AND EXPERI- 
MENTAL RESULTS 


The direct purpose of the experiment was to 
register the dimensions and the form of the leading 
wave at a certain fixed distance h from the point 
of its initiation. The specimens used for the in- 
vestigation of oblique collision modes were made 


in the form of isosceles triangular prisms (Fig. 2a). 


In the first series of experiments plane detonation 
waves were applied to the side faces of the prisms 
in synchronism, and produced in the specimens 
shock waves with amplitudes on the order of sev- 
eral hundred thousand atmospheres. The fronts 
of the shock waves, parallel to the faces of the 
specimen, collided at an angle 2a. The angle a 
ranged from 30 to 60°. 

In the second series of experiments pressures 
on the order of 1 or 2 million atmospheres were 
obtained by shock in aluminum plates accelerated 

by the explosion products (Fig. 3a). In this case 
the investigated specimen with a right-angle ver- 
tex was covered with steel plates and was placed 
in bulky lead blocks with two conical openings. 
Aluminum pistons were inserted in the openings 
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FIG. 2. a—diagram of the first series of 
experiments. 1—charge of explosive, 2 —pris- 
matic specimen with vertex angle 2a, 3—Plexi- 
glas plate, 4, 5— fronts of three-shock configu- 
rations at different instants of time, h— height 
of specimen, 2/— width of leading wave at the 
instant of emergence to the surtace of the Plexi- 
glas; b—photochronogram of three-shock con- 
figuration. 


FIG. 3. a—Setup of second series of experiments. 1— 
aluminum pistons, 2—lead blocks, 3—lead wedge, 4—steel 
plates, 5— specimens, 6 — arched Plexiglas receiver; b— 
photochronogram obtained with this setup. 


of the block from the outside. The explosion prod- 
ucts moved the pistons at high speed along the 
openings, causing them to strike the faces of the 
specimen in synchronism. The pistons overtook 
the shock waves in the lead block. A narrow lead 
wedge inserted between the steel plates guaran- 
teed initiation of the three-shock configuration on 
the upper edge of the prism. 

The specimen heights h were 20—40 mm in 
Fig. 2, and 8—14 mm in Fig. 3. The bases of the 
specimens were covered with transparent Plexi- 
glas plates. 

The collision inside the specimens (Fig. 2a) 
gave rise to a self-similar propagating configu- 
ration with a leading wave located inside a dihe- 
dral angle 2%. As the incident waves moved on, 
the line of intersection between the shock fronts 
and the surface of the Plexiglas shifted gradually 
from the edges of the specimen to the center of 
its base. The shift in the front of the wave was 
accompanied by bright but very brief glow of the 
air in the gap between the Plexiglas plate and the 
specimen. The cessation of the glow was due to 
the dispersion of the Plexiglas by the shock wave. 
When the leading wave emerged to the lower sur- 
face of the specimen, the entire portion of surface 
(21 wide) occupied by the wave (Fig. 2a) began to 
glow simultaneously. The consecutive crossings 
of the transparent plate surface by the waves were 
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recorded with a high-speed photochronograph 
through a slit perpendicular to the plane of wave 
collision. A typical photochronogram is shown in 
Fig. 2b. The inclined lines of the picture charac- 
terize the speed with which the incident wave 
glides along the base of the specimen, while the 
tie represents the width of the leading wave at 
the instant of its emergence to the base of the 
specimen. 

If the gliding speed of the incident waves along 
the base of the prism is less than the speed of 
propagation of the shock wave in the Plexiglas, 
the leading wave may be partially or completely 
‘‘“covered’’ by the advance waves propagating in 
the Plexiglas. To avoid this phenomenon, speci- 
mens with cylindrical slots in the bases were used 
(Fig. 3a). When the slot has a cylindrical form, 
the leading and incident waves emerge to the sur- 
face of the convex Plexiglas receiver almost si- 
multaneously. The photochronogram obtained 
under these conditions is shown in Fig. 3b. 

With increasing collision angle a, the dimen- 
sion of the leading wave increases. Its curvature 
then becomes noticeable (see the diagram, Fig. 1). 
The bending is particularly pronounced at large 
sweep velocities, on the order of several tens of 
kilometers per second, obtained with the aid of 
an electron-optical converter. The photochrono- 
gram in Fig. 4 of the collision of waves in the alu- 
minum specimen shows quite clearly the bending 
of the frontal wave. The collision angle 2a@ was 
110° with » = 6°. 


FIG. 4. Photoe 
chronogram of three- 
shock configuration 
in aluminum, ob- 
tained with an elec- 
tron-optical convert- 
er. P, = 0.33 x 10”? 
bar, a= 55°20’, 

Ww = 6°, h = 86.9 mm. 


In experiments with colliding waves of large 
amplitude, the bending of the leading wave was 
registered by placing on the base of the specimen, 
along a line perpendicular to its axis, a series of 
contacts shorted by the leading wave as it emerged 
to the lower surface of the specimen. .The succes- 
sive shorting of the contacts was registered on a 
high-speed oscilloscope. In estimating the shape 
of the leading wave and the degree of its bending, 
the curvature was assumed constant. A quantita- 
tive measure of the bending was either the angle y 
or gp=y+y (Fig. 1). 


The parameters of the incident shock waves 
prior to collision were determined in individual 
experiments by measuring their velocity Dy in 
a direction perpendicular to the side faces of the 
specimen. The remaining characteristics of the 
incident waves were determined from the equa- 
tions of the dynamic adiabats. 

Records of the collision process yielded the 
width 22 of the frontal wave and the time differ-_ 
ence At between the emergences.of its edges and 
of its center from the base of the specimen. Sub- 
sequent reduction of the experimental data yielded 
the angle 


» =arc tg (l/h), (1)* 


which the outgoing symmetrical frontal wave 
makes with the symmetry plane, and the bend 
angle of the leading wave 


2AtD po Cos p (2) 


La arc (8 Tina) 


From these quantities we calculated the velocity of 
the branching point 


Jo = D,,/sin (a —— ), (3) 


the velocity and pressure of the leading wave near 
the branching point 


Dgo (A) = qo cos (p + ¥) = Go Cos ®, (4) 


P39 (A) = poD go (A) AU sp (A), (4a) 


and the velocity and pressure of the leading wave 
in the symmetry plane 


D3 (C) = q [cos *p — sin tg (¥/2)I, (5)t 
P39 (C) = poDgo (C) AU go (C). (5a) 


The discontinuities in the mass velocities 
AU39(A) and AUg9(C) on the front of the leading 
waves were calculated from the velocities D3)(A) 
and Dg9(C) by using the equations of the dynamic 
adiabats. In all the calculations we used the pre- 
viously determined dynamic single-compression 
adiabats and the equations of state for lead and 
copper, ©], iron, [4 and aluminum [9], 

The parameters of the incoming wave are 
shown in Table I. The results obtained in the first 
series of the experiments are plotted as y-a and 
P-q@ diagrams in Figs. 5a, b, and 6. 

The coordinates of Figs. 5a and b are the angle 
variables ~ and a. Each point is the average of 
several experiments. All the experiments pertain- 
ing to a single material exhibit a rather wide dis- 
persion.band. With decreasing a, the slope of the 
~-q@ curves decreases. This, as well as the dis- 


*arctg = tan’ 
ttg = tan. 


~ sn«,, =a 
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Table I 
First series Second series 
Metal 
shes Dy.km/sec’ renee Py, 10% bar! Oo, 1D4o.km/s pay fa Py, 10*bar! oO, 
i 
Aluminum 7.48 1.64 0,33 4.27 10,22 3,58 0.99 1,54 
Copper 5.15 0,84 0,37 4.49 7.82 aay | 1,79 1,49 
Lead See 0.86 0.32 433 5.92 2,64 4,75 4.79 
Iron 5,38 4,0 0.42 1523 8.21 2.66 4.71 1,48 
ye? : 
j f 
Al 


Ja 56 b2 46 50 54 SE? 


a 


persion of the experimental data, does not enable us 


to determine the accurate values of the critical 
angles at which irregular modes set in. For alu- 
minum and lead, a; lies between 34° and 38° and 
between 35 and 37°; the ranges are 32° to 37°30’ 
for copper and 30° to 34° for iron. 

More detailed data, obtained with aluminum, 
are found in Table II and in Fig. 6. The left part 
of Fig. 6 shows the calculated pressures P, due 
to regular reflection. Of the two possible modes, 
the one with the lower pressures, described by 
the segment OK, is always realized. There are 
no solutions for regular reflections at angles 
@ Shao: 

The right part of Fig. 6 shows the experimental 
pressures P3(C) on the symmetry axis, calcu- 
lated from the data of Table II. When these data 
were calculated from Eq. (5), the term containing 
y was disregarded. When a—7 =< 50°, the pres- 
sure is not overestimated by more than 1 or 
2 percent. The bending of the leading wave affects 
more the pressures near the branching point, cal- 
culated by Eq. (4). The resultant values of Pgo(A) 
for a—y =47°20' and a—y = 49°20’ are marked 
in Fig. 6 by points which deviate from the curve 
Pg 9(C) by 6—8%. 


v 


FIG. 5. a—w-a diagram of aluminum and 
lead; b—y-a diagram for copper and iron. 
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FIG. 6. Pressure of regular and irregular reflections in 
aluminum. P, = 0.33 x 10% bar. 


When a =0, P, is a head-on collision pressure 
which is some 2.5 times greater than the pressure 
of the incident wave P,. The pressure of the lead- 
ing wave is much higher at collision angles close 
to the critical angles at which three-shock config- 
uration occurs. Thus, when a—y7 = 35° we have 
Pg9(C) = 2 x 10 bar, which is six times the ini- 
tial pressure of the colliding waves. 

An interesting feature is the appearance of the 
leading waves at angles a@ < a@y in the region 


Table II 
x . 


Pg (C), 10%bar 


- | os 


| 
Kuss pihasc tential Mader 3 eile Kalb hh 


34° 0° 
35° 40’ 
36°50’ 20’ 
37°50’ 10’ 
39°10’ 15’ 
40° 40’ 


41°40’ 50’ 1,44 
45° 1°30’ 1,19 
50° 3°50’ 1,02 
55°20’ 6° 0,86 
65° 8°30" 0,66 
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where regular reflection is still possible. With 
increasing collision angle the pressures of the 
leading wave decrease rapidly. Obviously, at 
gliding-wave angles, i.e., at a = 90°, we get 
P39 = Py. 

The results of the second series of experi- 
ments are listed in Table II. For each metal, the 
table indicates the pressures of the incident waves, 
the angles a, y, and y, the propagation velocities 
of the leading waves near the branch point and on 
the symmetry plane, and the pressures corre- 
sponding to these velocities. The table shows that 
the wave collision increases the pressure to 4—7 
million atmospheres. The angles ~ are accurate 
to +30’. The accuracy in y is much less. 


2. ANALYSIS OF THREE-SHOCK CONFIGURA- 
TIONS 


In the present section we analyze irregular re- 
flections in copper, aluminum, lead, and iron. We 
carry out the analysis, following [°, by the method 
of shock polars in a coordinate system fixed to the 
branching point A. 

In the Ux—Uy diagram (Fig. 7), OO’ is the 
trace of the symmetry plane of the two colliding 
waves. The plane OO’ can be treated also as the 
boundary surface of an absolutely rigid partition. 
The trajectory OA of the branching point makes 
an angle ~ with this surface, and this angle deter- 
mines the angular aperture of the sector in which 
the leading wave propagates. In the general case 
the front of the leading wave is not perpendicular 
to the surface of the partition, deviating from it 
by a certain skew angle y. The half space above 
the partition is subdivided by the discontinuity 
surfaces into four regions: rest region — 0, single- 
shock compression by the incoming shock wave 
— 1, successive twofold compression by the in- 
coming and reflected waves — 2, single compres- 
sion by the leading wave — 3. 

In the simplest possible flow scheme, regions 
2 and 3 are separated from each other by a single 
surface of tangential discontinuity AT. On both 
sides of the discontinuity the streams are parallel 
and the pressures are equal. The fronts of the 
incoming, reflected, and leading waves make 
angles a—7%, B+, and 90°—@ with the direction 
OA of propagation of the branching point; g = yty. 

The vectors AUj, AU,;, and AUgy in Fig. 7 
denote mass-velocity discontinuities on the fronts 
of the same waves. The stream velocities in re- 
gion 0, 1, 2, and 3 are given respectively by the 
vectors Go, di =p + AU jo, G = Gy + AU2;, and 
G3 = dy + AUsy (q3 is not designated in Fig. 7). 
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FIG. 7. Ux-Uy diagram of irregular reflection. 


The angle between qp) and q, is 6;, while the 
angles that q, makes with q, and qs are desig- 
nated 6, and 63 and are equal to each other. The 
vectors Dj) and Dg)(A) arecollinear with AUj49 
and AUs3) respectively and are projections of the 
vector qd) on the normals to the fronts of the in- 
cident and leading waves. The vector D,; is an 
analogous projection of the vector q, on the nor- 
mal to the front of the reflected wave. 

Assuming the parameters of the incoming wave, 
and the vectors qd) and q,; (and consequently the 
angles a—y and @,) known, we determine the 
possible states of regions 3 and 2, corresponding 
to different positions of the discontinuity surfaces 
of the leading wave and the reflected wave. As the 
angle g is varied, the end of the vector Dgy traces 
a circular segment L, with q) as diameter. At 
the same time the end of the vector AUg), which 
is collinear with Ds), traces the shock polar II,. 
Analogously, as the position of the front AE 
changes, the end of the vector AU,; traces the 
polar II, which is symmetrical relative to the 
vector q;. 

The form of the polars is determined by the 
equations AUg) = f£(Dg9) and AUg; =f(D2;) of the 
single and twofold compression adiabats. To each 
direction of the vector AUs3) corresponds its own 
angle 03 and its pressure P39 = pyD3pAU39. The 
analogous quantities for the reflected waves are 
the angle @, and the pressure P, = P; + pyDj,AU jp. 
Plotted in P and @ coordinates, the relationships 
between Ps, 63 and P2, 6, are represented by the 
curves II, and II,, which are also called shock 
polars. 

By way of an example, Fig. 8a shows the polars 
of air. When 6 =0 the polar II, crosses the or- 
dinate axis. The maximum pressures at its ver- 
tex correspond to shock-wave propagation veloci- 
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FIG. 8. a—P-6 diagram of oblique collision of 
**strong’’ shock waves in air, b—P-0 diagram of 
oblique collision of ‘‘weak’’ shock waves in air, 
O —state behind the front of the reflected wave. 


ties Dg) = qo. When the stream deflection angle is 
6 =6,, the polar II; passes through the incident- 
wave state. The vertical 9 = 6, is the symmetry 
axis of the polar II, of the reflected wave. Flow 
with one tangential discontinuity is characterized 
on the P-@ diagram by the intersection of the 
polars. Such an intersection, however, does not 
always take place. In particular, it does not occur, 
as shown in Fig. 8b, for collisions between ‘‘weak’’ 
shock waves in air. 

Let us turn now to the region of critical angles 
where the reflection mode turns from regular to 
irregular. Ata certain angle ag; the polars on 
the P-@ diagram of Fig. 9a intersect on the ordi- 
nate axis. Starting with this instant, irregular 
reflection can exist for angles a > agy. Another 
characteristic angle is a¢; > dor, at which the 
polar II, is tangent to the ordinate axes of the 
P-9 diagram of Fig. 9 and to the symmetry plane 
on the Ux—Uy diagram of Fig. 7. When a > Oor 
the regular mode has no solutions. In the angle 
interval a¢y > @ > ay both regular and irregular 
reflections are possible. 

Figure 10 shows the calculated dependence of 
the critical angles a¢r on the pressures for alu- 
minum, iron, copper, and lead. As P—0, agy 
— 90°. When P > 50x 10!9 bar, the critical 
angles assume stable values in the range 32°—38°. 
A comparison of the calculated and experimental 
values (Fig. 5) shows that in aluminum, copper, 
and possibly also iron the three-shock configura- 
tion occurs when a < ay. In aluminum and copper 
the difference is 2—3°. At the same time, the ex- 
perimental value is agy > der (see Fig. 6). A 
possible reason for the occurrence of the leading 
wave is the transition of the branching point to 
subsonic motion, at which c, + q, >qo- For lead 
the experimental value is acy > Qcr. We attribute 
this fact to the known experimental error in the 
determination of the leading wave in the lead spe- 
cimens, the reason for which was explained in the 
preceding section. 
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FIG. 9. P-@ diagrams at critical 
collision angles. 


FIG. 10. Depend- 
ence of the critical 
angles a” of alumi- 
num, copper, lead, 
and iron on the pres- 
sure of the colliding 
waves. 


FIG. 11. P-0 diagram of ob- 
lique collision of shock waves 
in aluminum, P, = 0.33 x 10'* bar. 


Figure 11 shows the relative positions of the 
polars of aluminum for the first series of experi- 
ments at a—y = 37°30’ and a-y = 49°10’. A 
similar picture occurs for copper (Fig. 12) at 
a—y = 37°30’ and a—7 = 44°, and also for lead 
and iron. For all four metals, the polars II, are 
situated inside the polars I, and do not cross the 
latter. The right-hand branches of the polars II, 
and Il, are quite close to each other. These fea- 
tures are equally typical of the P-6@ diagrams for 


FIG: 12. P-0 diagram of ob- 
lique collision of shock waves 
in copper. P, = 0.37 x 10'? bar. 


the collisions of ‘‘weak’’ shock waves in air (see 
Fig. 8a). 

Optical registration of three-shock modes in 
air yields, in addition to the angles a—j7, also 
information on the reflection angle B. The values 
of a, ~, and £ for air are given by Bleakney and 
Taub!!J for both ‘‘weak’’ and ‘‘strong’’ shock 
waves. Using these values, we have calculated the 
state parameters behind the front of the reflected 
wave. For ‘‘strong’’ shock waves, in accordance 
with the simplest scheme of three-shock flow, the 
coordinates of the reflection region are determined 
(Fig. 8) by the point of intersection of the polars. 
For weak shock waves, this scheme might be real- 
ized for states situated on the right branches of 
the Il, polars, which merge with the right branches 
of the II, polars. Actually, however, in collisions 
between weak shock waves in air (Fig. 8a) the co- 
ordinates P and @ of region 2 correspond to the 
upper portion of the polar II,, which is a consid- 
erable distance from II, The modes occurring 
in this case can of course not be described by a 
flow with a single tangential discontinuity. This 
deduction applies to collisions of weak waves in 
air equally well as to the collisions of weak waves 
in metals. 

_ The condition for the existence of flow with one 
tangential discontinuity is thus that the polars in- 
tersect to the left of the vertical 6 = 6,. The pres- 
ence or absence of these intersections depends ob- 
viously on the relative dimensions of the polars. 
Their relative magnitudes are determined in turn 
by the relative locations of the single and twofold 


compression adiabats on the P-p or P-v diagrams. 


The polars intersect if the adiabats of the second 
shock are more gently sloping and lie appreciably 
below the adiabat of the single compression. 
Similar adiabats are observed for shock waves 
of large amplitude, when the thermal pressures 
in the shock compression begin to play an appre- 
ciable role. Calculations show that in the second 
series of experiments crossings of polars ata 
collision angle 2a@ = 90° occur for aluminum but 
still not for iron, copper, or lead. The P-@ dia- 
gram calculated from the equation of state!?] is 
shown in Fig. 13. The numbers on the polar II, 
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FIG. 13. P—0 diagram of 
oblique collision of shock 
waves in aluminum. a—w 
= 35°40’; wy = 9°20; 

P, =0.99 x 10°? bar, 


a 5 10 15 20 


denote the bend angles of the leading wave for dif- 
ferent points of the polar II;. 


3. DETERMINATION OF THE PARAMETERS OF 
THE REGION OF TWOFOLD COMPRESSION 
BEHIND THE REFLECTED WAVE 


The experimentally observed characteristics 
of the irregular modes can be used to study the 
compressibility at rather high colliding-wave 
pressures. For flow conditions corresponding to 
the model with a single tangential discontinuity, 
the parameters of the region of twofold compres- 
sion behind the front of the reflected wave are 
determined from the experimental values of 
a—-y and g=y+ 7. We must also know the 
parameters of the incident shock wave and the 
single compression adiabat at the collision pres- 
sures given by the relation AUgp = f (Dg). 

Knowing the foregoing quantities, we can suc- 
cessively determine the vector qo, the direction 
and magnitude of the vectors Dy and AU39(D39), 
the direction of the tangential discontinuity AT 
along the vector q3 = q) + AUgp, and the pressure 
on the front of the leading wave 


P59 = PoDg.AU go, (6) 


which is equal to the pressure in region 2. An in- 
dependent expression for the latter is the equation 


P3 = ry =F P1D AU 1 (7) 


which represents the conservation of the momen- 

tum as q; crosses the front of the reflected wave. 
The conditions that P, and P3 be equal, as can 

be readily shown, are fulfilled for all vectors 

AU,; that terminate on the chord MN (Fig. 7) per- 

pendicular to the vector q, and located at a distance 


Aq: = (Ps — P)/ pig: (8) 


away from its right end. 
From the condition that q, must be parallel to 
Qs it follows that the vector AU,, also terminates 
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Table II 


Metal 


Py, 10 bar | : 


Aluminum 0,97), |.45°. 49920" 
Copper 1,79 45° 10° 

Lead 1,75 45°40'| 8°30 
Iron 1.74 45°40'| 8°50’ 


on the tangential discontinuity line AT. The inter- 
section between the chord MN and the tangential 
discontinuity determines the directions and magni- 
tudes of the vectors AU; and D,,, and conse- 
quently the density 


Po = PiDey / (Dox aT AU 9) 


behind the front of the reflected waves, acquired 
by the investigated substance after successive ap- 
plication of the pressures P, and P, = P3. 

The method developed here is not universal. 
The possibility and usefulness of its application 
call for a preliminary analysis, based on the use 
of the approximate equations of state of the inves- 
tigated substances. As follows from the data given 
in the preceding section, the procedure for meas- 
uring the twofold compressibility under conditions 
of oblique collision between strong shock waves 
can be used, in particular, to investigate the equa- 
tion of state of aluminum. The parameters of the 
collision region were calculated for this metal 
using the above method and the data of Tables I 
and II. 

The results of the investigation of the twofold 
compressibility of aluminum are shown on the 
P-6 (pressure vs. relative compression) dia- 
gram in Fig. 14. The diagram shows the single 
compression adiabat Pq, with its experimentally 
determined !*] and extrapolated [9] isotherm Px 
for 0°K and the adiabat Pg, of the second shock. 
The line OA represents (in P-6 coordinates ) 
the possible points of intersections of the polars 
for different angles y (see Fig. 13). Modes with 
a single tangential discontinuity cannot be real- 
ized for twofold compression adiabats located to 
the left of OA (more accurately, to the left of the 
point on this line with y = 3°). The resultant ex- 
perimental point of twofold compression of alumi- 
num is marked by a cross in the figure. It is lo- 
cated somewhat above the calculated adiabat P@p. 
The compression curve at absolute zero should 
be raised by approximately the same amount. 

Figure 14 shows that the collision causes the 
pressure behind the front of the reflected wave to rise 
to 4.25 x 10! bar, i.e., approximately 4 times, 


Dgo(A), D,(C), Po (A), P, ’ 

1 pee Aa ido ber A: Niel 

0 | 47,36 | 17,36 | 4,25 | 4,25 

44° 12,39 43,07 6.28 7,24 

8° 13,10 43.38 6,08 6,42 
f10” bat 


FIG, 14. Curves 
showing the compres- 
sibility of aluminum: 
Pg: — dynamic adiabat 
of single compression; 
Pg2 — calculated adia- 
bat of two-fold com- 
pression, P,—calcu- 
lated isotherm at 0°K, 
X — experimental point 
of twofold compres- 
sion, OA — trajectory 
of the points of inter- 
section of the polars, 


while the increase in density is 1.5-fold. Relative 
to the normal state of aluminum, its density in- 
creases 2.26 times to 6.2 g/cm?. 

A study of oblique collisions of shock waves 
was started by the authors some 10 years ago. In 
the first series of researches, the most active 
part in the laborious and complicated experiment 
was played by M. P. Speranskaya, the late N. S. 
Tenigin, A. N. Kolesnikova, M. S. Shvetsov, and 
L. N. Gorelova. Some of the results on aluminum 
and lead were obtained by M. V. Sinitsyn. Many 
valuable hints were made by Ya. B. Zel’dovich 
and S. A. Khristianovich. The authors are deeply 
grateful to all these persons. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1394-1401 (November, 1961) 


Elastic scattering of 7 mesons with momenta of 2.8 and 6.8 Bev/c on carbon nuclei was 
studied. The differential cross sections obtained are analyzed with the aid of the optical 
model. It is shown that the characteristics for elastic scattering of ™ mesons on carbon 
depend only on the momentum transfer in the energy range under investigation. The cross 
section for scattering of m™ mesons by neutrons into the back hemisphere in the laboratory 
system is also estimated: o7n(=90°) < 0.4 mb (2.8 Bev/c) and oqp(=90°) < 0.1 mb 


(6.8 Mev/c). 
INTRODUCTION 


Tue aim of the present experiment was to meas- 
ure the total and differential cross sections for 
elastic scattering of negative pions on carbon nu- 
clei. The obtained data make possible, with the 
aid of the optical model, the determination of the 
magnitude and sign of the spin-independent real 
part of the pion-nucleon scattering amplitude, (1571 
which result from interference between Coulomb 
and nuclear scattering. These data yield infor- 
mation on the energy dependence of the elastic 
scattering differential cross section for the same 
momentum transfer. 


1. EXPERIMENTAL METHOD 


A. Measurements of 2.8-Bev/c 7 mesonscat- 
tering. The scattering of ™™ mesons of momentum 
2.8 + 0.15 Bev/c!3] was measured with a 37x10 
x10 cm propane bubble chamber without a mag- 
netic field. We selected for measurement tracks 
of relativistic particles entering the chamber at 
angles not greater than 2° relative to its horizon- 
tal axis (projected angle on the plane of observa- 
tion) and lying in the effective region of the cham- 
ber of length 28.4 cm (60 mm on the film), where 
the distortion of the tracks is a minimum and ap- 
proximately uniform in magnitude. 

In order to speed up the selection of cases of 
scattering we measured under high magnification 
the deviation of the track from a straight line 
traced on a transparent rule which was aligned 
with the points of intersection of the track with 


the boundaries of the effective region. This method 
made it possible to select, with practically no loss, 
cases of scattering by an angle g = 1°.* The use 
of the rule speeded up the selection of cases of 
scattering approximately ten-fold, and also de- 
creased the number of stars lost in an ordinary 
scanning. Cases of scattering selected with the 
rule were measured twice on an MBI-9 micro- 
scope under a magnification of 3.5x15. The meas- 
urements were made with a 10-mm cell, which re- 
duced to a minimum the error of the angle meas- 
urement due to multiple Coulomb scattering and 
dispersion of the track bubbles (~ 0.06°). A re- 
liable method of separating true scatters from 
cases of spurious scattering is to localize the 
scattering point. For all selected cases of scat- 
tering by an angle g = 1° the scattering point was 
determined visually within the limits of 1 mm in 
the chamber. The scattering points were uni- 
formly distributed over the chamber length. A 
comparison of the number of cases of scattering 
on different sides (67 and 54) indicates that the 
selection of cases was independent of the sign of 
the scattering angle. 

We examined a total of ~ 1.49 x 10° cm of 17- 
tracks and selected more than 800 cases. After 
the microscope measurements, there remained 
121 cases of scattering by angles from 1° to 10° 


*By the angle ¢ we understand the projection of the 
space scattering angle! on the plane of observation. In the 
present experiment we measured the projections of the scat- 
tering angles on the plane of the photograph, which provided 
considerably better accuracy than measurements of the space 
angles. 
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and 30 cases of scattering by angles greater than 
10°. 

B. Measurements of 6.8-Bev/c 7 ~-meson scat- 
tering. We measured the elastic scattering of 1 
mesons on carbon nuclei with the aid of a 24-liter 
propane bubble chamber placed in a magnetic field 
of 13 700 oe.* The 7 mesons entered the chamber 
with a momentum of 6.8 + 0.6 Bev/c. The yu - 
meson contamination was (5 + 2)%. The details 
of the experimental arrangement have been de- 
described by Wang et al. [4] 

For the measurements we chose an effective 
chamber region 42 cm long, where the distortion 
of the tracks was a minimum and approximately 
constant. We selected relativistic particle tracks 
passing through this region with an angle no greater 
than +0.6° relative to the beam axis. The scanning 
for cases of scattering and the measurements were 
performed on an MBI-9 microscope under a mag- 
nification of 6.3x15. The cell length on the film 
was 6mm. After all tracks were measured once, 
the cases with scattering angles yg =0.33° were 
measured again with the cell shifted. This per- 
mitted a more accurate localization of the scatter- 
ing point and increased the accuracy of the angle 
measurements from 0.15 to 0.09°. The scanning 
for cases of scattering with a reprojector showed 
that, for angles => 0.5°, more than 80% of the cases 
had a point of deflection in the region where, ac- 
cording to the microscope measurements, the point 
of scattering should have occurred. It was also 
shown that there was no correlation between cases 
of scattering and scattering on neighboring tracks. 
The points of scattering were uniformly distrib- 
uted over the effective length of the chamber. A 
comparison of the number of cases of scattering 
on different sides (142 and 159) indicated that 
the selection of cases was independent of the sign 
of the scattering angle. 

As a result of the measurement of 3.25 x 10° 
cm of 7 -meson tracks, we found 301 cases of 
scattering by angles y = 0.33° (among them, 218 
cases of scattering by angles gy = 0.5°). 


2. CORRECTIONS TO THE EXPERIMENTAL 
DISTRIBUTIONS 


We have to introduce corrections to the experi- 
mental material to take into account the character 
of the measurement procedure and the contribution 
of interactions whose nature is different from 1~- 


*The authors are indebted to the bubble chamber group 
of the High Energy Laboratory of the Joint Institute for Nu- 
clear Research under the direction of Professor Wang Kang- 
ch’ang for providing the chamber photographs. 
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meson scattering on carbon nuclei (see Table I). - 

The correction for one-prong stars associated 
with multiple production of 7 mesons was taken 
into account by the extrapolation of the one-prong 
star distribution from the large angle region to 
the small angles. The extrapolation was based 
on the angular distribution of the products of multi- 
prong stars, since measurements made on 2.8- 
Bev/c 1 mesons (see Table II) showed that the 
angular distribution of relativistic charged par- 
ticles depended weakly on the number of particles 
in the star. A similar result was obtained for 
6.8-Bev/c m~ mesons. Estimates of the one-prong 
star contribution based on the number of y quanta 
from the decay of 7° mesons produced in one- 
prong stars (by 6.8 Bev/c m mesons) confirmed 
the correctness of this procedure. 

The most important correction is associated 
with the contribution from elastic scattering on 
quasi-free neutrons of the nucleus. In a number 
of reports §*.8] it has been shown that the angular 
dependence of the elastic and quasi-elastic scat- 
tering cross sections practically coincide. Since 
we cannot determine the effective number of quasi- 
free neutrons with sufficient accuracy, the correc- 
tion was made by recalculating the background re- 
maining after the introduction of other corrections 
for the small-angle region. Here we based our- 
selves on the differential cross sections of 7 p 
scattering measured at the same m -meson ener- 
gies. 4] This correction actually also takes into 
account the contribution from m~-meson inelastic 
scattering processes involving the excitation of 
the carbon nucleus, since the dependence of the 
excitation cross section!"] and the quasi-elastic 
scattering cross section on the momentum trans- 
fer do not differ from one another by more than a 
factor of 1.5. It should be noted that the correc- 
tion used for quasi-elastic scattering corresponds 
to approximately one quasi-free neutron per car- 
bon nucleus, which is in agreement with the esti- 
mate made by Birger et al. C8] 

Another method of correction (for example, by 
linear extrapolation of the background from the 
large-angle regions ) changes the final result very 
little. 


3. CROSS SECTION FOR THE INELASTIC INTER- 
ACTION OF t MESONS ON CARBON 


The available material made it possible to de- 
termine the inelastic scattering cross section of 
6.8-Bev/c m~ mesons on carbon 


Sin (7, C) = 197+7 mb. 
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Table II. Angular distribution of fast secondary prongs 
produced in propane by 2.8 Bev/c ™ mesons 
Bk ee, ee Sn a ie a a Eee die eth sth ite 


Prong multiplicity Percentage of cases in angular interval Number of cases 
in angular inter- 
black val 0—180° 
and gray relativistic 0—5° 5—10° 10—180° 
0 2 17,0 14, 68,5 404 
4 2 441.1 13,5 75,9 426 
2.3,4 2 44,5 40.0 75,9 200 
0 3,4 14,6 12.6 73.0 302 
1,2,3,4 3, 4,5, 6 12,6 11,8 75.9 508 


do/dtp, mb/rad 


We used here the total cross section of the 7 p 
interaction of = 28 mb." The total 7-meson 
interaction cross section with a bound nucleon of 
the nucleus obtained from ojn(7 , C) with the op- 
tical model, was 28.5 + 1.5 mb, i.e., the same as 
the interaction cross section on a free nucleon. 
This result was used to determine the p™- 
meson contamination in the 2.8-Bev/c beam. Here 
we used the pion-nucleon total cross section 0; 
= 30+1.5 mb.!°] The calculation showed that the 
cross section for the inelastic scattering of 1 
mesons on carbon at this energy is 202 + 5.6 mb. 
Knowing the total number of events in the chamber, 
we thus found that the u~-meson contamination in 
the 2.8-Bev/c beam was (27 + 4)%. 


FIG. 1. Elastic scattering differential 
cross sections: a—for p7 = 2.8 Bev/c, 
b—for p= 6.8 Bev/c. 


2,0 2,4 
~, deg 


4. DISCUSSION OF RESULTS 


Figures la and 1b show the experimental dif- 
ferential cross section for the scattering of 2.8— 
6.8-Bev/c m mesons in the projection on the plane 
of observation.* Curves 1—3 are calculated from 
the optical model of the nucleus, under the assump- 
tion that the real parts of the pion-nucleon forward 
scattering amplitude areft 


*It was shown that the difference between the central 
and orthogonal projection is negligible under our conditions. 

tThe values Re f,;y(0) = 3.39 x 10% cm (p,, = 2.8 Bev/c) 
and Re f7n(0) = 6.9 x 10° cm (pz = 6.8 Bev/c) correspond 
to the effective potential ~ 30 Mev. 


ELASTIC SCATTERING OF 2.8- AND 6.8-Bev/c ~-MESONS ON CARBON 


+ 3.39-10°%cem, — 3.39-10-8cm,0 for p, =2.8Bev/c; 
+ 6.9-10°% cm, — 6.9:10-% cm, 0 for p, =6.8Bev/c. 


According to the optical theorem, the imaginary 
part of the pion-nucleon scattering amplitude is 


. ks, | 3,39-10-% cm for p,= 2.8 Bev/c; 
Im few (0) = 7 = 7.96 -10-8 cm for p, =6.8 Bev/c. 


In the calculations we took into account the aniso- 
tropy in pion-nucleon scattering at these ener- 
gies{19,4] (in Figs. 1a and 1b the dotted lines 
represent the results of the calculations with 
Re f7,(0) = 0 with no allowance for this effect). 
The experimental and calculated values of the 
elastic scattering total cross section are shown in 
Table II. On the basis of these data we can limit 
the possible values of the real part of the scatter- 
ing amplitude to 


+ 3,39 -10-38 com > Re fan (0) > 
— 3,39-10-% cm (px = 2.8 Bev/c), 
+ 6.9-10%cm > Refzy (0) > 
— 6,9-10-% cm (p, = 6.8 Bev/c). 


(The values are considered to be in disagree- 
ment if the experimental values differ from the 
theoretical values by more than two standard de- 
viations. The corresponding values of the effective 
potential of the interaction lie in the limits 


— 30 Mev < Vers < 30 Mev (p, =2,8 Bev/c); 
— 30 Mev < Vers << 30 Mev(p, = 6.8 Bev/c). 


As is known, a small real part for the pion- 
nucleon scattering amplitude was also obtained 
with the aid of the dispersion relations [11,12] 
which predict the following values of the real part 
of the mN scattering amplitude Re frn(0) 


= Y, [Re fr-p(0) + Re fr*p(0)): 
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The data obtained in the present experiment are 
not sufficiently accurate for a quantitative com- 
parison with conclusions drawn on the basis of 
the dispersion relations, but are in agreement 
with them within the limits of error. 

The agreement of the differential cross sections 
do/dq, where q is the projection of the momentum 
transfer on the plane of observation (Fig. 2) indi- 
cates that, within the limits of error, the elastic 
scattering in the investigated energy interval is 
determined only by the momentum transfer. From 
the point of view of the optical model this means 
that the optical parameters of the 7N interaction 
in this region do not change with energy. Our data 
allow us to make this conclusion for momentum 
transfer from 60 to 200 Mev/c. The available data 
on the mp scattering lead to the same result in 
the momentum transfer region => 200 Mev/c (see, 
for example, [4], 


5. ESTIMATE OF THE mtn SCATTERING CROSS 
SECTION IN THE BACK HEMISPHERE 


Among the one-prong stars found by us we did 
not observe any cases in which a m7 meson, after 
interaction, was emitted in the back hemisphere 
in the laboratory system (l.s.). Hence, as an es- 
timate of the upper limit of the scattering cross 
section of 2.8- and 6.8-Bev/c m~ mesons on neu- 
trons in the back hemisphere, we obtain o7-) (= 90°) 
< 0.4 mb and oq-y(2 90°) < 0.1 mb. (We assumed 
that the number of quasi-free neutrons in the car- 
bon nucleus is not less than one. [5,8]) 


do/dq, mb(Mev/c)* 


FIG. 2. Differential cross 
sections for 7 mesons with a 
momentum of: o—p,, = 2.8 
Bev/c, x —p7 = 6.8 Bev/c. 


Re fry (0) 
— 0.49-10-8; — 0.36 -10-% cm (2.8 Bev/c); 
~ | — 0,33 -10-3 cm (6.8 Bev/c ). 
Table III. Comparison and experimental theoretical cross 
sections for the elastic scattering of 7 mesons on carbon 
Calculation with optical model* 
Experimen- 
Pre, Ag, tal cross a=0,9 a=0.5 a=0 a= 09 
Bev/c deg section, mb |V ere ~—30MevIy.. ¢¢,. w—15 Mev V eg =O V ef¢ =30 Mev 
2.8 1—5 34,4--5,1 51,2 36.5 29,3 40 
6,8 0,.5=1,9 26,5+2,4 43 30.4 21.3 34 


*a=Re fey (0)/Im fry (0)- 
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Pomeranchuk has drawn attention to the exist- 
ence of the diagram in Fig. 3, which can lead to an 
increase in the m*p and mn scattering cross sec- 
tions in the back hemisphere (in the l.s.) at high 
energies to~1mb. The estimate of Bayukov et 
al. 3] and the results of the present experiment 
indicate that the contribution of this diagram is 
evidently offset by other diagrams. 


FIG. 3 
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Results of an experimental study of the following average characteristics of the 1.-meson 
flux in extensive air showers at sea level are presented: the lateral distribution, the de- 
pendence of the u-meson flux on shower-size, the energy spectrum in the 5—10 Bev range, 


and the y-meson density spectrum. 


A study of the high-energy ».-meson flux in exten- 
sive air showers (EAS) was carried out from 1958 
to 1960 using the Moscow State University array 
for the comprehensive study of EAS. Results were 
obtained concerning the irregularities in the lateral 
distribution of the » mesons and the fluctuations in 
the ~-meson flux in individual showers."!~3] Using 
the same array, we have obtained detailed data con- 
cerning the following average characteristics of the 
u-meson flux in EAS: the lateral distribution of the 
tt mesons, the dependence of the .-meson flux on 
the shower size, the energy spectrum of uw mesons in 
the 5—10 Bev range, and the density spectrum of 

v mesons. The large array has enabled us to carry 
out a more thorough study of the above character- 
istics of » mesons than had been possible in a num- 
ber of earlier experiments. /4-5] 


METHOD AND EXPERIMENTAL SETUP 


The study of average characteristics of yu 
mesons in EAS requires the measurement of three 
quantities: the .-meson density, the total number 
of particles N in the shower, and the distance R 
from the shower axis to the y-meson detector. In 
addition, the density of » mesons with various en- 
ergies can be measured, so that data on the energy 
spectrum of » mesons can also be obtained. 

The array which was used to measure these 
quantities was situated partly on the-surface of the 
earth (that part of the array which served to de- 
termine the shower size and axis location), and 
partly underground (u-meson detectors) at the 
depths of 20 and 40 m water equivalent. The mini- 
mum p.-meson energy necessary for penetrating 
to these depths amounted to 5 and 10 Bev respec- 
tively. Both underground laboratories were situ- 
ated on one vertical line, below the center of the 
array detecting the EAS on the surface of the earth. 
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FIG. 1. p-meson detector. 


The underground laboratories have been described 
in detail in“), 

The array for the detection of EAS consists of 
a large number of hodoscoped Geiger-Miuller 
counters placed in groups at points forming the 
geometric array described in detail in 2]. The 
method of shower-size determination and axis lo- 
cation ua nS such an array has already been de- 
scribed.'6.7 

Hodoscoped Geiger-Miiller counters shielded 
by lead and iron served as the 4-meson detectors 
in the underground laboratories. At the depth of 
20 m w.e., we used the detector described in [2] 

At the depth of 40 m w.e., the same detector was 
used from 1958 to 1959, while, in 1960, the detec- 
tor shown in Fig. 1 was substituted. The hodoscope 
used has been described by Korablev."®! 

The study of the »-meson flux density at differ- 
ent distrances from the shower axis and in showers 
of different size made it necessary to trigger the 
array by different selection systems. Table I pre- 
sents general data on the triggering systems of 
the array that were used in different variants of 
the experiment. The results obtained peat sys- 
tems 2 and 3 have been published earlier. 


RESULTS 


For showers selected by means of triggering 
systems 1 and 2, the shower size and the axis lo- 
cation on the surface of the earth were determined 
for each shower. The detected showers were di- 
vided into the following groups with respect to 
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Table I. 


Distance from the 
triggering system 
to the array 

center, m 


Range of distances 
R, m 


Range of N Method of shower selection 


According to electron density. Sixfold coin- 


iv > 20 10°—5 - 10’ 
cidences, o-= 0.132 m’ 

5 2-07 10*—6 - 10° According to electron density. Sixfold 
coincidences, g-= 0,132 m’ 

3 70—130 5-10*—10° According to high-energy electrons. Core 
selector + double coincidence, o = 0.264 m? 

4 200-300 2+10°—10’ According to electron density. Sixfold 
coincidence system, a= 330 cm? 

5 <25 10*—10° Single » meson with energy > 10 Bev on an 


area of 4,75 m? + twofold coincidence in 
laboratory IL], ¢ = 0.264 m2. 


shower size N and the distance R from the inter- earth to the vertical passing through the » meson 
section of the shower axis with the surface of the detectors. 
AN: | 404—405]/105—6 - 105/2.405—4 - 108 [4 -40°—2-108|2-408—4.108| 4-40®10? | >407 
AR,m:| 22—27 | 22—27 20—40 20—40 20-40 20—40 20—40 
60—100 60—100 | 60—100 | 60—100 
100—160 | 1400—160 
The p-meson density for each shower group D (p) = >; (p,; —p) Q(p;, P) (4) 
was determined according to the formula j 
n be 9 
= > mi/ns, (1) we find D(p) =1.2p°. Hence, 
i=1 ie , 
Ap = 1.1 >) m,/n*5s. pao 
where mj is the number of discharged counters in ‘a 


the lower (or middle) counter tray of the detector 
in Fig. 1 in the i-th shower, n is the number of 
showers in the group, and s the total area of the 
counter of the lower (or middle) detector tray. 
Eq. (1) is correct if mj < M (where M is the total 
number of counters of the lower or middle detector 
tray ) a condition which was always satisfied during 
the experiments. The contribution of the electron- 
photon component in equilibrium with the »-meson 
flux to the number of discharged counters was not 
greater than 10% for the counters of the lower v 
tray, and 1% for the counters of the middle tray. Wi, is 
The statistical errors Ap in the yp meson flux E 
density were calculated for mj = 0, 1 according to 


the formula : ey, a 
ia 


The uw -meson flux density given by Eq. (1) was 
referred to the mean arithmetic value of N and R 
of the corresponding shower group. To identical 
intervals AN and AR correspond average values 
of N and R differing by not more than 20%. 

The densities of ~ mesons with energy E = 5 
and E = 10 Bev obtained for the two distance 
ranges AR from 20—40 m (R = 25 m) and from 


10 p. m~@ 


Ap = V =m,/ns, (2) ZY? 2B 
and for larger values of mj according to the for- aI Was 
mula 
pete es 7 
Ap =VD (p)/n, (3) 
001 


where D(p) is the dispersion of the distribution 10" 10? Wy ape 


Q( p o p F of the values p’ with pespeot ie 2) he FIG. 2. Dependence of the y-meson flux density on the 
distribution Q(p’, p) has been studied in™. Using total number of particles in the shower for a given distance 
this distribution, and from the following from the shower axis: 0 —for E > 5 Bev, x — for E > 10 Bev. 
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FIG, 3. Lateral distribution of , mesons in EAS with 
2 x 10° particles and 6 x 10° particles. 0, @, m — density of » 
mesons with E > 5 Bev, x, A, O — density of » mesons with 
E > 10 Bev obtained with the triggering systems 1, 3, and 4 
respectively, A — density of 1 mesons with E > 10 Bev ob- 
tained for showers with: known zenith angle. 


60—100 m (R = 80 m) and for different shower 
sizes are shown in Fig. 2. If we take the function 
p(N) for each distance R as p(N) ~ N@, then we 
can obtain the value of a for different E and R 
from Fig. 2 by the least-squares method. Within 
the limits of experimental error, the values of a 
were found to be the same for E =5 and E=10 
Bev, and for R = 25 and 80 m and equal to a = 0.85 
+ 0.10.* 

From the mean values of p for E = 5 Bev and 
E = 10 Bev, corresponding to the straight lines in 
Fig. 2, we can obtain the exponent y on the inte- 
gral 1-meson spectrum in the 5—10 Bev range: 
y=0.5+0.1 for R= 25 m, and y = 0.67 + 15 for 
R= 80 m. 

The independence of a from the distance R in 
the range AR = 25—80 m indicates that the lateral 
distribution of the 1.-meson flux in that same range 
is independent of the shower size. From Fig. 2 we 
can obtain data on the function p(R). The lateral 
distribution function of » mesons may, however, 
be different from the function p(R). In fact, the 
spectrum 4(r,R) of possible distances r from 
the .-meson detector to the shower axis corre- 
sponds to a given distance R on the surface of the 
earth. The distance r is different for different 
angles @ and ¢ of the shower axis. The y-meson 
density detected in the experiment was 


*The value of « = 0.6 + 0.1 given inl’) is less reliable, 
since it was obtained from two points only. 


p (R) =| (r, R) f(r) dr =F R), (5) 


where f(r) is the p»-meson lateral distribution 
function. 

It can be shown that, for a zenith-angle distri- 
bution of the type I,cos*@ d cos@ and for f(r) 
~r "™ where n= 1, the values of f(R) do not dif- 
fer from the values of f(R) by more than 10% for 
R>H, where H is the depth of the »-meson de- 
tector. For an experimental distribution of p(R) 
represented by the formula p(R) ~ R7™3, we ob- 
tain from Fig. 2 n <1, where AR = 25—80 m. 

We can, therefore, assume with an accuracy of 
10% that the distribution p(R) for R > 25 m is the 
true lateral distribution of the » mesons. In order 
to obtain complete data on the lateral distribution 
function of the y mesons, measurements of the 
-.-meson density were carried out at distances 
r<25 m and r>100m. 

For a small number of showers, the zenith 
angle of the shower axis was found in (3) from the 
data of the diffusion chamber placed at the surface 
of the earth, and the density of » mesons with en- 
ergies E = 10 Bev were obtained at distances 
ry =4 and10m. These data are shown in Fig. 3 
for showers with N = 2 x 10°. 

On the periphery of the shower, the u-meson 
density with E = 5 Bev and E = 10 Bev was ob- 
tained by means of triggering systems 3 and 4. The 
triggering system 3 enabled us to study y-meson 
densities at distances r = 100 m in showers with 
N = 2x 10°, the results being shown in Fig. 3. 

(The reduction of the data obtained with the trigger- 
ing system 3 has been described in [3] 

The triggering system 4 enabled us to study the 
p-~meson density at a distance r = 250 m in showers 
with N=6x 10°. In selecting the showers using 
the triggering system 4, it was necessary that the 
density pe of all charged particles on the surface 
of the earth above the p-meson detectors be within 
the range 1—5 m7’, (which meant that 9 to 45 
counters out of 264 with an area o = 330 cm? were 
discharged). The number of particles N and the 
distance r was not determined for individual 
showers. For the showers selected by the trigger- 
ing system 4, the mean number of particles in a 
shower N and the mean distance F were calculated 
using the formulae 


N= \\vw ww, r) p (N, n) dN dr, 


r=\\rw, r) p (N, 1) dN dr, (6) 


where W(N, r) is the detection probability of a 
shower such that 1 = pe= 5 m~? for the trigger- 
ing system 4, and p(N,r) is the density of the p 
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mesons in a shower of size N ata distance r 
from the shower axis. The probability W(N,r) 
could be calculated knowing the lateral distribution 
functions of all charged particles in the shower. 
It was assumed that p(N, r) = kN?-®y,™ 

The mean values of N and ¥ were calculated 
for various values of n(n=1, 2, 3). The calcula- 
tion showed that the mean values of N and r vary 
little as n varies from 1 to 3, and, in particular, 

r agrees to an accuracy of 15% with the distance 
from the triggering system 4 to the u-meson de- 
tectors equal to 250 m. The calculation of the con- 
tribution of showers with different N and r to the 
number of detected » mesons showed that showers 
with N from 2 x 10° to 10 x 10° and with r from 
200 to 300 m contribute 70%. The density of the py 
mesons with energy E = 5 Bev and = 10 Bev for 
N=6x 10° and r= 250 m is shown in Fig. 3. 

We have thus obtained the lateral distribution 
of the » mesons with energy E = 5 and = 10 Bev 
at distances from 4 to 250 m, as shown in Fig. 3. 
This lateral distribution can well be described by 
the function 


p (N, r) = RN*r— exp (— r°/r}), (7) 
where n= 0.7+0.1, a= 0.85 + 0.1, and 


RD, - 107°; 
R= 4.1:10>, 


=- 195 15 for Fo 5 Bev, 
= 1554 15 forE > 10Bev. 


The distributions (7) for N= 2x 10° and N =6 
x 10° are shown in Fig. 3 by solid lines. 

Using distribution (7), we shall calculate the 
total flux of » mesons with energies E = 5 and 
= 10 Bev in EAS. We have 


Ny \ RN°r-" exp (— r°/r}) Qnrdr 


0 
= mkry "T (1—n/2) N*. (8) 


Bares Bicuiwe tind Ny = 0.24 N° and for 
E = 10 Bev we have Ny = 0.13 N*®, 

The calculated total number of pp mesons* shows 
that the exponent y of the integral u-meson energy 
spectrum over the whole shower is equal to 1 in 
the 5—10 Bev energy range. 

We have studied the spectrum of EAS accom- 
panied by m p mesons traversing a detector with 
a given area s. This spectrum is related to the 
u-meson density spectrum I(p)dp = Bo~* ‘dp in 
the following way: 


*The distributions k, exp (—r/r,) or k,r” exp (—1/r,), for 
which k, , and r, , were So chosen as to approximate the ex- 
pédidental laterals distribution in the range r> 80 m, give a 
result differing from Eq. (8) by not more than 10—15%. 
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Ls) \ Bp-*'— (ps)"e—°)dp/m! 
&m 
= Bs’ \ xn—*—le—*d x/m. (9) 
Pm s 


For p» mesons with energy E = 10 Bev, the 
spectrum I(m,s) was obtained with the triggering 
systems 1 and 5. The experimental values of I(m) 
for detector areas s equal to 3.15 and 6.3 m? re- 
spectively are shown in Fig. 4. In the figure, the 
m-1 scale is logarithmic to facilitate comparison 
with Eq. (11). 

For s = 6.3 m? and m>7, the spectra I(m) 
obtained with triggering systems 1 and 5 coincide. 
For the same value of s but for m <7, the spec- 
tra are different. The spectrum I(m <7) ob- 
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FIG. 4. Spectra I(m,'s) for different E and s: 0 -E 210 
Bev, s = 3.15 m’, triggering system 1; e — E > 10 Bev, 
s = 6.3 m’, triggering system S A — E >10 Bev, s = 6.3 m’, 
triggering system 5; dots — E > 5 Bev, s = 3.15 m’; dot- 
dash — E > 10 Bev, s = 6.3 2 triggering system 1. The y 
axis represents the number of events in 1000 hours. 
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Table II. 
> m) 
s = 6.3 m? | s = 3,15 m* “ s = 6.3 m? | s=3.15 m? 
| 7 539 146 1 (9+0.18 45 80 Pai 4,93+0,48 
| 8 390 107 | 41,86+0.2 20 40 12 4 
9 297 77 4,95+0,25 30 at 5 — 
10 238 60 2.0+0.3 40 6 3 —_ 
13 116 30 2,040.4 50 3 1 | — 
tained with system 1 is shown in Fig. 4 by the I (p) dp = Bp—*/*—1 dp, 
dashed line. The values of I(m <7) obtained with oo’ 
system 5 are shown in Fig. 4 by triangles. B= Aa k/¢20 \ r (r® exp (r2/r¢) “2dr. (12) 
| The dependence of the selection system on the 0 
| spectrum I(m) can be described qualitatively by The experimentally obtained value x’ =«/qa is in 
| introducing the minimum p-meson density pm good agreement with the value a = 0.85 for 
| which will still be detected by the triggering sys- K = 1165: 
| tem. The triggering systems 1 and 5 have differ- The factor A can be determined for k = 1.65 
| ent pm. However, for m>7 (s =6.3 m?), both from the intensity of EAS of a i size given 
triggering systems give identical results. This in], We find A = 1.25 x 108 hour!m~?. Substi- 
means that the contribution of densities p ~ py, to’ tuting the values n, a, and k from (7) into Eq. 
the number of events with m > 7 is not important. (12), we find B, = 0.72 hour~!m7!, which agrees 
__ Insuch a case, we can set py = 0. Equation (9) with the experimental value of By. 
_ then simplifies to 
I (m, s) = Bs*’ (m— x’ — 1)\/ml, DISCUSSION OF RESULTS 
? We compare the results obtained with the data 
Phe ow [ts (an, si) a, (r,s) \/ Log, (st/ss). (40) of Andronikashvili and Bibilashvili'®) and Fukui 


Table II presents the integral spectra I( > m) 
for p mesons with E = 10 Bev and for two values 


et al 4] on the p-meson flux with energy 5—10 
Bev in EAS at sea level. Data of the Tokyo group 


of s, obtained during 1000 hours of operation. In on the lateral distribution of , mesons with 
the same table, the values of x’ calculated accord- => .5 poy at distances r <100 m from the shower 
ing to Eq. (10) are given. The mean value of «’ axis are in good agreement with the data of the 
for the range 7= m= 15 is k’ = 1.95 + 0.1, As- present experiment, both with respect to the abso- 
suming x’ = 2, we obtain from Eq. (10) lute number of the » mesons and with respect to 

I (m, s} = Bs? (m — 1). (11) the shape of the lateral distribution. 
The straight lines of Fig. 4, with exponent equal The results of Andronikashvili and Bibilashvili 
to 3, are in good A ate with the vieante ti contradict the present data. Mes 3, the lateral 
spectrum in the range 3 = m = 50 for s = 6.3 m? distribution of » mesons from *] is shown by a 


The shape of the Ps dalitin I(m) for p» mesons dashed line. Analytically, this distribution can be 


with energy E = 5 Bev coincides, within the limits written in the form 
of error, with the spectrum I(m) for E = a Bev. p(r) = 0.6 exp (— r?/r’), ro =41.7m. 
In Fig. 4, the spectrum I(m) for s = 3.15 m’, 


E = 5 Bev is denoted by a dashed line. Thus, the As can be seen from Fig. 3, this distribution is 
exponent of the density spectrum of » mesons with much narrower than the lateral distribution ob- 
energy E = 10 Bev and E = 5 Bev has the value tained in the present experiment. The difference 
kK’ = 1.95 + 0.1 © 2. The coefficient B is By, = 0.8 in the energy of the » mesons investigated (cor- 
hour~'m~ for E = 10 Bev and B, =1.3 hour~'m~ responding to a depth of observation of 65 and 
for E = 5 Bev. 40 m w.e.) cannot explain ie discrepancy. It is 
The value of x’ obtained in studying the spec- possible that the results of ‘J are due to an inde 
trum I(m) is simply related to the exponent x of curate determination of the shower size at differ- 
the size spectrum of showers and to the exponent ent distances from the shower axis because of the 
a in Eq. (7). If the size spectrum is F(N)dN small size of the array used at sea level for de- 


_ =AN7-1qN, and the p-meson density is connected  tecting the EAS. . 
with r and N by Eq. (7), then the p-meson density We shall, moreover, discuss which factor 


spectrum is 


sient taal 


should play the main role in producing the observed 
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difference in the lateral distribution of high-energy 
yu. mesons. Khristiansen [12] has calculated the 
lateral distribution of 4 mesons with energy 

E = 1.5 x 10! ev due to multiple scattering of 
particles in the atmosphere and their deflection in 
the earth’s magnetic field. This distribution is 
shown in Fig. 3 by the dot-dash line. As can be 
seen from Fig. 3, the Coulomb scattering and the 
deflections in the earth’s magnetic field cannot 
play a determining role in producing the discrep- 
ancy. A more probable main reason for the ob- 
served difference is the angular spread of 7 
mesons in the nuclear interactions. 

Let us estimate what transverse momentum 
must be gained by the 7 mesons in the nuclear in- 
teractions in order to explain the effect. For this 
we use the following approximate relation between 
the effective height h of -meson production, the 
radius r of the u-meson shower, the momentum 
p of the detected » mesons, and the effective value 
of the transverse momentum p|: 


p, =rp/h. (13) 


We assume that the height h can vary from 5 to 
10 km. Then, substituting the values of r and p 
from (7) into (13), we find py = 1—2 x 10° ev/c. It 
is interesting to note that the lateral distribution 
of mesons with energy E = 6 x 10!! ev obtained 
by Barrett et a1, 143] characterized by a radius 
r =10m, leads to the value p, * 6 x 10° ev/c. 

The mean energy of nuclear interactions in 
which » mesons of E ~ 10'? ev are produced is 
about 100 times higher than the energy of interac- 
tions producing y mesons with E ~ 10” ev. Thus, 
the experimental data on the lateral distribution 
of uw mesons of different energies show that the 
mean transverse momentum gained by the 
mesons increases with increasing energy of the 
nuclear interaction. This experimental prediction 
is in good agreement with the predictions of the 
hydrodynamical theory of the interaction of ultra- 
high-energy particles. {14 

Comparison of the data of the present experi- 
ment with those of Barrett et al.'!8] also enables 
us to find a more exact energy spectrum of pu 
mesons in EAS. The spectrum of events involving 
wt mesons with energy E = 6 x 10? Bev was found 
to be of the form bNy dN,- Assuming that the 
relation between the number of » mesons Ny and 
the total number of particles in the shower N is 
Nu ~ kN@, we can relate the spectrum of events 
with a given size with the spectrum of events with 
a given number of » mesons, and obtain the values 
of k and a (see the article of Greisen in [15]) 
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However, it has been shown!?:14] that the relation 
between Ny, and N is correct only on the average, 
and that the number of mesons in showers with 
a given N fluctuates. If these fluctuations are 
taken into account in estimating N,,, the number 
of » mesons in EAS with given N decreases. 
Therefore, the estimate of the number of yp mesons 
with E = 6 x 10? Bev given in™® (60 »p mesons per 
shower with N = 10°) should be regarded as the 
upper limit for Ny. Using the number of » mesons 
with energy E = 10 Bev found in present experi- 
ment, and the estimate of the number of mesons 
with energy E = 6 x 10? Bev from [15] we find that 
the exponent of the integral energy spectrum of yu 
mesons in the range of E = 10—600 Bev should be 
y =-1.4. 

Assuming the spectrum of yw mesons to be of 
the form 


=3 fh says 
ss (E) Ak = {is dE for E = 5 +10 Bev 
kE~**dE for E > 10 Bev 


we obtain an energy of the » mesons with E = 5 
Bev equal to 7.2 x 104 ev in a shower with N = 10°. 
The energy of the particle producing a shower with 
N = 10° amounts to E = 10" ev, according to the 
usual estimate. Consequently, the energy of the 
u-meson flux with E = 5 Bev amounts to ~7% of 
the primary particle energy.* 

In conclusion, the author would like to thank 
Prof. S. N. Vernov and G. B. Khristiansen for 
constant attention and interest in the work and for 
discussing the results. The author expresses his 
gratitude to A. U. Fomin, who carried out a num- 
ber of calculations, to N. I. Kvitek, M. Muminov, 
M. Zhadin, K. I. Solov’ev, V. I. Putintsev, V. K. 
Sokolov, E. V. Shein, G. Dyagtyareva, N. Proshina, 
and I. Massal’skaya, who took part in the measure- 
ments and the analysis of the results. 
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The de Haas-van Alphen effect has been studied in Bi-Sb alloys with Sb concentration of 
0—1 wt. % over a temperature range 1.6—4.2°K, for various orientations of the magnetic 
field relative to the crystallographic axes of the specimens. It was established that the 
shape of the Fermi surface and the electron effective-mass tensor do not change in first 
approximation with increasing Sb concentration, and the surface itself contracts toward 

its center, preserving its shape. At 1 wt. % Sb, the volume of every ellipsoid of the Fermi 
surface decreases to nearly one half. The limiting Fermi energy and the electron concen- 
tration decrease with increasing Sb concentration, changing by 24 and 38 %, respectively, 
for 0.8 wt. % Sb. The Sb impurity produces a nearly linear increase in the constant part of 
the magnetic susceptibility, amounting to 10—12 percent at one wt. % Sb. A comparison of 
the results with data on the influence of elastic deformations on the de Haas-van Alphen ef- 
fect shows that changes in the energy spectrum of the Bi electrons can be fully explained 
by the change of the lattice parameters of Bi under the influences of the Sb impurities. 


INTRODUCTION 


lw spite of the fact that a rather large number of 
researches'!~] have been devoted to a study of the 
electrical and magnetic properties of Bi-Sb alloys, 
there have been no data to date which make possi- 
ble a direct determination of the character of the 
change in the energy spectrum of Bi electrons 
with increasing Sb concentration. 

The assumption has been made by Jones"®] that 
elements forming solid solutions with Bi should 
be regarded as donors or acceptors, depending on 
their position in the periodic system. This point of 
view has been emphasized in a number of re- 
searches."",8,?,3] In particular, it was shown in"®! 
that the Pb impurity, which is regarded as an ac- 
ceptor, actually produces a decrease in concentra- 
tion of conduction electrons in Bi, and that this 
process is not linear. The rate of change of the 
electron concentration increases with increase in 
Pb concentration and ~ 55 Pb atoms are required 
on average for a unit change in the electron con- 
centration. 

From Jones’ viewpoint, impurities should not 
change the electron structure of the elements in 
the same group of the periodic system, as Bi. 
However, in the study of the effect of Sb impurities 
on the quantum oscillations of the magnetic. sus- 
ceptibility of Bi, [2] a decrease was observed in 


the lowest frequency of oscillations, to which the 
work mentioned was confined. Since the frequency 
of the oscillations is proportional to the area Sp 
of the extremal cross section of the Fermi surface 
in the plane perpendicular to the direction of the 
magnetic field H, [8] and the Fermi surface for Bi 
electrons consists of three strongly anisotropic 
ellipsoids, the result obtained shows a decrease 
in the area of the smallest of the three principal 
cross sections of the ellipsoids with increasing 
Sb concentration.* Moreover, in the study of the 
electrical properties of Bi-Sb alloys'¢! a signifi- 
cant change has been discovered in the energy 
spectrum of the Bi electrons upon addition of Sb. 
Neither of these effects can be explained on the 
basis of the Jones model, since Bi and Sb are 
both located in the same (fifth) group of the peri- 
odic table. 

X-ray studies of the structure of Bi-Sb al- 
loys, 11,5] representing a series of solid solutions, 
demonstrate that the Sb produces a significant 
change in the parameters of the Bi lattice, even 
in the region of low Sb concentrations (Fig. 1). 


*The ellipsoids are located in quasi-momentum space in 
such a way that the minor axes are parallel to the binary 
axes, while the major axes are inclined at an angle of ¢ 
= 5.5° to a plane perpendicular to the trigonal axis. The el- 
lipsoids transform into one another upon rotation through an 
angle of 120° about the trigonal axis. [2] 
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FIG. 1. Dependence of the lattice parameters of Bi, c (in 
the direction of the trigonal axis) and a (perpendicular to the 
trigonal axis), on the concentration of Sb. 


Since hydrostatic compression also changes the 
band structure of Bi,'!?-14] it can be assumed that 
the chief reason for the change in the energy spec- 
trum of the Bi electrons upon addition of Sb is 
the decrease in the lattice parameters. 

The present research was undertaken to obtain 
similar data on the character of the energy spec- 
trum of the electrons in Bi-Sb alloys, as well as 
a comparison of the results with the data oft 12-14] | 


METHODS OF MEASUREMENT; SPECIMENS 


The anisotropy Ay of the magnetic susceptibil- 
ity of the samples was measured on a magnetic 
torsion balance with an automatic recording sys- 
tem.'45] The measurements were carried out ina 
homogeneous magnetic field up to 13 koe for tem- 
peratures 1.6—4.2°K in two modes; with continuous 
application of the magnetic field and recording the 
signal on the chart of an EPP-09 electronic po- 
tentiometer, and (as a control) with sudden appli- 
cation of the magnetic field and recording the out- 
put signal with a pointer galvanometer of the 
M-101 type. The temperature was determined 
from the vapor pressure of liquid helium. 

Samples of cylindrical shape, with diameter 
~ 3.8 and length 6—7 centimeters, were prepared 
from ‘‘Hilger’’ Bi (purity 99.998 %), purified by 
twenty vacuum recrystallizations, and from 
‘‘Hilger’? Sb. The method of preparation of the 
samples was similar to the method described 
earlier.) After preparation, the specimens were 
annealed in an atmosphere of gaseous helium at 
260°C over a period of 40 days. 

The crystallographic orientation of the speci- 
mens was determined by a goniometer with ac- 
curacy to within 0.2—0.3°. 

To eliminate possible systematic error in the 
determination of the Sb concentration, two groups 
of samples were prepared with overlapping con- 
centration values: 0; 0.1; 0.4; 0.6 and 0.3; 0.8; 
1.0 wt. % Sb. 
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The correctness of the relative distribution of 
the impurities among the specimens is also con- 
firmed by the monotonic increase in the residual 
electron resistance of the samples with increasing 
Sb concentration. 


RESULTS OF MEASUREMENT 


To obtain the most complete data on the charac- 
ter of the change in the Fermi surface for Bi 
electrons, measurements were carried out for a 
so-called ‘‘non-symmetric’’ orientation of the 
samples in the magnetic field: the trigonal axis is 
perpendicular, and the twofold axis is parallel, to 
the axis of suspension of the balance. For each 
specimen we plotted the dependence of the moment 
of forces N on the direction of the magnetic field 
H for different values of the angle x between the 
direction of the trigonal axis and the field. Meas- 
urements were obtained for the angles x = 0, +1, 
+2, +3, +4, +5,+6, +10, + 82, + 84° at1.67°K, 
and x = —25, —30, —35, + 40° at 3.37 and 1.685°K. 
Measurements were not made at other angles, 
since the N(H) curves observed for them are 
superpositions of adjacent frequencies with com- 
parable amplitudes, which complicates their in- 
terpretation. 

The dependence of the anisotropy of the mag- 
netic susceptibility Ay = N/H’ sin 4 cos } on 1/H 
is shown in Fig. 2 for specimens of the original 
Bi and for Bi with 0.4 and 0.6 wt. % Sb (for » 
= —35°), and 0.8 and 1.0 wt. % Sb (for » = —30°), at 
3.37 and 1.685°K. As is seen from the drawing, the 
amplitude of the oscillations w falls off with in- 
crease in the Sb concentration. It should be noted 
that although the oscillations in the magnetic sus- 
ceptibility continue at concentrations exceeding 
1 wt. % Sb, analysis of the temperature dependence 
of the amplitude of these oscillations is exceeding- 
ly difficult, which forces us to limit ourselves to 
the concentration region 0 to 1 % Sb. 

Curves are plotted in Fig. 3 for the angular de- 
pendence of the frequency of oscillations 
Eo/Bi (wd) ~ Sm () (see the formulas of Landau 
in‘) for samples of the original Bi and Bi-Sb 
alloys with 0.8 and 1.0 wt. % Sb. Itis seen from the 
drawing that the Sb impurities cause a decrease 
in the oscillation frequency for all values of 7, 
and that the angle of rotation of the Fermi-surface 
ellipsoids around the twofold axes does not change 
within the limits of accuracy of the experiment 
(+0.3°). 

The values of the relative change of the oscilla- 
tion frequency (and, consequently, of the quantity 


1010 


N. B. BRANDT and V. V. SHCHEKOCHIKHINA 


OA, 3 


z i 4 a 
Loe ca a 
aati babiatal eohiie el | man 
Kid if oa oa a Uae 
Fs A a 


Lp eed 
Pou ee 
AE ff fa hats Ty il ie 


g & 
Wy 


. TA ALA LAL 
0,60 Pee Pe Fe Sef loan 
See 


een re 
mya LUGS alauis 
WerevmyiaTs 
Xo ald J, Ray 

: cm 


1 
oe 


FIG. 2. Dependence of the anisotropy of the magnetic susceptibility for Bi-Sb alloys on the magnetic field intensity. Curves: 
1—original Bi, 2—Bi with 0.4 % Sb and 3 —Bi with 0.6 % Sb (for y = —35°); 4—Bi with 0.8 % Sb, and 5 —Bi with 1.0 % Sb (for 


Ww = —30°); white circles, T = 3.37°K, black circles, T = 1.685 °K. 


ASm/Sm) for different values of the angle y are 
shown in Fig. 4. The angle ~ = 82—84° corresponds 
to a change in the smallest principal cross section 
S; of the Fermi surface ellipsoids (which Shoen- 
berg observed'4/), The change in the average prin- 
cipal cross section S, can easily be obtained by 
extrapolation of the curves of Fig. 4 from the re- 
gion of negative values of y~ through the value 

y~ = 0 to 5.5°. It is thus evident that the minimum, 
average, and all intermediate cross sections of 
the Fermi surface are decreased by the same per- 
centage, in first approximation. The small in- 
crease in the ratio ASp/Sp as ~— 0° for the 
sample with 0.3 % Sb (which, to be sure, was ob- 
served earlier'!3]), is obviously connected with 


secondary reasons, and is not characteristic of 
the change in the Fermi surface of Bi upon change 
in the lattice parameters. Evidently certain di- 
vergences in the data for minimum S, and average 
S, of the principal cross sections also have the 
random character associated with possible inac- 
curacy of orientation of the specimens (especially 
for the specimen with 1.0 % Sb). 

The dependence of the percentage change in S,, 
on the concentration of Sb impurity is given in 
Fig. 5. This dependence differs markedly from the 
linear in the region of small concentrations. The 
values of AS,/S; obtained by Shoenberg*™ for 
Bi-Sb alloys (0.67 and 0.9 % Sb) are in good 
agreement with the data given here. 


FIG. 3. Dependence of the oscilla- 
tion frequency E,/Bi~S, on the angle 
between the direction of the trigonal 
axis of the sample and the magnetic 
field (the two-fold axis is parallel to the 
suspension of the sample), 0 — original 
Bi (solid lines) x — Bi with 0.8 % Sb 
(dot-dash curve), A—Bi with 1 % Sb 
(dashed curve), 
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FIG. 4. Angular (ys) dependence of the relative change in 
_ the area AS,,/S,, of the extremal cross sections of the Fermi 
_ surface; O— Bi with 0.3 % Sb, V—Bi with 0.4 % Sb, +— Bi 
with 0.6 % Sb, x—Bi with 0.8 % Sb, A—Bi with 1 % Sb. 
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FIG. 5. Change in the area of the extremal cross sections 
of the Fermi surface with increase in the Sb concentration: 
© — for cross sections close to S,, x—for cross sections 
close to S,; O—data of 2] for orientation of H perpendicular 
to the trigonal axis of the sample. 
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DISCUSSION OF RESULTS 


1. Change in the shape of the Fermi surface 
for electrons. The anisotropy of the Fermi surface 
for electrons is determined on the basis of the 
anisotropies of the cross sections S, and Sy, 


which differ in area by a factor of about 10 (Fig. 3). 


The cross section S3, according to Shoenberg’s 
data,!0] exceeds S, by a factor of 3.2, while, from 
cyclotron resonance data, (10 the cross sections 

S, and S, are close to one another. It should be 
noted that the Shoenberg data on the cross section 
area S; are inaccurate, since the quantum oscilla- 
tions of the magnetic susceptibility, which corre- 
spond to the cross section S3; and cross sections 
close to it, have not been observed to date, because 
of their small amplitude, and the quantity S; was 
determined by an overextended extrapolation. 

Taking it into account that the anisotropy of the 
cross sections S, and Ss is not large in any case, 
while the cross sections S,; and S, change under 
the action of the Sb impurity in the same percent- 
age ratio, it is natural to assume that the cross 
section 8S; also changes in similar fashion. Thus, 
one can conclude that upon increase in the Sb con- 
centration, the shape of the Fermi surface for the 
Bi electrons does not change, while the surface 
itself is drawn toward the central point, remaining 
similar to itself. At a concentration n =1 wt. % 
Sb, the volume of each ellipsoid is reduced ap- 
proximately by a factor of two. We note that the 
possibility of extrapolation of the dependence of 
ASm/Sm on 7 (Fig. 5) in the region of large values 
of the Sb concentration depends on the mechanism 
of the effect of Sb on the energy spectrum of the 
Bi electrons. If this mechanism results in the 
change of the lattice parameters (Fig. 1), then, 
because of the lack of accurate data for the lattice 
parameters in the region of concentrations of less 
than ~3 % Sb, it is difficult to say in what manner 
the change of the volume of the ellipsoids will take 
place upon further increase in the Sb concentra- 
tion, and whether the ellipsoids manage to reduce 
to points before the lattice parameter c reaches a 
minimum. 

2. Change in the concentration of the electrons. 
On the basis of data on the change in the principal 
cross sections of the Fermi-surface ellipsoids 
brought about by changes in the Sb concentration, 
one can easily compute the change in the electron 
concentration (see!4]), The percent change in the 
electron concentration is shown in Fig. 6 (curve 
A). 

3. Change in the limiting Fermi energy E, for 
electrons. The curves of the dependence of Ay on 
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FIG. 6. Per cent change in ~-40 
the electron concentration n 
(curve A) and the limiting IO 
Fermi energy E, for Bi elec- 
trons (curve B) with increas- 
ing Sb concentration. 
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H, taken at various temperatures, were used for 
the calculation of E, (Fig. 2). The value of B( 2?) 
was determined from the increase in the ratio of 
the oscillation amplitudes, and Ey was determined 
from the value of E,/8 (zw) known for each angle 
~. For each y, the oscillation amplitudes at dif- 
ferent magnetic field intensities were compared 
and an average value was obtained from the data. 
The scheme of calculation, which is similar to 
that described earlier, [8] is illustrated in Table I, 
which applies to a Bi sample with 0.3 % Sb at 

y = —30°. 

The values of Ey computed for the specimens 
of Bi and Bi-Sb studied are shown in Table II for 
different values of the angle 7%. Data for a speci- 
men with a 1% Sb content are not given, since the 
analysis of the temperature change of the ampli- 
tude becomes very difficult for such a concentra- 


Table I 
@, arbitrary units 
B-1028, 
(1/H1)+10* A 4 o (1,685° K)! ergs/oe 
3,07°K 1,685° K “o (3,.37° K) 
Sed 198 282 4,42 4,60 
Owe. 128 196 Do ey 
ed | 90 447 4,63 1.58 
4,0 64 Aa A375 1.58 
4,3 47 86 4.83 1.63 
4.6 36 70 4,93 1.65 
4,9 28 a 2.04 1.68 
ee, 22 48 Deo) 1,65 
Dee 18 42 oo 1,69 
5.8 14,8 3d 2.50 1.69 
Gt 44 31 Petey) 1.65 
Bay=1.6320,04 
Table II 
| E,° 10*, ergs 
1 % E+ 10", 
»p=—25*] —30° | —35° | —40° ergs 
OOO M2 Nel Sni\meediowlel oe 4n| me tase Re 
Oe 5 2 1628 2G Tee eae 2.68+0.03 
OV30. | (2.545))-2.605) 2.62) 25,42) 102854220506 
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0.80 } 2.08 | 2,01 | 2,15 | 2 10 | 2 08£0.05 
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tion. The dependence on the Sb concentration of 
the percent change in the limiting Fermi energy 
is pictured in Fig. 6 (Curve B). 

4, Change in the effective masses. As has been 
noted, all three principal cross sections of the 
ellipsoids S;, S, and S3 change in the same ratio 
upon increase in the concentration. It is easy to 
show that!®! in this case the change in the effective 
masses m,;, My and mz, in a system of coordi- 
nates connected with the principal axes of the 
Fermi-surface ellipsoids, is determined by the 
relation 

Am, _ Am, Ams ASm AZo 
Bee ie ite oS, oie 


(1) 


As is seen from Figs. 5 and 6, the curves for the 
dependence of ASp/Sm and AE,)/E, on 7 coin- 
cide with one another within the limits of accuracy. 
Therefore, it can be assumed that the effective 
masses for Bi do not change in the increase of 

Sb concentration from 0 to 1 per cent. 

A similar conclusion can be obtained on the 
basis of Fig. 6. The dependences of An/n and 
AE,)/E, on the concentration 7 shown in Fig. 6 
satisfy the relation An/n = 3AE)/2Ep, which is 
valid in the region of small changes of AE)/Ey 
under the assumption that the effective mass of 
the electrons does not change upon increase in the 
Sb concentration. 

5. Comparison of the results with experiments 
on the influence of elastic deformation on the de 
Haas-van Alphen effect in Bi. According to the 
data of Bridgman, the change in the lattice para- 
meters in Bi, for unilateral compression (at room 
temperature), is given by the formula 


— Al/ly = 4-107 p, (2) 


where a are the coefficients of compressibility, 
equal, respectively, to 15.9 and 6.6 in directions 
parallel and perpendicular to the trigonal axis, 
and p is the pressure in kg/cm’. 

The maximum changes in the lattice parameters 
of Bi, brought about by Sb impurities in the re- 
gion of small concentrations (for n = 2.5 % Sb) 
(Fig. 1) are: —Ac/c = 0.9%; —Aa/a = 0.18 %. 

Since different pressures p (5700 and 2700 kg/cm’) 
correspond to such changes in the parameters c 
and a [according to Eq. (2)], their change does 
not correspond to the conditions of hydrostatic com- 
pression. The effect of the change in the Bi lat- 
tice under the action of Sb can be represented as 
the result of hydrostatic (p) and a unilateral (c) 
compression (along the c axis) of the specimen. 
Unfortunately, since the compressibility coeffi- 


cients of Bi are not known at low temperatures, 


nor is there an accurate form of the dependence 
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of the lattice parameter c for small Sb concen- 
trations, we must limit ourselves to a rough com- 
parison only, making use of the data at hand. 

The changes in the parameters of the lattice 
under the action of impurities are associated with 
the values of p and o by the relations 


— (Ac/c) = 15.9-107* (p + 5), 
— (Aa/a) = 6,6-107? p + 15.9-1077 jo, (3) 
where j is Poisson’s ratio, equal to —0.33 for Bi. 
For a concentration of 1 wt. % we have —Ac/c 
= 0.6 % and —Aa/a ¥ 0.12 %. On the basis of Eq. 
(3), this change corresponds to a hydrostatic com- 
pression p © 2400 kg/cm? and a unilateral com- 
pression with stress o © 1300 kg/cm’. 

It is well known that a hydrostatic compression 
of ~1200 kg/cm? changes the relative area 
ASm/Sm of the extremal cross sections of the 
Fermi surface for Bi by about —7 per cent, [12,13] 
while a unilateral compression with a stress 
o = 350 kg/cm? causes a change of —6.5 %.!14 
Extrapolation of these values to the region of high 
pressures gives (for p = 2400 kg/cm? and o 
= 1300 kg/cm’) changes in ASy/Sy of ~ 14 and 
~ 24 %, respectively. The general change of 
ASm/Sm under the action of elastic deformations 
of the lattice, which is equivalent in magnitude to 
the deformations produced by an impurity of 1 wt. 
% Sb, amounts to about 38 % which is in excellent 
agreement with the experimental data given in 
Fig. 5. 

It should be noted also that the data on the 
change of the constant part of the anisotropy of 
the magnetic susceptibility Ay, in Bi for hydro- 
static compression, and for an increase in the Sb 
concentration, agree with one another within the 
limits of accuracy of the experiment. The Sb im- 
purity produces an approximately linear increase 
in Ay, (see Fig. 2), amounting to 10—12 % for 
1 wt % Sb. By considering this effect as the result 
of a change in the lattice parameters for Bi, one 
can expect hydrostatic compression to produce a 
small increase in Ayo, not exceeding 2—3 % fora 
pressure of 1200 kg/cm’. An effect of just this 
order was observed in a previous research. "131 
Thus, one can assume that the change in the energy 
spectrum of the Bi electrons under the effect of 
the Sb impurities, in the region of small concen- 
trations, is evidently connected in a fundamental 
way with changes that take place in this case in 
the parameters of the crystalline lattice of Bi. 

In conclusion, we take this opportunity to thank 
A. I. Shal’nikov for his interest in the work and 
Yu. A. Bychkov for discussion of the results. 
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The angular and energy distributions and the yields of photoprotons from Pr**! are measured 
for maximum bremsstrahlung energies of 22.5 and 33.5 Mev. The results indicate that the 
maximum photoproton production cross section corresponds to y quanta above 22 Mev and 
that the absorption of y quanta in this energy region is chiefly of quadrupole character. 


P ROTON emission resulting from the dipole ab- 


sorption of y radiation is strongly inhibited by the 


high Coulomb barrier of heavy nuclei, so that the 
photodisintegration of these nuclei results mainly 
in neutron emission. It thus becomes possible to 
distinguish protons resulting from the quadrupole 
absorption of y radiation. The cross section for 
the latter process must lie in a higher energy 
range, so that some of the emitted protons will 
have high energies. C1] 

Several investigations of angular and energy 
distributions of photoprotons from heavy nuclei 
have been published. [2-5] In almost all instances 
bremsstrahlung having Eymax = 22—24 Mev was 
used, whereas quadrupole resonance absorption 
evidently occurs at somewhat higher energy. Ex- 
ceptions occurred in the photodisintegration of 
Pb and Bi for Eymax = 24 Mev, [2,3] where 
strong asymmetry was observed favoring small 
angles. This effect apparently results from the 
fact that for heavy nuclei such as Pb and Bi, 
even at the given relatively low energies the total 
y-ray abosrption cross section involves a con- 
siderable contribution from quadrupole transi- 
tions. 

In the present work bremsstrahlung having 
Ey max = 22.5 and 33.5 Mev was used to investi- 
gate the energy and angular distributions of pro- 
tons from the photodisintegration of pr“! 


EXPERIMENTAL PROCEDURE 


Our bremsstrahlung source was the 35-Mev 
betatron of the Institute of Nuclear Physics at 
Moscow State University. The experimental ar- 
rangement is shown in Fig. 1. The y-ray beam 
passed through a lead collimator 32 cm thick and 
a clearing magnet before impinging on the target 
in the vacuum chamber. The target was metallic 
praseodymium foil 31.1 mg/cm? thick placed at an 


FIG, 1. Arrangement of apparatus: 1 — betatron target, 
2 — thin-walled monitor chamber, 3 — collimator, 4 — clear- 
ing magnet, 5 — shielding wall, 6 — vacuum chamber in mag- 
netic field. 


angle of 30° to the y-ray beam. The principal im- 
purities in the target were not more than 1.5% of 
rare earth elements and not more than 0.1% of 
other elements. 

Protons leaving the target were registered on 
photoplates with type T-3 NIKFI emulsion 400 u 
thick disposed in the chamber at angles of 30, 45, 
60, 75, 90, 120, 135, and 150° with respect to the 
y-ray beam. Type T-3 plates were used to per- 
mit an increased radiation dose, since this emul- 
sion is considerably less sensitive to the electron 
background than the type Ya-2 emulsion ordinarily 
used. In order to reduce the electron background 
of plates placed at acute angles, during irradiation 
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FIG. 2. Energy distribution of photoprotons from Pr 
produced by radiation having Eymax = 22.5 Mev. The con- 
tinuous curve 1 is the computed spectrum of evaporation 
protons; curve 2 is the computed spectrum of direct-photo- 
effect protons. 


1015 


1962 


1016 


V. G. SHEVCHENKO and B. A. YUR’EV 


Table I. Parameters of type (1) curves approximating the 


angular distributions of photoprotons from Pr 


141 and 


values of Of2/0R11E2 derived from the 
OE2/0R = P’/5 


E-ymax, Mev Proton energy, Mev | a | b p Brahe 
4, 5—7,25 34 45,70 0143 ~3 
22.5 1, 25--14 25 44 66 0.32 ~2 
itd 42 27.5 0,44 ~4 
4,5—7.25 74 23,4 1.4 ~30 
33.5 7. 20-41, 20 153 Livi ae ~50 
211,25 50 71.4 1.8 MS 
40 
the vacuum chamber was placed in a ~ 600-o0e 1/8) ip 
magnetic field that deflected electrons emitted 500 V' ; 
from the target to prevent their direct impinge- 
ment on the emulsion. The permissible radiation 
dose thus became several times larger. 150 i 


Ny 
150 
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2424 protons 


Bs 10 1§ 20 

&, Mev 
FIG, 3. Energy distribution of photoprotons from Pr'** 
produced by radiation having Eymax = 33.5 Mev. The notation 
is the same as in Fig. 2, 


The position of the beam axis relative to the 
center of the chamber was determined by means 
of x-ray film and was monitored by comparing 
the effects on two plates positioned at 90° angles 
symmetrically with respect to the target center. 


£{8) 
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FIG, 4. Angular distribution of 4,5—7,.25 Mev photoprotons 
(first group): 1— for Eymax= 33.5 Mev; 2 —for Eymax = 22.5 
Mev. The continuous approximating curves have the param- 
eters given in Table I. 


0 30 60 90 120 150 180 
FIG. 5. Angular distribution of 7,25—11.25 Mev photo- 
protons (second group): 1 — for Eymax = 33.5 Mev; 2 — for 
Eymax = 22.5 Mev. 


Absolute solid angles were determined graphic- 
ally and by calculation. In scanning we selected 
tracks that started at the emulsion surface, cor- 
responding to protons having energies =1.0 Mev 
and originating in the irradiated portion of the 
target. Proton energy was determined from the 
range-energy curve for Ilford C-2 emulsion, with 
a correction for the ~ 5% density difference be- 
tween T-3 and C-2 emulsions. A correction was 
also introduced for energy loss in the target. 


EXPERIMENTAL RESULTS 


Figures 2 and 3 show the energy distributions 
of protons produced in the photodisintegration of 
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FIG. 6. Angular distribution of photoprotons of 
> 11.25 Mev (third group): 1 — for Eymax = 33.5 Mev; 2—for 
Eymax = 22.5 Mev. 
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Table Il. Principal E1 and E2 proton transitions 


of Pri#1 
pk BS RE IR NE Re EATS Rha OEE 2 Sac, Sac a i la SN at att a: 


Multi- 


polar ity Transition 


| 2ds), a 2fry, 
2ds),—> 2fs/, 

124), 4h, /, 

F1 127), a 2fr), 
181, ws of, 

{go Pas 2fr), 

2P1,, =? 3ds/, 


2p 5), 3ds/, 


1g»), ¥ tis), 
1g), 7 fin), 


2ds), a 280), 
2ds, > 281), 
E2 2ds), =a AS), 
2p), ai 2fs), 
2Ps), = 2h), 
2Ps/, i 2fs/, 
‘fs, 2» thy), 
1f1),—> 1h), 


sbetone ote | tion em 
‘tate || “Move [ere Mev 
4 5— 7 | ate 
4 8—10 1 13—1 

8 7— 9 pie 

8 5— 7 | 12—14 

8 8—10 | 15—17 

10 5— 7 | 17—19 

2 14-16 | 26—28 
13-15 | 26—28 

10 4— 6 | 16—18 

8 12—14 | 19—24 

4 10—12 | 16—18 

1 13—15 | 19—214 

4 14-16 | 20—22 

2 4— 6 | 16—18 

4 2— 4 | 15—17 

4 4— 6 | 17—19 

6 4— 6 | 20—22 

8 4— 6 | 22—24 


*Proton and y-ray energies in the case of E1 absorption have been in- 
creased by 4—5 Mev compared with single-particle calculations! in order 
to take account of residual interactions. This has not been done for E2 
transitions, since the magnitudes of the residual interactions are unknown 


for highly excited states. 


Pri‘! by y radiation with Ey max = 22.9 and 33.5 
Mev. The graphs have taken into account the back- 
ground, which was ~ 5% on the average, except at 
30°, where the background was ~ 20%. The spec- 
tra included a small contribution from deuterons, 
tritons, and a particles, whose tracks were not 
identified. This contribution evidently did not ex- 
ceed a few percent. 

The energy spectra exhibit overall similarity. 
Both spectra have peaks at ~ 6 and ~ 10 Mev, 
which are more prominent in the case of Emax 
= 33.5 Mev. The declining portions of the two 
spectra have approximately identical shapes. 

Figures 4—6 show the angular distributions of 
different photoproton groups corresponding to the 
aforementioned peaks at 6 and 10 Mev and the de- 
clining portion of the spectrum. 

The experimental values were fitted approxi- 
mately by curves of the form 


a+ bsin?6(1 + pcos 6)?. (1) 


The parameters of the approximating curves are 
given in Table I. The figures and the table show 
that the angular distributions of photoprotons for 
Ey max = 33.5 Mev have peaks at smaller angles 
than for Eymax = 22.5 Mev. The estimated yields 


are ~8 x 10‘ and ~ 1.3 x 10° protons/mole-roentgen 
for Emax = 22.5 and 33.5 Mev, respectively. The 
yield increases markedly with Ey max- 


DISCUSSION OF RESULTS 


A comparison of the photoproton yields from 
Pr‘! for Eymax = 22.5 and 33.5 Mev shows that 
over 50% of the total proton yield for Eymax 
= 33.5 Mev (including ~ 40% of the first proton 
group, ~ 55% of the second group, and ~ 70% of 
the third group) is produced by y radiation having 
Ey max > 22.5 Mev. This indicates that the maxi- 
mum photoproduction cross section in Pr! cor- 
responds to y radiation having energy > 22.5 Mev. 
A comparison of the experimental yields with cal- 
culations based on the evaporation model (4] and 
the direct photoeffect “4s6] shows that neither 
model can account for the results. The estimated 
photoproton yield based on the statistical model 
for Pr‘! was smaller by a factor of 15 to 20 than 
the experimental value. The proton contribution 
from the direct photoeffect is somewhat larger, 
although {°] shows that our observed total yield is 
4 to 5 times greater. As could be expected, a 
large fraction of the observed photoprotons result 
from direct resonance absorption of y radiation. 
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Good agreement with experiment has recently 
been obtained in!" by calculating the total y-radi- 
ation absorption cross section on the shell model 
with mixed configurations. However, such calcu- 
lations are possible practically only for doubly 
magic nuclei. Since this did not apply in our case, 
we calculated the energies of dipole proton tran- 
sitions using single-particle levels computed for 
intermediate and heavy nuclei. [8] 

These calculations did not take into account the 
residual interactions between nucleons, which we 
evaluated as follows. Since data are lacking for 
the Pr!4!(y,p) cross section all comparisons be- 
tween calculations and experiment were performed 
for the (y,n) reaction. The center of dipole neu- 
tron transitions in the single-particle shell model 
was compared with the maximum pr! (y,n) 
cross section obtained experimentally. "»!°] The 
difference observed here gave 4—5 Mev for the 
residual interactions. Practically identical mag- 
nitudes were assumed for the residual interaction 
in Pr!! in the cases of both proton and neutron 
transitions, and the center of dipole proton transi- 
tions was found with this residual interaction taken 
into account. Table II gives the results for indi- 
vidual transitions. The center of dipole proton 
transitions is seen to correspond to 16—17 Mev 
y rays and the maximum cross section, for y 
rays having energy > 22.5 Mev, cannot be ac- 
counted for by direct resonance dipole transitions. 

This is confirmed by the additional interesting 
result that very different angular distributions of 
photoprotons are obtained for Eymax = 22.5 and 
33.5 Mev. The character of y-ray absorption 
changes considerably when Ey increases above 
22 Mev. Considerable asymmetry is observed 
with respect to 90° and the angular distribution 
peak is shifted toward smaller angles. For Ey 
< 22 Mev, on the other hand, the proton angular 
distribution is practically symmetrical with re- 
spect to 90°. 

The approximation of angular distributions by 
curves plotted from Eq. (1) furnishes only a rough 
estimate of the quadrupole absorption contribution, 
which according to Table I would reach 50%. How- 
ever, the results are in good agreement with the 
fact that the quadrupole transition center is in the 
region Ey > 22 Mev, as can be seen by analyzing 
the E2 transition energies in Table II. 

The energy spectra exhibit two peaks, for 6—7 
and 9—10 Mev protons, respectively. For Eymax 
= 22.5 Mev these peaks are poorly resolved, while 
for Emax = 33.5 Mev they are clearly defined at 
the same energies. It appears from Table I that 
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the principal peak of the spectrum for Ey max 

= 22.5 Mev corresponds to the transitions 

1g7/2—> 1hgy, and 1g7/2 — 2f52, producing 8—10 
Mev protons. The peak at 6—7 Mev can be asso- 
ciated with 1gy — 2f;,, and 2d5.— 2f; transi- 
tions. In the spectrum for Eymax = 33.5 Mev 
these peaks are more pronounced, as already men- 
tioned, and correspond to the enumerated dipole 
transitions as well as quadrupole transitions. The 
most intense of the latter, 1g7/2 — lijy and 

2d5 2 — 289/2, produce 10—14 Mev protons, whereas 
5—6 Mev protons result from 1g9/. — lig, and 
1f5/2 — 1lhgy, transitions and some others. It is not 
clear why the peaks for Emax = 33.5 Mev are 
more pronounced. The analysis of the energy 
spectra is greatly hampered generally by the im- 
possibility, in our case, of taking into account the 
effects resulting from the mixing of configurations. 

Our results lead to the conclusion that the max- 
imum photoproton production cross section of 
Pr“! corresponds to y radiation in the energy 
region above 22 Mev, and that y-ray absorption 
in this region is mainly of quadrupole character. 

In conclusion the authors wish to thank V. V. 
Balashov and V. G. Neudachin for discussions of 
the results, S. Ovchinnikov for assistance in 
treating the results, and the betatron crew. 
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A study has been made of the kinetics of the destruction of superfluidity during heat trans- 
port along a helium-filled capillary 1.4 mm in diameter and 8 m long. For T = 1.34°K and 
superfluid component velocities exceeding the critical value by 1.04 —1.6 times, turbulence 
fronts propagating at a constant velocity were observed, moving from the hot end to the 
cold at a rate of from 1 to 3.7 mm/sec, and from the cold end to the hot at from 0.1 to 2.5 


mm/sec. 


Tre question of the nature of the destruction of 
superfluidity—of critical velocities—has remained 
up to now the least understood of all the proper- 
ties of helium II. It has already been established 
by Kapitza [4] that critical velocities decrease as 
the dimensions of the passage increase, while 
Landau!*1 has proposed a criterion for the de- 
struction of superfluidity having the form vg > </p, 
where vg is the superfluid component velocity, 
and ¢ is the energy and p the momentum of the 
excitation being created. The velocity must, how- 
ever, according to this expression, be greater than 
the velocity of sound (~ 230 m/sec) for generation 
of a phonon, and greater than 70 m/sec for a roton, 
while the velocities observed for large capillaries 
are inversely proportional to their diameter and 
for d= 1.4 mm equal 0.11 cm/sec. The sugges- 
tion was first advanced by Onsager [3] that the 
cause of the destruction of superfluid motion lies 
in the generation of vortex structures. This view- 
point has since been confirmed and further devel- 


oped. [4-7] The kinetics of the destruction of super- 


fluidity have been investigated by Mendelssohn [8] 
who found a linear increase with time in the tem- 
perature difference between the ends of a long 
(1.5m) capillary 1 mm in diameter with heat sup- 
plied to one end. He explained this as due to the 
movement of turbulence fronts, and observed ve- 
locities that were integral multiplés of 4 cm/min. 
At the Institute for Physics Problems, V. Markov 
and Tkachenko have performed experiments to 
investigate the kinetics of the destruction of super- 
fluidity, the results derived from which are 
presented in this paper. 

The experiments were conducted in the appa- 
ratus represented in Fig. 1. A German-silver 
capillary 1 of 1.4 mm inside diameter and 800 
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FIG. 1. Diagram of the 
apparatus (explanation in 
text), 


cm long was located inside a vacuum jacket 2, 

70 mm in diameter and 170 mm long. The capil- 
lary was attached by means of taut cotton threads 
to a framework 4 of glass rods. One end 5 of the 
capillary communicated with the helium bath. The 
other end was sealed off, and onto it was wound a 
heater (25800) of 50y diameter constantan. 
Twelve thermometers of 40 u phosphor-bronze 
were also wound onto the capillary. One of these, 
R,, was at a distance of 100 mm from the end of 
the capillary, another, Ry, 30 mm from the 
heater, and the remaining ten at approximately 
equal intervals between R,; and Ry. The average 
resistance of the thermometers, at the tempera- 
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tures of 1.3—1.4° K at which most of the runs were 
carried out, amounted to ~15—209. The ther- 
mometer leads were of 60 tinned constantan, 
soldered to a terminal strip 6. The leads were 
carried out of the vacuum jacket through a ferro- 
chrome-glass seal 7. The vacuum jacket was 
evacuated at room temperature and then filled 

with 2 mm Hg of exchange gas (helium) through 
the tube 8. As the apparatus cooled to helium tem- 
peratures the exchange gas was gradually adsorbed 
by activated charcoal 9 placed in a bulb 10, via a 
tube 11 of 1.4 mm inside diameter and 100 mm 
long, and after a short while (~ 30 min) a hard 
vacuum was achieved within the jacket. By this 
time the capillary 1 had cooled to the temperature 
of the helium bath. The apparatus was supported 
from the Dewar cover by means of a tube 12. 

Even with a capillary of this length (800 cm) 
the temperature difference between the ends was 
only ~ 3 x 1073 deg for a thermal current near the 
critical value. The magnitude of the measuring 
current in the thermometers (0.2 ma) was limited 
by the power dissipated through them, which must 
be small (1—2%) as compared with the power lib- 
erated in the heater. The change in the voltage 
across the thermometers as the thermal current 
was applied was therefore only 15 mv or less. 
Since the thermal processes in the capillary re- 
quire a long time to develop (up to 1 hour), it 
was necessary to maintain the temperature of 
the helium bath constant to 10-5 deg. The tem- 
perature stabilizer described by Vetchinkin /*] 
was employed for this purpose. 

Measurements of the variation with time of the 
thermometer temperatures with a thermal current 
flowing in the capillary were performed automatic- 
ally (see measuring circuit in Fig. 2). The volt- 
age across each of two fixed thermometers (R, 
and Ry; in the circuit diagram) in the absence of 
a thermal current was compensated with the aid 
of storage batteries and potential dividers. As 
the thermal current was turned on the voltage 
drop across the thermometers increased as a 
result of the rise in temperature, and the signals 
emerging from the compensating circuits were 
amplified by F116/1 photoamplifiers and applied 
to the input of an EPP 09-M1 multi-channel auto- 
matic potentiometer. The voltage across any de- 
sired third thermometer, connected via the switch 
S, was compensated by a PMS-48 potentiometer 
and was also recorded by the EPP 09-M1. The 
amplifier gains were so chosen as to give equal 
deflections on the automatic potentiometer for 
equal temperature changes in the thermometers. 
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FIG. 2. Measuring circuit. 


All four storage batteries in the circuit were 
maintained at the same temperature. A current 
of ~ 10 ma, adjusted with the aid of the resistances - 
a to the same value as that in the potentiometer, 
flowed continuously in each of them. As a result, 
the possible variation with time in the emf’s of 

the batteries was held to a minimum, and was 
identical for all four. 

For a thermal current slightly exceeding the 
critical value, the way in which the thermal regime 
is established is found to depend strongly upon the 
previous history of the helium. When a super- 
critical heat transport regime had been set up in 
the capillary shortly (up to 10 min) prior to turn- 
ing on the thermal current, the process usually 
occurred relatively rapidly, requiring no longer 
than 10 min. When, on the other hand, the helium 
had remained quiescent for some time—at least 
20 min—then, as a rule, the establishment of the 
thermal regime occupied a prolonged interval—up 
to 1 hour. In this latter case, the process showed 
a number of characteristic features which made it 
possible to understand what was taking place. 

In Fig. 3 is shown the variation with time of 
the thermometer readings for a typical slow proc- 
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FIG. 3. Time dependence of thermometer temperatures for 
a thermal current in quiescent helium (W = 4,4 x 107-w/cm?, 
T = 1,34°K). 


KINETICS OF THE DESTRUCTION OF SUPERFLUIDITY IN HELIUM 


| ess of establishing the thermal regime (T = 1.34°K 
| and W=1.19Wey). The readings of the hottest 
thermometer, R4, and an intermediate one, R,, 
were recorded continuously. The thermometers 
| were numbered in order from the cold to the warm 

end of the capillary. The third input of the re- 
corder was switched from one intermediate ther- 
mometer to another, as indicated by the heavy line 
segments in Fig. 3. The linearity of the rise in 
temperature with time over well-defined intervals, 
and the occurrence of quite sharp changes in the 
heating rate, are immediately evident. It can eas- 
ily be seen that the breaks in the temperature vs 
time curves take place at the various thermom- 
eters in a definite sequence: Rip, Rg, Rg, Rs. This 
testifies to the fact that a turbulence front increas- 
ing the thermal resistance of the helium propagates 
at a constant velocity from the hot end of the capil- 
lary. The velocity of advance of the turbulence 
front, vy, can be computed from the known times 
corresponding to the breaks in the curves for the 
various thermometers, and the positions of the 
thermometers along the capillary. In the case 

cited, vy = 2.2 + 0.1 mm/sec. A similar pattern, 
it was found, is followed at the cold end: a turbu- 
lence front also advances from this end, with a 
propagation velocity vc = 1+ 0.03 mm/sec. 

The velocity of the fronts is shown as a function 

of thermal current density (T = 1.34°K) in Fig. 4. 
We found the critical thermal flux to be 3.7 x 107? 
+ 0.1 x 10°? w/cm?, from measurements of the 
temperature gradient in the capillary. The cor- 
responding velocities are vp = 1.85 cm/sec and 
Vg = 0.114 cm/sec. It can easily be seen that for 
this current density the velocities vq and vc fall 
nearly to zero.. We note that even for a thermal 
flux of 6 x 10- w/em*? —somewhat more than 1.5 
times the critical value—turbulence is not gener- 
ated within the capillary. The turbulence origi- 
nates only at the ends of the capillary, from which 
it propagates at a well-defined velocity but does 
not completely fill the capillary. The temperature 
difference which develops almost at once between 
thermometers when the current is turned on, evi- 
dent in the initial portions of the curves in Fig. 3, 
is associated with Poiseuille flow of the normal 
component of the helium. For still higher thermal 


FIG. 4. Dependence 
of front velocity upon 
thermal current density 
(T = 1.34°K). 
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currents the generation of turbulence within the 
capillary becomes possible, but is of a random 
character. 

Turbulence within the capillary can develop 
even for only slightly supercritical fluxes if in- 
sufficient time has been allowed for the helium to 
become quiet. In Fig. 5 a run is recorded in which, 
in addition to the fronts advancing from the ends of 
the capillary, there was a source of turbulence 
within the capillary, in the vicinity of thermometer 
no. 8, from which turbulence fronts also moved 
outward. Figure 6 illustrates the pattern of prop- 
agation of the fronts. At each point in time t the 
portion of the capillary corresponding to the re- 
gion showing steep temperature gradients in Fig. 6 
was enveloped in turbulence. The break in the 
curve Ry, at the point a corresponds to the pas- 
sage through R,,; of the front advancing from the 
hot end; the break b corresponds to the meeting 
between this front and the front advancing from 
Rg. At the point c the front proceeding from the 
center towards the cold end has passed through 
R,;, and at d it has encountered the front moving 
from the cold end, with which the process of es- 


FIG. 5. Diagram of temperature readings as recorded by an 
EPP09-M1 for fronts propagating from ends and center of 
capillary. 


FIG. 6. Temperature dis- 
tribution, relative to bath 
temperature, along the capil- 
lary. The spacing of the 
thermometers along the cap- 
illary is indicated on the 
x axis. 
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tablishing the thermal regime has come to an end. 
In other runs, central fronts arose at other points; 
for example, near Rg or Rg. 

The process of establishment of the thermal 
regime in quiescent helium in the case of a large 
thermal flux is represented in Fig. 7. The abun- 
dance of internal fronts makes it impossible to 
understand the process in detail. 

The dependence of the temperature gradient 
upon the magnitude of the thermal flux is shown 
in Fig. 8. It is evident that the experimental data 
in the supercritical region are well represented 
by the formula 


grad T = (Ap, /08S*7*) (W® — W8), 
where Wy = 2.25 x 10-7 + 7% w/cm?, and A = 32 


+ 5% cm-sec/g. The value of the constant A 
agrees with the data of Vinen. [4] 


Ruy 


e FIG. 7. Process of establishing regime 
|| -§ for a large thermal flux (W = 7.05 w/cm’, 
T = 1,34°K). 


FIG. 8. Dependence of final 
temperature gradient in capil- 
lary upon thermal flux. 


The experiments described above permit the 
following hypotheses to be advanced regarding the 
pattern of the destruction of superfluidity in broad 
capillaries. It has been established that even well 
beyond the critical condition (by 1.5 times) the 
development of sources of turbulence within the 
capillary is strongly opposed; if, however, such 
a source does appear, then turbulence fronts 
propagate from it in both directions. Since the 
force of interaction between the normal and super- 
fluid components is proportional to (vg —vy)*, the 
profile of vg in the regime established will, as has 
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already been pointed out [10,7] be closely parabolic, 
in order that the difference vy — vg remain con- 
stant across the capillary. Hence at low temper- 
atures, for which vy > Vg, Vg will be in the same 
direction as Vy at the center of the capillary, and 
in the opposite direction near its periphery. 

Thus the propagation of turbulence fronts may 
be represented in terms of the formation at some 
point of vortex rings, which, interacting with one 
another near the center of the capillary, slip past 
each other and move in the direction of the thermal 
current. Vortex rings having circulations of the 
same sign situated near the wall move in the oppo- 
site direction, also playing, as it were, a game of 
leap-frog. Vortices of large radius must acceler- 
ate their motion as they approach the wall, but in 
so doing they rapidly lose energy, decreasing their 
length—i.e., radius—and slowing their movement. 
This last circumstance leads to the situation that 
for conditions only slightly beyond criticality the 
velocity of turbulence front advancing from the 
cold to the hot end is much lower than the velocity 
of the front moving in the opposite direction. It is 
clear that this pattern is strongly distorted by the 
thermal motion, converting regular into chaotic tur- 
bulence; the general tendency, however, remains. 

The authors take this opportunity to express 
their gratitude to P. L. Kapitza for his interest 
in and attention to this work. 
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The correlation between the f-electron and circular polarization of the y-quantum in the 
allowed Pr'“4 decay transition was investigated. From the magnitude of the correlation we 


can assign to the ground state Pr/“4 


oO". 


‘Tre study of 6 transitions is one of the basic 
methods of establishing the characteristics of 
nuclear levels. Until recently, however, the basic 
information was obtained from forbidden transi- 
tions: the degree of their forbiddenness, the shape 
of the spectra, and the magnitude of the By angu- 
lar correlation. In a number of cases such inves- 
tigations do not give unambiguous information, 
since the interpretation of the forbidden transitions 
is connected with estimates of the nuclear matrix 
elements by a very uncertain procedure. 

The nonconservation of parity in the B decay 
results in a number of nonvanishing effects in the 
allowed transitions, the magnitude and sign of 
which have an appreciable dependence on the spins 
of the initial and final states. Then, in view of the 
reduction of the number of matrix elements to a 
maximum of two, the ambiguity in the interpreta- 
tion of the results is removed. 

In the present experiment, we investigated one 
of these effects, the correlation between the B- 
electron momentum and the circular polarization 
of the y quantum in the Pr'“4 decay. The Pri“4 
decay has been investigated many times by various 
methods, !!-3] and the characteristics of the levels 
of the Nd“‘ daughter nucleus are well established. 
The adopted scheme is shown in Fig. 1. 

Consideration of ft for the 8 transitions on the 
basis of the experimentally known spins and pari- 
ties of the Nd!‘ levels determined from the yy 
correlations allows one to assign the value 0° or 
17 to the Pr‘“* ground state. 

In'3-] the shapes of the B-spectrum transitions 
and By angular correlations in the Pr'4 decay 
were carefully investigated. The shape of the 
spectrum for the 2.3-Mev transition proved to be 
very close to the unique first forbidden transition 
and the value of the coefficient A, of the By ang- 
ular correlation was almost a maximum. It was 


spin a value of 1°, instead of the previously accepted 
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FIG. 1. Pr'** decay scheme. The value of the spin deter- 
mined in our experiments is shown in parentheses. The rela- 
tive intensities are taken from|‘]. 


therefore concluded that the 2.3-Mev transition 
was a unique first forbidden transition and that the 
small difference in the correlation coefficient A, 
from the maximum value required for a unique 
transition is due to experimental errors. The 
ground state was therefore assigned a spin 0°. 

It should be noted that, on the basis of this value, 
a detailed analysis of the shape of the 8 spectrum 
of the transition between the ground states 
(0-—0* ) was made to estimate the mixture of the 
pseudoscalar variant in the 8 interaction. In order 
to verify the conclusion regarding the ground-state 
spin, we investigated the allowed transition in the 
Pr'* decay, whose interpretation can be checked 
unambiguously. 

We investigated the correlation between f elec- 
trons of the transition with an end-point energy of 
807 kev and the circular polarization of the 2180- 
kev y quanta. The experimental arrangement is 
shown in Fig. 2. 

We detected the circular polarization by the 
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FIG. 2. Experimental arrangement: 1 — source, 2 — stilbene 
crystal, 3 — Nal(T1) crystal, 4 — light guide, 5 — lead colli- 
mators, 6 — lead shield, 7 — y-polarimeter magnet, 8 — Armco- 
iron housing, 9 — permalloy shields. 


method of forward Compton scattering on magne- 
tized iron, as in'-#, 

To fix the geometry, the beam of incident and 
scattered y quanta passed through lead collima- 
tors. The scattering-magnet core was made of 
Armco iron. The measured flux density inside it 
was 22 000 gauss, which corresponds to saturation 
(21 000 gauss). The mean scattering angle was 
45°. The scattered y quanta were detected by a 
70 xX 70 mm NalI(T1) crystal coupled to a light 
guide 100 mm long with an FEU-13 photomulti- 
plier. In order to decrease the influence of the 
magnetic field, the photomultiplier was enclosed 
in an Armco-iron housing 1 cm thick and a double 
permalloy shield. Moreover, a compensation 
winding was used. All this reduced the influence 
of the magnetic field to ~ 0.08% in amplitude. 

The 6 electrons were detected by a stilbene 
crystal coupled to a light guide with an FEU-36 
photomultiplier. The photomultiplier was also 
shielded by 1 cm of Armco iron and 1 mm of 
permalloy. 

The photomultiplier output was connected to a 
fast-slow coincidence circuit with a resolving time 
of tT =5 x 107* sec. The efficiency of the circuit 
was ~ 95%. The transition had an intensity of 1% 
and was superimposed on a § spectrum with an 
end-point energy of 3 Mev. In order to provide a 
reasonable coincidence counting rate, we used a 
10° sec"! gate on the B channel. Of course, with 
such a gate the usual method of pulse amplitude 
selection in which the pulse from the FEU dynode 
is fed directly to a slow differential discriminator 
cannot be used. We therefore used time preselec- 
tion triggered by a pulse from the fast coincidence 
circuit. 

The selection circuit was designed on the 
principle of an ordinary diode coincidence circuit 
and had a resolving time of 7 x 10* sec. Such a 
circuit passed linearly pulses 5 x 107° sec wide 
and 20 volts in amplitude with a pedestal of ~ 0.8 
volts. The fast selecting pulse (7 x 107® sec) un- 
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derwent preselection from the pulse of the differ- 
ential discriminator connected in the 8 channel. 
After the selecting circuit, the pulse, which was 
passed linearly through the B channel, was fed to 
the slow differential discriminator and then to the 
counting circuit. With such an arrangement the 
superposition of pulses was reduced to a value no 
greater than 5%. 

The limits of discrimination were set so that 
electrons of energy from 300 to 800 kev were 
selected. 

To eliminate the effect of the gate on the opera- 
tion of the FEU, the three final dynodes of the FEU 
were connected to a separate power supply. 

In the measurements, the coincidence counting 
rate was 0.5 pulse/sec with a random coincidence 
background of 20%. In order to improve the stabil- 
ity, the temperature of the preamplifier was main- 
tained constant by an automatic arrangement. The 
direction of magnetization was reversed automat- 
ically every 3.5 min. 

The choice of the energy interval of the scat- 
tered y quanta involved some special problems, 
since y quanta of 2180 and 1480 kev with relative 
intensities 5.6: 2.3 coincided with the 807-kev 6 
transition. The spin decreases by one in the 2180- 
kev y transition and increases by one in the 1480- 
kev transition. Therefore the circular polarization 
of these y quanta was of opposite sign. Of course, 
the presence of the 1480-kev y transition should 
decrease the correlation coefficient. 

As a result of Compton scattering, the y lines 
were greatly broadened, and one can therefore ex- 
pect a certain overlapping of the 2180- and 1480- 
kev y lines. - 

In order to estimate the contribution of the 
1480-kev line we performed a special experiment. 
The 6 detector was replaced by a 70 xX 50 mm 
NaI(T1) crystal and we measured the spectrum of 
scattered y quanta in coincidence with the 695-kev 
line. The coincidence and singles spectra of the 


scattered y quanta are shown in Fig. 3. The chosen 


limits of discrimination in the y channel are in- 
dicated by arrows. With this discrimination the 
contribution of the 1480-kev line was ~5%. Asa 
source we used, without a carrier, Ce!“4 whose 
daughter product is Pr'“4, The source was pre- 
pared by the drop method on a terylene base 
~ 4p thick. Its density was about 100 yg/cm?. The 
source activity was about 1 mC. 

The results of the measurements were calcu- 
lated, as usual, in the form 


A = 2(/,—1.)/(, + Ja), T1.2 = Rcoine / RyOp. 
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FIG. 3. Spectra of scattered y quanta in coincidence with 
the 807-kev 8 spectrum (curve 1) and with the 695-kev y line 
(curve 2). The scale on the ordinate axis corresponds to the 
same efficiency of the other coincidence channel (8 or y). 
The arrows indicate the limits of discrimination. _ 


Here Reoinc is the coincidence counting rate, 

is the counting rate of the y channel, 6g is the 
correction for the influence of the magnetic field 
on the B channel, which, in this case, is 0.05%. 
The subscripts 1 and 2 refer to different directions 
of the y-polarimeter magnetization. As a result 
of the measurements we obtain the value 

A =+(2.3 + 0.5)% (the error represents the sta- 
tistical standard deviation). From this we obtain 
the correlation coefficient with allowance for the 
random coincidence background, geometry, and 
mixture of the 1480-kev y line: 


A, = + 0.43 0.09. 


Since the electron energy was > 300 kev, the 
corrections for the source thickness were negligi- 
ble. The scattering of the 8 electrons in air could 
also be neglected. 

The correlation coefficient for the allowed 
transitions has been calculated by a number of 
authors."10-11] The general form of the correlation, 


as is known, is 
W (6) =1+ A,—cos6. 
In the case of pure multipolarity of the y quanta, 


we have for the A—V variant and conservation of 
combined parity 


A, tN bt)+IU+D 
: 21 (+1) Vin di +1) 


Kite ED e+! tT 


ioe hae 2Viiti + 1) eae 
[Cy|Me ‘ 
(* = — icra) 


where j, and j, are the angular momenta of the 
initial and final states in the # transition, jp is 
the angular momentum of the final level of the 
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transition, I is the multipolarity of the y quanta, 
Mr, Mart are the Fermi and Gamow-Teller 
matrix elements, CA and Cy are the axial-vector 
and vector variants of the 8 interaction. Different 
combinations of the level spins and the correlation 
coefficients corresponding to them are shown in 
the table. It is seen that the first and third cases 
do not agree with the experimental value. In the 
second case, the value of A, depends on A. This 
dependence is shown in Fig. 4. The shaded region 
indicates the limits of the experimental value of 
the correlation coefficient. Unfortunately, theoret- 
ical estimates of A have not been made; however, 
the obtained value is not surprising, since in many 
jj transitions the Fermi matrix element proves to 
be small. 


pod . Transition Atheor. | Aexptl. 
1 (Vee ee +1,00 
Pe es ee es | 
AeA i Ot ae | --01 4340.0) 
aan GI Cisne iciiea es 
B T 
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FIG. 4, Dependence of the-value of the correlation coef- 
ficient on )}. The shaded region indicates the limits of the ex- 
perimental value of the correlation coefficient. 


Hence the obtained result indicates that the 
Prif4 ground state should be assigned a spin 1°. 
The value 0” adopted earlier cannot be reconciled 
with experiment. 

It should be mentioned that Hickok et al‘) noted 
that, on the basis of the shell model, the ground 
state should be assigned a spin 1”. Subsequent in- 
vestigators,“"*) however, did not consider this 
value to be in agreement with experiment and 
therefore concluded that there is a disagreement 
with the shell model which required special ex- 
planation. 

It should also be noted that since the transition 
between the ground states is a 1” — 0* transition, 
the earlier attempts to determine the mixture 
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of the pseudoscalar interaction from the shape of 
the spectrum are without justification. 

From the above it can be concluded that the in- 
vestigation of forbidden 8 transitions cannot, ina 
number of cases, give unambiguous information; 
therefore, wherever possible, the described me- 
thod for the investigation of allowed transitions 
should be used in view of the simple interpretation 
of the results. 

In conclusion the authors express their sincere 
gratitude to S. N. Oziraner for the preparation of 
the Ce!* source and also to V. V. Andryukevich, 
G. D. Chuklin, and V. B. Belyakov for taking part 
in the preparation of the equipment and measure- 
ments. 
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The total cross sections for the production of free electrons, i.e., the total ionization cross 
sections (o_) for single collisions between fast Ne™* particles and Xe atoms and between 
fast Xe"* particles and Ne atoms, have been measured. The fast ions had charges from 

0 to 4 and were accelerated by a potential which varied from 3 to 30 kv. With increasing 
charge n of the fast particle, the cross section o_ was found to increase for the Ne"*—Xe 
pair and to decrease for the Xe"*—Ne pair. An analysis of the elementary processes in 
which electrons are liberated from the shells of each of the colliding particles indicates 
that a behavior of this type could be expected. The increase of the cross section o_ with 
the fast particle charge is due to the possibility of exothermal ionization processes involv- 
ing capture. An opposite type of dependence occurs when the capture ionization is an endo- 
thermal process, so that the main contribution to the cross section o_ is due to the 


‘‘stripping’’ of the fast particle. 
1. INTRODUCTION 


Accorpie to our views on collision ionization 
in the kev range of energies, the ionization cross 
sections for the collisions of particles with me- 
dium mass should be very small. Large cross 
sections in this energy range are due to a so-called 
“‘strong-interaction mechanism,’’ which is con- 
nected with the perturbation of many electrons and 
with autoionization.) To investigate this mech- 
anism, it is important to explain the variation of 
the ionization cross section with the relative veloc- 
ity, the structure of the electron shells, and the 
charge of the fast ionizing particle. From general 
considerations, we should assume that, in the ve- 
locity range v <je/h, the ionization cross section 
should increase with increasing velocity and with 
an increasing number of electrons in the shells of 
the colliding particles.'2) 

As far as the influence of the charge is con- 
cerned, the investigations carried out by us in an 
earlier experiment 3] for singly, doubly, and triply 
charged ions of several inert gases showed that 
the charge dependence is weak and irregular. In 
order to explain more fully the influence of the 
charge of the ionizing atomic particles on the 
production of free electrons in the present experi- 
ment, we have measured the total ionization cross 
section o_ for two groups of colliding particles 
strongly differing in the binding energy of the 


electrons in the shells of the ionizing particle and 
of the target atoms. In one case, the neutral atoms 
or ions of neon served as fast particles and the 
xenon atoms (the Ne”*—Xe pairs) as the target, 
while in the second case the neon atoms were 
ionized by fast atoms or ions of xenon (the Xe™*— 
Ne pairs). 

The investigation was carried out using an ex- 
perimental arrangement described earlier. 3-5] 
The determination of the total ionization cross sec- 
tion o_ was based on the detection of the total 
number of electrons liberated from the shells of 
both colliding particles as a result of their decom- 
position or change of structure. As before, [3,4] the 
cross section o_ was measured by the condenser 


FIG. 1. Variation of the 
total ionization cross sec- 
tion o_ of the Xe atoms 
with the velocity v of fast 
Ne"* particles. 
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method for single collisions. The accelerating 
voltage varied from 3 to 30 kv. It was possible to 
obtain fast ion beams with a charge of 0 to 4. The 
multiply charged ions were identified by studying 
the isotopic composition, and also by analysis of 
the secondary spectrum produced in the capture of 
electrons by primary ions.) The total error in 
the determination of the cross section was not 
greater than 15%, for ions with charge n = 1, 2, 3, 
and 20% for fast neutral atoms and quadruply 
charged ions. 


2. RESULTS OF THE MEASUREMENTS 


Figure 1 shows the variation of the total ioniza- 
tion cross section o_ with velocity v of fast 
ionizing particles Ne’, Ne*, Ne”*, Ne**, Ne** in 
the passage through xenon. Fig. 2 shows the same 
for the fast particles Xe’, Xe*, Xe?*, Xe**, Xe'* 
in their passage through neon. 


20 

16 

12 FIG. 2. Variation of the 
total ionization cross sec- 

8 tion o_ of Ne atoms with 
the velocity v of Xe"*t 

4 particles. 

0 


u, 10’ cm/sec 


The main experimental result of the work is 
that for the Ne™*—xXe pairs the total ionization 
cross section increases with increasing charge of 
the fast Ne™* particles, while for the Ke™*—Ne 
pairs the cross section decreases for increasing 
charge of the fast Xe™* particles. It can also be 
seen from Fig. 1 that for the Ne™*—Xe pairs a 
sharp increase in the o_ cross section occurs 
starting with n=3. Thus, e.g., for v =5.4 
x 10’ em/sec (particle energy T = 30 kev), the 
cross section o_ equals 5.5 x 10° '* cm? for the 
Ne’—Xe pairs, 6 x 10-'® cm? for Ne*—Xe, 6.2 
x 107'* cm? for Ne**—Xe, 11.2 x 107'8 cm? for 
Ne*t—Xe, and ~24 x 10-'* cm? for Ne’*—Xe. 
The decrease of the o_ cross section with in- 
creasing n for the Xe"*—Ne pairs is smoother. 
For v = 2.1 x 10' cm/sec (T = 30 kev), the cross 
section o_ equals 1.8 x 10-'® em? for the Xe9—Ne 
pairs, 1.4 x 107'® cm? for Xe*—Ne, 1 x 107! cm? 
for Xe’*—Ne, 0.9 x 107'!® cm? for Xe**—Ne, and 
0.6 x 1071® em? for Xe’*—Ne. It can also be noted 
that, for the same velocity, the total ionization 
cross section o_ is practically identical for the 
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Ne’—Xe and Xe°—Ne pairs, and therefore these 
pairs are completely equivalent with respect to the 
production of free electrons. 

All cross sections increase continuously with 
increasing velocity v. However, for the Ne"*—Xe 
pairs, a slower rise of o_ with velocity is ob- 
served than for the Xe"t— Ne pairs, and the be- 
havior of the curve o_(v) depends little on the 
charge. For the Xe™*—Ne pairs, the curvature of 
the curve o_(v) increases with decreasing charge. 


3. DISCUSSION OF RESULTS 


In the collision of a fast particle I° with atoms 
of the gas A, the electrons are freed either as the 
result of pure ionization 


Pf iAu 1b AP okie (1) 
as a result of stripping of the fast particle 
Pa Aa I A seme; (2) 


or else through a combination of ionization and 
stripping 


P 4 Assa At Gn Dbye: (3) 


If the fast particle is an ion I™, then, in addi- 
tion, we can have processes of capture ionization* 


Fi AIM 40 AP bah inva: (4) 


in which some of the electrons removed from the 
atomic shell are captured by the shell of the ion 
and some are freed. 

The relative role of any process is determined 
primarily by the energy € necessary for its oc- 
currence. Thus, for instance, it is clear that for 
the Ne"*—Xe pairs the ionization of the Xe atoms 
should predominate over the stripping of the fast 
Ne™* particles, which calls for a much higher 
energy. The stripping can probably contribute ap- 
preciably to the total ionization cross section o_ 
only for the Ne’—Xe pair. For the Ne*—Xe pair, 
the cross section o_(Ne*) is somewhat greater 
then the cross section o_(Ne®) (see Fig. 1), for in 
this case € = 11.7 ev, and the following combined 
ionization and capture is possible 


Ne* + Xe—> Ne® + Xe?" +e. (5) 


Although the process (5) is endothermic, it 
needs less energy than the stripping process 
Ne’ — Ne*. 

The role of ionization with capture is evidently 
greater for highly ionized fast neon particles 


*We consider only the atoms and ions of inert gases, and 
capture of the election by fast atoms is therefore excluded. 


——— 
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where these processes become exothermic. For 


the Ne**—Xe pair, the energy € © —29 ev liberated 
in a single-electron charge exchange 


Ne?* + Xe — Ne* + Xe*, (6) 


is sufficient for the removal of a second electron 
from the Xe atom 


Ne?* + Xe —Ne*+ Xe?*#+e (€ =—7.75ev). (7) 


The liberated energy may be carried away by the 
free electron or used up for optical excitation. 

For the Ne**—Xe pair in the single-electron 
and two-electron charge exchange 


Ne®?* + Xe — Ne?*+ Xe* 
Ne®t + Xe — Net + Xe?* 


(oe — 5lev); (8) 
(e ~ — 71 ev) (9) 


an energy || >50 ev is liberated, and for the 
Ne‘’+—Xe pair, the charge exchange processes are 
even more exothermic: 


Ne‘t + Xe —Ne®*+ Xe* (¢€ > — 85ev), (10) 
Ne** + Xe — Ne?*+ Xe?* (e¢ = — 127ev), (11) 
Wet” + Xe > Ne*+ Xe°* (e = — [36 ev) (12) 


and the energy liberated in these processes is suf- 
ficient for the removal of the next two electrons 
from the Xe atom, e.g., 


Ne** + Xe — Ne’*+ Xe?*+ e 
Ne** -+ Xe — Ne®* + Xe®* + 2e 


(13) 
(e = — 32ev) (14) 


(e = — 64ev), 


etc.* 

It is clear that, at relatively large distances of 
approach of the nuclei in the case of multiply 
charged ions,“ the liberation of electrons from 
the shells of colliding particles may not only be 
due to the kinetic energy of the relative motion 
(ionization mechanism discussed in‘), but may 
also be a result of the excitation of the system 
due to the internal energy liberated in strongly 
exothermic charge-exchange processes. This ex- 
planation of the observed increase of the cross 
section o. with increasing charge is favored by 
the fact that the curves o_(v) for the Ne**—Xe, 
Ne*+—Xe, and Ne‘*—Xe pairs (see Fig. 1) are 
practically parallel, so that this ionization depends 
little on the relative velocity v. It is also interest- 
ing to note that the ionization due to the internal 


*We.do not consider here the charge exchange with total 
neutralization of the charge for the Ne** and Ne** ions, since 
it is knownl*) that the charge-exchange cross section de- 
creases strongly with an increasing number of captured elec- 
trons. Apparently, the main role in the further ionization of 
the Xe atoms is played by the processes of single-electron 
charge exchange (8) and (10). 
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energy is similar to the field extraction of elec- 
trons from metals by ions of different charge as 
studied by us,"®] and may be regarded as a field 
ionization. 

Whereas, the field ionization is the determining 
factor for the Ne™*—Xe pairs when n 2 3, for the 
opposite Xe"*—Ne pair ionization of this type 
cannot occur even when n= 5. The charge ex- 
change of Xe™* ions in Ne is endothermic when 
n= 8, and when n= 5 the energy freed in exo- 
thermic charge-exchange processes is not suffi- 
cient to free the second electron from the Ne 
atom. For the Xe’—Ne pair, the cross section o_ 
is undoubtedly determined by the stripping of the 
fast atom of Xe°, and the relative contribution of 
the pure ionization process of the Ne atoms is 
relatively small. 

From indirect data* we can also establish that 
for the Xe*—Ne pair the main role in the produc- 
tion of free electrons is also played by the strip- 
ping process, although the energy &€ = 21.2 ev nec- 
essary for the stripping reaction 


Ket + Ne-> Xe?* + Nee, (15) 


is close to the ionization energy of neon 

(© = 21.56 ev). Apparently, this is due to the ex- 
citation of a larger number of electrons in the 
outer shell of Xe than in Ne. The stripping with 
a higher degree of ionization of the fast Xe parti- 
cles needs a relatively larger energy loss, and the 
total cross ionization o_ therefore decreases with 
increasing charge. However, the fact that the o_ 
cross section decreases continuously right up to 
the Xe’*—Ne pair testifies to the considerable 
contribution of the stripping processes to the o_ 
cross section also for the Xe’*—Ne and Xe**—Ne 
pairs. 

Thus, the results of the present experiment 
permit us to explain to a certain degree the influ- 
ence of the charge of the fast particle when the 
relative velocity is v < e/fi. 

The production of free electrons is connected 
with the probability of occurrence of various in- 
elastic processes, and the character of the varia- 
tion of the total ionization cross section o_ with 
the charge n is determined by the relative role of 
the particular process. This is well illustrated by 
the data obtained for two groups of particles 
(Ne™+—Xe, Xe"*—Ne) which differ strongly in the 
binding energy of the electrons in the ionizing par- 

*For the pairs Xe+—Ne, the ionization cross section Ne 
practically coincides with the total production cross section 
of slow ions (o,), and the stripping cross section of Xet can 
be determined from the difference between the cross sections 


(c_-0,). 4] 


1030 FLAKS, OGURTSOV, and FEDORENKO 


ticle and in the gas atom. In this case, where the 1N. V. Fedorenko, Usp. Fiz. Nauk 58, 481 (1959). 
ionization processes with capture are exothermic, 20. B. Firsov, JETP 36, 1517 (1959), Soviet 
they can contribute greatly to the total ionization Phys. JETP 9, 1076 (1959). 
cross section o_, and an increase in o_ with in- 3 Fedorenko, Flaks, Filippenko, JETP 38, 719 
creasing charge is observed (Ne™*—Xe pairs). (1960), Soviet Phys. JETP 11, 519 (1960). 
On the contrary, for the pairs Xe™*—Ne, the pre- 41. P. Flaks, ZhTF 31, 367 (1961), Soviet Phys.- 
dominant role in the production of free electrons Tech. Phys. 6, 263 (1961). 
is due to the stripping processes, and the cross > Flaks, Ogurtsov, and Fedorenko, JETP 41, 
section o_ decreases with increasing charge. 1094 (1961), Soviet Phys. JETP. 
When there is no sharp difference in the binding 6]. Pp. Flaks and L. G. Filippenko, ZhTF 29, 
energy of the electrons in the shells of colliding 1100 (1959), Soviet Phys. Tech. Phys. 4, 1005 
atomic particles, there may be no regular varia- (1960). 
tion of the cross section o_ with the charge n.L3] ™Fedorenko, Filippenko, and Flaks, ZhTF 30, 

In the future, it would be of interest to carry 49 (1960), Soviet Phys. Tech. Phys. 5, 45 (1960). 
out similar investigations with ions having larger 8], P. Flaks, ZhTF 25, 2463 (1955). 


charges and in the range of lower velocities, which 
might enable us to separate the field ionization in 
pure form (without the superposition of kinetic 
ionization). It would also be of basic interest to 
measure the energy of electrons produced in the 
ionization of the gas by ions with different charge. 
In conclusion, the authors express their deep 
gratitude to Prof. V. M. Dukel’skii for valuable Translated by H. Kasha 
advice in discussing the results of the experiment. 246 
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The critical velocities for the flow of the superfluid component alone, within a capillary 

0.385 cm in diameter, and for movement in opposite directions of the superfluid and normal 
components, have been determined from the attenuation of second sound. It is shown that the 
determining factor in the destruction of superfluidity is the motion of the superfluid compo- 


nent relative to the wall. 


‘Tae concept of a critical velocity in flowing he- 
lium II was originally introduced a Kapitza, on the 
basis of his experiments in 1941.44) since that time, 
many experiments have been designed for the ob- 
servation of critical phenomena in helium. Up to 
the present, however, it has remained unclear 
whether the destruction of superfluidity in helium 
II is governed by its internal properties—i.e., the 
relative motion of the superfluid (vg) and normal 


(vn) components—or by the movement of the super- 


fluid component relative to the walls. The experi- 
ments of Hung, Hunt, and Winkel! with a slit of 
width d ~ 1y indicate that the critical quantity is 
the velocity vg relative to the walls. However, a 
number of authors, such as Vinen'] and Kramers, 
point out that for wide channels the question of 
whether vg — Vy Or Vg is the critical factor is not 
clear, since the destruction of superfluidity in wide 
channels can take place in a different manner than 
in narrow ones. No specific experiments have been 
performed in this field, a fact explained by the 
difficulty of measuring the temperature differences 
prevailing under slightly supercritical conditions 
(0 vito: 107°"? K). 

The experiment described below was proposed 
as a means of resolving the question of whether 
the destruction of superfluidity arises from the 
interaction of the superfluid current with the walls, 
or from an internal interaction between the normal 
and superfluid currents. Critical velocities were 
observed both for motion of the superfluid compo- 
nent alone and for the same superfluid component 
velocity with the normal component flowing in the 
opposite direction at a velocity several times 
higher (the counterflow case). 

For the measurements we made use of a second- 
sound attenuation method similar tothat of Vinen.”! 


ta] view. 


FIG. 1. Apparatus in which the 
measurements were performed. 
Scale 1:3. Cap shown in enlarged 
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ried out is illustratedin Fig. 1. The entire system 
is of glass. Critical velocities were observed in 
the flow of helium within a tube 1 of diameter 0.385 
+ 0.005 cm and 10 cm long. The superfluid and 
normal components were set into motion in oppo- 
site directions with the aid of a heater 2 having the 
form of a flat spiral with wide openings, made of 
30 diameter constantan. The tube 1 was separated 
from the upper portion of the apparatus by means 
of a silk screen with openings of ~ 50p, above 
which was a densely-packed column of rouge 3, 
consisting of particles of Fe,O; a few microns in 


The apparatus in which the measurements were car- size. 
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Motion of the superfluid component alone was 
produced by means of the thermo-mechanical ef- 
fect through the rouge, using the heater 4. The 
superfluid component velocity vg was determined 
to an accuracy of 3% from measurements of the 
rise in the liquid level in the tubes 5 and 6, using 
a cathetometer and a stopwatch. To insure adia- 
batic conditions, the apparatus was enclosed in a 
vacuum jacket 7, and was surrounded by a copper 
screen 8. The plug 9, which can be lowered or 
raised, controlled the thermal contact between the 
helium within the apparatus and the external he- 
lium bath. The tube 1 and the cap 11, separated 
from the former by a broad (h © 1.2 mm) gap 10 
formed a second sound resonator. The cap had a 
length h’ ¥ 4.5 mm. To insure maximum Q for 
the resonator, its length was determined from the 
condition 


Wha hl oe: hi2. 


The second sound wavelength is A © 2.3 cm; the 


width h of the gap was so chosen that the area of 


the gap was somewhat greater than the cross-sec- 


tion of the tube 1. 


A second sound radiator 12 in the form of a flat 


spiral of 30u diameter constantan was situated at 
the bottom of the cap. The second sound receiver 
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across the oscilloscope, whose screen was of the 
long-persistence type. The time 7 required for 
the second sound amplitude to fall half-way to its 
final value was measured on the oscilloscope. We 
then switched off both heaters and waited a suffi- 
cient time for the turbulence in the capillary to 
die down and the helium to come to rest. 

The following experiment was conducted to de- 
termine the time required for the helium to come 
to rest. As in the preceding case, we switched on 
the heater 2, producing a certainly supercritical 


flux W,. After equilibrium had become established, 


we turned off the heater; switching it on again 
after a time t, we determined 7T as before. 

The dependence of 7 upon t at T =1.32°K and 
W =6.5 x 10°? w/cm? is presented in Figure 2. As 
is evident from this figure, the quiescence time of 
the helium was ~ 240 sec. During the experimental 
runs we allowed at least 300 sec for the helium to 
become quiet. 

After the helium had come to rest, we again 
switched on heater 4, with a power input corre- 
sponding to another value of vg and repeated the 
whole procedure for determining T. Data on the 
variation of T with vg for motion of the superfluid 
alone are presented in Fig. 3. As is evident from 
the graph, a sharp decrease in 7 is observed at 


13, of 40u diameter phosphor bronze, was cemented vg ® 3 X 10-? cm/sec, indicating that the super- 


to a strip of thin paper and attached to the side wall 
of the cap, as close to the bottom as possible. The 


Q of the resonator was found to be of the order of 
140, determined to an accuracy of 8%. 

To reduce contact with the external volume, we 
made use of a container 14 filled with cotton. The 
temperature of the helium bath was automatically 
held constant to 10-° °K. The second sound meas- 
uring apparatus was essentially the same as that 
used in the work of Peshkov.“! The noise level 
was ~ 0.3 x 10-® v, which is equivalent to reliable 
detection of a temperature difference of ~ 3.5 
x 107! °K. The signal from the second sound re- 
ceiver was applied, after amplification, to an 
ENO-1 oscilloscope. 

In order to determine the critical velocity in 
the case of motion of the superfluid component 
alone, we carried out the following operations. 

1. Flow of the superfluid component at veloc- 
ities vg close to the critical value was induced in 
the quiescent helium above the rouge with the aid 
of the heater 4. : 

2. The heater 2, below the rouge, was turned 
on, producing a counter current of density W, 
which was known to be well into the supercritical 
range (by a factor of 7—8). Simultaneously with 
switching on the heater 2, a sweep was started 


critical mode has set in. 

To determine the critical value vg for the 
counterflow case, we carried out the following 
operations. 


FIG. 2. Variation of t with t. 
T = 1,32°K, W, = 6.5 x 10°? w/cm? 
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FIG, 3. Dependence of t upon the velocity v,: x—coun- 
terflow case, O — case of flow only of superfluid component. 
a—T = 1,44°K: for both cases W, = 5.5 x 10° w/cm’, b—T 
= 1,32°K; W, = 6.5 x 10°? w/cm? for counterflow and W, = 5.5 
x 10° w/cm? for motion of the superfluid component alone. 
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DESTRUCTION OF SUPERFLUIDITY, 


1. A small thermal flux W;, of the same order 
as the critical flux, was applied to the quiescent 
helium, using the heater 2. 

2. After waiting for a time t, = 60 sec, suffi- 
cient for propagation of the turbulence along the 
length of the tube for supercritical values of vg, 
we applied via heater 2 a heat flux Wy, which was 
known to exceed the critical value. The time T 
was then determined as before. Subsequently, 
heater 2 was turned off, the helium was allowed to 
come to rest (by waiting at least 300 sec), and the 
operation was repeated for a new value of Wj. 

In the counterflow case, the mean mass current 
density is zero; i.e., 


j= DsUs + Pn Un = 0, Us =>—_— OnUn/ Ps, (1) 


where pg and pp are the superfluid and normal 
component densities, respectively, and vg and vy 
are the corresponding velocities, averaged over 
the cross section of the tube. Since the thermal 
current density in superfluid helium is W = pQvp, 
where Q is the heat content of the helium, we 


have, using (1) 


VW=p = Qu; = p;Q (Un a> Us). (2) 


In the subcritical regime Vg =Vg- Knowing Wj, 
one can, with the aid of (2) find vg. The depend- 
ence of T upon vg, with the latter determined in 
this manner, is also shown in Fig. 3. At 
T =1.44°K, the flux W, = 5.5 x 107? w/cm’, while 
at T =1.32°K, W, =6.5 x 107" w/em’, Different 
values for W, were used in the counterflow case 
and in the case of motion of the superfluid compo- 
nent alone in order to demonstrate that the values 
obtained for vg cy are independent of W». 

It must be mentioned that a parasitic thermal 
flux from the second sound radiator and receiver, 
amounting to approximately half the value of the 
critical flux W,cy, introduces an uncertainty in 
the numerical value of vgcr as determined from 
Fig. 3. The effect of this parasitic flux is small, 
however, since due to the laminar character of the 
flow, the presence of the broad gap 10 prevents the 
propagation of the disturbances into the body of the 
tube. In control experiments, we turned on the 
second sound receiver and radiator and then turned 
them off a few seconds before applying the flux Wp». 
This had no effect; i.e., the influence of the para- 
sitic flux is small. Moreover, in determining the 
critical velocity for the case of motion of the 
superfluid alone, we waited for a longer time than 
usual (up to 150 sec) after turning heater 4 on, and 
then switched it off at the same time heater 2 was 
turned on. This did not affect the data on Vgcy- 
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Let us analyze our experiments on the basis of 
the hypothesis that excitations arise during the de- 
struction of superfluidity by vortex rings. This 
viewpoint makes it possible to explain a whole 
series of experiments (Atkins\, Peshkov and 
Tkachenko'®!), If one assumes that the quantity 
Vg — Vy is the determining factor in the onset of 
criticality, then it is natural to consider that the 
vortex ring arises somewhere within the tube. We 
then have, according to Landau’s relation 


e/p <| 0, — vn |, 
Using the relationship between € and p 


& h fat 
— —In 
p mr a 


for a vortex ring of unknown radius r’ (Atkins"7)), 
and taking into account the parabolic profile of the 
normal component velocity, one can readily dem- 
onstrate that the formation of a vortex ring of 
radius r’ = R/V3 is the most profitable, where R 
is the radius of the tube. Then 


(Us — Un)er = (8/p) "=RV3 ~ 3-10 cm/sec. 


Experimentally, in the counterflow case at 
T =1.32°K, the value of (vg — vn)er at r=RWV3 
is 0.6 cm/sec. This is higher by a factor of 20 
than the theoretical value, which indicates that the 
assumption that vy — vg is the critical velocity, 
and, consequently, that the vortices are formed 
within the tube, is incorrect. 

A second viewpoint, which makes the velocity 
of the superfluid component relative to the walls 
the critical one, appears to be the correct one. In 
this case the formation of vortices of maximum 
radius, close to that of the tube, is the most fa- 
vored. There must, then be agreement between 
the values of the critical velocity vg,, obtained 
for vg and vy oppositely directed, and for move- 
ment of the superfluid component alone, as is, in- 
deed, observed experimentally. As can be seen 
from Fig. 3, these velocities do agree, and we 
find vs cr © 0.3 x 10°! cm/sec. This is close to 
the value Vgcr ¥ 0.35 x 107! cm/sec obtained by 
use of the semiempirical formula derived by 
Peshkov!#! on the basis of certain assumptions re- 
garding vortex rings. 

In addition to finding the critical velocity, we 
also determined the character of the attenuation 
of second sound with the superfluid component 
alone in motion. The smallest value for the atten- 
uation, limited by the sensitivity of the apparatus, 
was found at Vg = 0.2 cm/sec. The attenuation co- 
efficient was determined from 
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where v is the resonance frequency (v ~ 850 cps), 
Q(0) is the quality factor of the resonator, and 

A, and A, are the amplitudes before and after the 

onset of the attenuation. The dependence of y upon 
Vg was found to be quadratic, and is illustrated in 

Fig. 4. 
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FIG. 4. Attenuation of 
second sound for the case 
of movement of superfluid 
component alone. 


The value of y does not change as the second 
sound amplitude is varied. The force F,, devel- 
oped per unit volume may be represented (Vinen, [10] 
Atkins") in the form 


Fen = Apnpsvs (Vs pee Vn); 


The constant A in this formula is found from the 
expression y = Apv4/2u,, where u, is the second 
sound velocity; it has, at various temperatures, the 
following values: 

T, °K 


A,cm sec g7} 


IT 1.32 1,444 1,815 
20 28,4 39 73 


ll 


The accuracy of determination of the constant is 
15—20%, due to the fact that contact between the 
internal resonator and the external helium bath 
was not completely eliminated in our system. 

The existence of the force Fgp, as Vinen"4] has 
shown, may be explained by the appearance in mov- 
ing helium of well-developed turbulence. Compar- 
ison of the results of Kidder and Fairbank, 12 
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which cannot be explained by the existence of well- 
developed turbulence leading to the generation of 
the force Fgn, with our data, indicates the pres- ; 
ence in broad channels of a transition from ‘‘small- | 
scale’”’ to “‘large-scale’’ turbulence. In narrow 
channels (Hung, Hunt and Winkel!) the ‘*small- 
scale’”’ turbulence region is evidently either absent 
or extremely short, due to the large critical values 
for Vg- 

The experiments which we have performed thus 
support the viewpoint that the destruction of super- 
fluidity is a consequence of the formation of vortex 
rings of the Onsager-Feynman type. The critical 
velocity, moreover, appears to be vg and not 
Vg — Vy; i.e., vortices are formed, not as a result 
of counterflow within the helium, but due to the 
interaction of the superfluid motion with the wall 
of the capillary. 

In conclusion, the authors take the opportunity 
to express their gratitude to P. L. Kapitza for his 
unfailing interest in and attention to this work. 
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Resonance at an energy of 1330 kev was investigated in the reaction Si (p, y) P®. The mag- 
netically separated isotope Si” was used as a target and a y-spectrometer with a NaI(T1) 
crystal of 70 mm diameter and 50 mm height was used for the measurements. Quantum 
characteristics J" = 2* and T=1 were obtained for the P*” 6.847-Mev resonance level on the 
basis of measurements of the y-ray spectra and of the angular distributions. A scheme is 
proposed for the y-transitions from the given resonance level. 


INTRODUCTION 


Tue first researches on the reaction Si?’ (p, y) 
p*®” (Q = 5.562 Mev) using targets made of mag- 
netically separated Si? were carried out in 1954 
by Endt, Kluyver, and Van der Leun. 1] 
analysis of the a particles from the reaction 
s?2(d, a) P®?(Q = 4.887 Mev), Endt and Paris! 
observed that P*’ has not one 0.688-Mev level as 
indicated by Endt et al,"") but two closely-lying 
levels with energies 0.684 and 0.706 Mev. Van der 
Leun and Endtl# again investigated the y spectra 
inthe Si (p, Y) p*” reaction at resonant energies 
Ep = 326, 414, 696, and 729 kev, and determine the 
spins and parities and also the isobaric spins of 
certain low-lying and resonant levels of P*’. 

In the present investigation we continue the 
study of the si? (p, y) P® reaction at higher bom- 
barding-proton energies and measure the spectra 
and angular distribution of the y rays for one of 
the observed resonances (Ep = 1330 kev yy 


APPARATUS, METHOD, AND PROCEDURE OF 
MEASUREMENTS 


The source of the bombarding protons was the 
4-Mev electrostatic generator of the Physico- 
Technical Institute of the Ukranian Academy of 
Sciences, which was described earlier. 4] 

The isotopic target was prepared directly in an 
electromagnetic separator, by ‘‘hammering”’ the 
Si?” ions into a tantalum base.) The energy 
losses in the target used in these experiments 
were approximately 5 kev for 1.3-Mev protons. 

To measure the spectra of the y rays we used 
a NaI(T1) crystal 70 mm in diameter and 50 mm 
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FIG. 1. Hard part of the y-ray spectrum for the resonance 
at E, = 1330 kev in the reaction Si” (p, y) P”. 


high, mounted on an FEU-43 photomultiplier. The 
preamplifier was placed next to the photomultiplier 
and was connected to the main amplifier through a 
long cable, the output of the main amplifier being 
fed to a 100-channel AI-100-1 pulse-height analy- 
zer. The crystal with the photomultiplier could be 
rotated about the center of the target, and the 
angles to the proton beam could be set at values 
from 0 to 145°, right or left. 

In the measurement of the angular distribution 
of the y rays, the target was mounted such that 
its normal made an angle of 30° with the direction 
of the proton beam. Consequently, for angles less 
than 90°, a correction was introduced for the ab- 
sorption of y rays in the tantalum base. The cor- 
rection for absorption did not exceed 5% with a 
3% average. 

The measured angular distribution of the y 
rays was processed by the least-squares method 
and the coefficient A, in the angular distribution 
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Table I. 
kN ip i aad pol SE a oe a a 
L 1 of PP? 
y lines observed “nucleus Fowiit Sait d d 
No. | i trum, 5 
See ee initial | final relative 
intensity* 
1 6.84+0,08 | 6,847 0 6.847; 70% 
2 4.90+0.08 ' 6,847 1,97 4.877; 10% 
3 3.90+0.08 6.847 2.94 3,907; 15% 
4| 3,500.08 4.18 0,684 | 3.496; 5% 
5 2.70+0.08 6,847 4.18 2,667 
6 2.25+0.08 2.94 0.684 22200 
7 4.97+0.08 1.97 0 4.97 
8 4.65+40.08 4,18 2.54 1.64 
9 4.45+0.08 1 2.94 4.45 1.49 
10 0,68+0..05 | 0,684 0 0,684 


*The sum of all the transitions from the resonant level is 
taken to be 100 percent. 


was corrected for the finite angle subtended by 
the crystal. 


EXPERIMENTAL RESULTS 


The relative y-ray yield due to proton capture 
was measured at 90° to the proton beam. Two vy 
resonances belonging to this reaction were ob- 
served at Ep values of 1308 and 1330 kev. 

Figure 1 shows the hard part of the y-ray 
spectrum, measured for the 1330-kev resonance. 
All the observed y lines and the corresponding y 
transitions between the P*” levels are listed in 
Table I. 

The angular distribution for the y transition 
from the 6.847-Mev resonant level to the ground 
state of P*®9(y line 1) is shown in Fig. 2. As can 
be seen from the figure, the angular distribution 
has good symmetry relative to the 90° angle. We 
can therefore assume that at the 1330-kev reso- 
nance this y-ray angular distribution is due to the 
capture of protons with one value of the orbital 
momentum 1P. 

The experimentally obtained angular y-ray 
distribution for the 6.847-Mev y line, reduced 
by the least-squares method and corrected for the 
finite solid angle subtended by the crystal, had the 
form 
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FIG. 2. Experimental an- 
gular distribution of the y rays. 
for the y transition from the 
6.847-Mev level to the ground 
state of P® {see (1)]. 7 
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This value was compared with all the theoretical 
angular distributions possible for y transitions to 
the level with spin 1. From Table II it is easy to 
see that this comparison makes it possible to as- 
sign to the 6.847-Mev resonant level only one spin 
value, namely 2. The parity still remains indeter- 
minate, however, since the coefficient A, in the 
experimentally-obtained angular distribution can 
correspond either to one of the calculated angular 
distributions (— 0.50), or to multipole mixtures 
(M; + E,), or to channel-spin mixtures (J, =1 
and 0). 


GAMMA-TRANSITION SCHEME FOR P*? AND 
DISCUSSION OF THE RESULTS 


The analysis of the measurement results in a 
proposed y-transition level scheme for the 
6.847-Mev level of P®? is shown in Fig. 3. From 
an examination of this scheme we can draw cer- 
tain conclusions concerning the parity of the 
6.847-Mev resonant level and its isobaric spin T. 
For the given resonant level, generally speaking, 
there exist four possible estimates of the quantum 
characteristics, namely: 2*, T=0; 2*, T =1; 
2, T=0 and 2, T=1. Recognizing, however, 
that the direct transition to the ground state of P* 
from the resonant level is a dipole transition and 
is the most intense of all other y transitions, and 
that El and M1 transitions with AT = 0 are ap- 
parently forbidden by the selection rules in T, we 
must assign to the 6.847-Mev resonant level a 
value of T =1. It remains therefore to examine 
two possible estimates: 2*, T=1 and 2°, T=1. 

The y transitions to the ground state and the 
intermediate levels should be classified as M1 and 
E2 in the former case and El and M2 in the latter 


W exp,(0) = 1 — (0,485 + 0,015) cos? 6. (1) case. But since the probability of observing M2 
Table II. 
Spin of initial state 
0 1 2 
a 7 A, : ‘5 ec | ne | 1 ‘» 1 | 4, 
0 0 0 0 4 0 2 0 —0,60 
4 4 0 2 4 +0,43 2 4 —0,33 
4 0 +4.00 4 4 —0,45 
4 4 —0,33 | 3 4 —0.50 
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FIG. 3. y-transition 
scheme in P*° from the 
6.847-Mev resonant level. 


transitions in parallel withan E1 transition is negli- 
bly small compared with the probability of observ- 
ing the corresponding M1 and E2 transitions, a 
positive parity of the resonant level is the more 
probable. Thus, the resonant level must be assigned 
values 2* and T =1. 

Since the value A, = —0.485 + 0.015 obtained in 
the experimental angular distribution differs ap- 
preciably from the calculated values (— 0.60 and 
— 0.33), it is of interest to discuss possible mix- 
tures of multipoles and channel spins. 

For the multipole mixture M1 + E2 we can 
obtain good agreement with experiment if we add 
to the pure M1 transition [with angular distribution 
W(6)=1 — 0.60 cos’ @] an E2 transition mixture 
with coefficient 6 = (2|E2|1)/(2|M1|1)=0.1 or 
6e=10.01/ 

For the mixture in channel spin, the coefficient 
in the angular distribution of the y rays is given 
by the relation 


2 = — (0.60 + 0.33)/(1 + 2), 


where t is the channel-spin mixture coefficient. 
It is of interest in this case to compare with 
experiment the values of the coefficient t, pre- 
dicted by the theory for two limiting cases of jj 
and 7s couplings. The analysis shows that in the 
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FIG. 4. The coefficient A, in the angular distribution of the 
y trays for a channel-spin mixture as a function of the mixture 
coefficient t. The hatched strip corresponds to the experi- 
mental value of A, (with the error in its determination). The 
arrows indicate the values of tj; predicted by the theory. 


case of an 7s coupling there is no agreement with 
experiment, since the theoretically predicted 
values of t7g are 0 and~, i.e., there are no 
channel spin mixtures for the Js coupling. In the 
case of jj coupling, tjj has two values", % and 3. 
Figure 4 shows a comparison of the theoretical 
values of t for the jj coupling withthe experimentally 
obtained value based on measurement of the angu- 
lar distribution of the y rays. As can be seen 
from the plots of A, vs. t, only one of the values 
predicted by the theory for the jj coupling is in 
good agreement with the experimental value 
A, = —0.485 + 0.015. 


TEndt, Kluyver, and Van der Leun. Phys. Rev. 
95, 580 (1954). 

2p, M. Endt and C. H. Paris. Phys. Rev. 110, 
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The lattice constant and the intensity of the Na” nuclear magnetic resonance absorption line 
were studied as functions of the impurity concentration in NaCl crystals containing AgCl, 
NaBr, and KCl impurities. A clear correlation was observed between decrease of the ab- 
sorption line intensity and variation of the lattice constant. Both the intensity and the lattice 
constant are unique functions of n and c not depending on the kind of impurity. (c is the 
impurity concentration and n is the number of Na™ nuclei within the ‘‘critical’’ sphere. ) 
The degree of elastic deformation of the lattice near an impurity ion is estimated. At dis- 
tances of 8.9, 12.4, and 16.7 A from Ag”, Br, and K”* ions, respectively, the degree of 


deformation was approximately ft 05°: 


1. INTRODUCTION 


CrvsTAL lattices are deformed in the vicinity 
of impurity atoms and ions. However, very little 
is known regarding the nature and degree of this 
deformation. X-ray analysis shows that impurities 
change the average atomic separation (the lattice 
constant), but does not supply information regard- 


ing local deformations near impurity ions or atoms. 


The latter type of information can be obtained by 
means of nuclear magnetic resonance. The investi- 
gation of quadrupole effects in the nuclear magnetic 
resonance of impure crystals can be used to deter- 
mine the character and degree of local lattice de- 
formations. However, the results obtained by this 
method are still very incomplete. *!1/2 

Let us consider the method as applied to the 
simplest case of a cubic crystal. The high lattice 
symmetry of a pure and nearly perfect crystal 
makes the electric field gradient zero at all nuclei. 
Therefore the central line component (the transi- 
tion m = %— m= —'4, where m is the magnetic 
quantum number) and satellites (m — m —- 1 
transitions with m # Y,) coincide in frequency, 
forming a single combined absorption line. The 
introduction of an impurity induces electric field 
gradients at the nuclei. These gradients can result 
both from the electric field of an impurity atom or 
ion and from elastic deformations, i.e., local 
changes of lattice symmetry. A charged impurity 


*This does not apply to Rowland’s very thorough studyl*] 
of impurities in copper, where it was shown that in this case 
charge effects, rather than lattice deformations, are respon- 
sible for the quadrupole interaction. 


is accompanied by both effects, while only the 
second effect occurs in the case of a neutral im- 
purity. 

Satellite frequencies are shifted by an interac- 
tion between nuclear quadrupole moments and the 
electric field gradient. The maximum shift will 
obviously occur for nuclei in the immediate vicin- 
ity of an impurity ion, where the gradient is es- 
pecially large; the shift will diminish with increas- 
ing distance between the nuclei and the impurity. 
We therefore introduce the concept of a critical 
sphere around an impurity ion. The radius of this 
sphere is defined as such that for all nuclei within 
the sphere the satellite frequency shift exceeds 
the half-width of the absorption line at its base, 
i.e., at the instrumental noise level. The satellites 
of these nuclei are smeared out within a broad 
frequency interval and are lost in the noise back- 
ground, so that an apparent reduction of absorption 
line intensity is observed. The reduction of inten- 
sity becomes more marked as the impurity concen- 
tration increases and thus puts more nuclei within 
critical spheres. 

At low concentrations, however, when there is 
only a small probability that critical spheres in- 
tersect, the contribution of satellites to the absorp- 
tion line intensity is 


J=J,)(1—ne), (1) 


where J) and J are the satellite intensity ina 
pure and impure crystal, respectively, n is the 
number of nuclei within a critical sphere, and c 
is the impurity concentration. The slope of the 
first segment of the curve of J/J) as a function of 
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ce can be used to determine n and thus also the 
radius R of the critical sphere.* 

The critical radius determined in the foregoing 
manner is, of course, arbitrary since the width of 
the absorption line at its base depends on the noise 
level. However, this width can be used to deter- 
mine the electric field gradient for nuclei at a 
distance R from an impurity ion, thus imparting 
a definite quantitative meaning to the concept of a 
critical sphere. 

As a basis for a systematic study of the differ- 
ent impurities in NaCl crystals we had first de- 
termined the components of the tensor relating the 
electric field gradient at a Na” nucleus to the 
elastic deformation of the NaCl lattice." when 
these tensor components are known the degree of 
lattice deformation at the boundary of a critical 
surface can be computed. 

In the present work we investigated NaCl crys- 
tals with neutral impurities containing Ag*, Br’, 
and K*. The dependence of the Na” absorption 
line intensity on impurity concentration was meas- 
ured along with x-ray measurements of the lattice 
constant. 


2. PREPARATION OF SAMPLES 


Pure NaCl crystals and crystals doped with 
AgCl, NaBr, or KCl were grown by the Kyropoulos 
method from a melt containing chemically pure 
materials. The impurity content was determined 
by chemical analysis—by weighing in the case of 
Ag, by the iodometric method in the case of Br, 
and by the cobaltinitrite method in the case of K. T 

The largest concentrations of AgCl, NaBr, and 
KCl in the crystals were 4, 11, and 3% mole, re- 
spectively. All crystals grew well within these 
limits. An attempt to grow NaCl-AgCl crystals 
containing above 5% AgCl was unsuccessful; the 
growth rate decreased sharply and the crystals 
were unsatisfactory. 

It should be noted that the impurity concentra- 
tion in the NaCl-NaBr system was almost identi- 
cal with the concentration in the melt, but that 
there were considerable differences in the other 
two systems. 

Samples for both x-ray structural measure- 
ments and nuclear magnetic resonance measure- 


*In earlier workl***] we determined the number of atoms in 
a critical sphere from the expression J/J, = (i —c)", which 
was derived from probability considerations. ‘] It is easily 
seen that at low concentrations this expression is equivalent 
to the simpler formula (1), 

tWe take this opportunity to thank I, A. Amantova, N. S. 
Volosatova, P. V. Usachev, and G. I. Bel’kov for performing 
careful analyses. 
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ments were cut from single crystals grown to a 
diameter of about 50 mm and height of 30 mm. The 
average dimensions of the samples were 5 x5 

x 10 mm and 9 x 9 x 20 mm, respectively. Samples 
for chemical analysis were taken from the same 
portions of the respective crystals. In order to 
allow for a possible nonuniform impurity distri- 
bution many samples were analyzed chemically 
following the completion of the other measure- 
ments. It was found that the nonuniformity of im- 
purity distribution within a sample did not exceed 
10% of the mean concentration. In most instances 
the nonuniformity was at a satisfactory level of 
about 5%. 

It is known from the literature that some mixed 
alkali halide crystals contain a large number of 
vacancies (seel4, for example). To determine the 
vacancy concentration, the density of our samples 
was measured by flotation, and the results were 
compared with the densities calculated from x-ray 
data. The discrepancy found in the case of NaCl 
crystals containing NaBr indicates that one va- 
cancy exists for every seven Br” ions. In the 
case of crystals doped with AgCl and KCI the 
disagreement between the computed and measured 
densities did not exceed the experimental error 
limit. On the basis of the measurements we con- 
clude that not more than one vacancy exists for 
every 15 Ag” ions or every 25 K* ions. 

We have thus found that crystals containing 
NaBr have the largest number of vacancies, while 
those containing KCl have the smallest number. 
Our results will show that vacancies do not appre- 
ciably influence the intensity reduction of the nu- 
clear magnetic resonance line. 


3. MEASUREMENT OF THE LATTICE CONSTANT 


The lattice constants were measured by A. I. 
Zaslavskii and T. B. Zhukova, using Kq emission 
from copper in a RKU-114 camera. Preliminary 
adjustment of the samples was performed in a 
RKSO camera. The lattice constant was deter- 
mined to within + 3 x 107* A from the distance be- 
tween reflections from (640) planes. The results 
are seen in Fig. 1, which also gives the relative 
change Aa/ay of the lattice constant as a function 
of impurity concentration for each of the three 
systems. Aa/ay is seen to be a linear function of 
concentration within the given limits. The lattice 
constant changes most markedly in NaCl-KCl 
crystals. Changes in the NaCl-AgCl system are 
small, and the NaCl-NaBr system occupies an in- 
termediate position. 


M. I. 


FIG. 1. Relative variation of 
lattice constant as a function of 
impurity concentration. A—Ag?*, 
eg) Stl fey les 
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4. MEASUREMENT OF NUCLEAR MAGNETIC 
RESONANCE 


The Na” absorption line in pure and impure 
NaCl crystals was measured with the apparatus 
described in'®], using both a Franklin oscillator 
and one of the type described by Gutowsky et al. in 
in], The latter differed from the original design 
in that prior to detection the signal was amplified 
at high frequency, thus somewhat improving the 
signal-to-noise ratio. In order to avoid saturation 
of the absorption line, measurements were per- 
formed at low voltages of the order 0.03 and 0.01 
volt, respectively, in the Franklin and Gutkowsky 
oscillator circuits. For all measurements the 
magnetic field strength was 45 oe with 0.5 oe 
modulation amplitude. 

The measurements showed that with increasing 
impurity concentration the absorption line inten- 
sity is reduced, approaching that of the central 
component, which in the case of Na with spin */ 
is four-tenths of the total intensity.“ with fur- 
ther increase of the impurity concentration a re- 
duction of central line intensity is observed; this 
corresponds to a second-order quadrupole effect, {101 
The concentration at which this reduction begins 
is 3% mole in KCl and 10% mole in NaBr. Re- 
duced central line intensity was not observed for 
crystals containing AgCl since, as already men- 
tioned, crystals could not be grown with a suffi- 
cient AgCl content. 

Figure 2 shows the relative intensity of satel- 
lites as a function of impurity concentration. Satel- 
lite intensity was taken as the difference between 
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FIG. 2. Relative inten- 

46 sity of satellites as a func- 
ry, tion of impurity concentra- 

‘ tion. (Notation as in Fig. 1). 
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the measured intensity and that of the central com- 
ponent. The steepest reduction of satellite intensity 
is seen to occur for NaCl-KCl, where the intensity 
is reduced to approximately one-fifth for 1% mole 
KCl. The NaCl-AgCl system exhibits the smallest 
intensity reduction, while NaCl-NaBr occupies an 
intermediate position. 

It should be noted here that the measure of 
satellite intensity in Fig. 2 is the amplitude of the 
derivative of the absorption line, since no changes 
of line width and shape were observed within ex- 
perimental error limits. However, the absorption 
line area was calculated for individual samples, 
as a check. The intensities obtained in this way 
showed that the amplitude of the derivative is an 
exact measure of intensity only at low impurity 
concentration, but gives slightly overestimated 
intensities at high concentrations, when the satel- 
lite intensity approaches zero. This can account 
for some narrowing of the central line as the sat- 
ellites are smeared out.!101 However, since the 
general character of the dependence of intensity on 
impurity concentration does not vary and only low 
concentrations are important for our quantitative 
purposes, the amplitudes of the derivative of the 
absorption line have been used as a measure of 
intensity for all points in Fig. 2. 

It is seen from Fig. 2 that the first portion of 
the satellite intensity vs impurity concentration 
curve is a straight line for each of the three sys- 
tems. The slope of each line gives the number n 
of Na* ions within the critical sphere and thus the 
radius R of the critical sphere. The values of n 
and R obtained in this manner are shown in the 
table. 


Impurity ion n | RA 
Agt 76 8.9 
Br- 200 12,4 
Kt 460 16,7 


5. DISCUSSION OF RESULTS 


1. From the determination of the critical sphere 
in accordance with Eq. (1) it follows that at low 
impurity concentrations the satellite intensity is a 
unique function of the total volume nec of critical 
spheres, independently of the kind of impurity. 
Experiment shows (Fig. 3) that this also occurs at 
high concentrations, when the critical spheres 
must intersect. This intersection only causes the 
given dependence to depart from linearity, begin- 
ning at nc © 1, as was to be expected. 

Another interesting result is that the absolute 
value | Aa|/ay) of the relative change of the lattice 
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FIG. 4. Relative change of 
lattice constant vs. total volume 
of critical spheres. (Notation as 
in Fig. 1), 
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constant is also a unique function of nc, independ- 
ently of the kind of impurity (Fig. 4). 

A clear correlation, independent of the kind of 
impurity, therefore exists between the change of 
atomic separation determined by x-ray analysis 
and the departure from cubic symmetry detected 
by means of nuclear magnetic resonance. 

2. We now compute the plastic deformation of 
the NaCl lattice caused by ope Ly, ions. For this 
purpose we use the previously 6] determined com- 
ponents of the tensor S (S,, =2%x10" and Sy 
= 0.5x 10% in cgs electrostatic units) which relate 
the electric field gradient at a nucleus to the 
elastic deformation of the lattice. When the field 
gradient at the nucleus is known the degree of de- 
formation can be evaluated from a knowledge of 
these tensor components. 

By perturbation theory the satellite frequency 
shift associated with quadrupole interaction is 
given by!!0] 


Av = ‘ead iaudertts y Pin? (2) 


where ‘I is the nuclear spin, Q is the nuclear 

quadrupole moment, and yyy is the component of 

the gradient along the magnetic field. 

Equation (2) enables us to determine the grad- 
ient yy for nuclei located at the critical sphere 

boundary. As already stated, the critical sphere 

is defined in such a manner that for nuclei situated 

at the critical radial distance from impurity ions 


the frequency shift Av equals one-half the experi- 
mental line width at its base. Equating the right- 
hand side of (2) to the half-width, which in our case 
is ~ 5 kc, we determine the gradient at the critical 
sphere boundary. Our result, gyy * 10'? egs esu, 
leads to a deformation of the order 107° at the 
critical sphere boundary. 

This deformation occurs at distances of 8.9, 
12.4, and 16.7 A from Ag*, Br~, and K”* ions, 
respectively. This large deformation at such large 
distances from impurity ions shows how strongly 
the lattice is deformed by impurities. Even at low 
impurity concentrations a cubic crystal is actually 
cubic only ‘‘on the average’’ and departs from 
cubic symmetry at every individual point. 

3; The theory of elasticity for an isotropic con- 
tinuum is conventionally used to determine lattice 
deformations induced by impurities. The relative 
deformation € ata distance r from an impurity 
ion is taken to be 


& = (a,—a,) ar, (3) 


where ay and a, are the radius of the host ion and 
impurity ion, respectively. It is interesting to 
check the consistency of this formula with our ex- 
perimental data. 

It follows from the definition of the critical 
sphere that the relative deformation €ey at the 
critical sphere boundary should be a constant that 
is independent of the kind of impurity. We obtained 
the following values of Ecy = (an — a9)- azR-3 for 
each of the impurities: 

Agt Br- Kt 


ep l= 3,95 2,400.78. 


Pauling’s values of the ionic radii have been used: 
Na* — 0.95, Cl” — 1.81, Ag* — 1.26, Br7 — 1.95, 
and K* — 1.33 A. 

Very different values of Ecy are therefore as- 
sociated with the different ions. This result prob- 
ably ensues mainly from the fact that ions do not 
actually resemble solid spheres with well defined 
radii, as was assumed in deriving (3). 

In conclusion the authors wish to thank O. M. 
Nilov and V. V. Sokolov for assistance. 
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An analysis was made of 355 interactions between 7 mesons and nucleons. The momentum 
and angular distributions of the secondary charged particles were measured. Information on 
wT mesons produced in the interactions has been obtained. The experimental data are com- 
pared with the statistical theory. The results suggest that peripheral interactions may exist. 
In events of low multiplicity (two-prong cases) ‘‘one-meson’’ peripheral interactions play an 
important role, while in events of large multiplicity an important role is played by interac- 
tions not of the one-meson type, among which also central collisions are possible. 


I. EXPERIMENTAL RESULTS 


ln this experiment we used photographs obtained 
with a 24-liter propane bubble chamber”! placed 
in a magnetic field of 13 700 oe. The arrangement 
in which the chamber was located in a beam of 
(6.8 + 0.6) Bev/c negative pions from the proton 
synchrotron of the Joint Institute for Nuclear Re- 
search has been described previously.!* We 
scanned 870 pictures, on which we found 777 inter- 
actions of ™ mesons with hydrogen and carbon 
nuclei. The pictures were scanned twice. The 
overall efficiency of the scanning was close to 
unity. 

1. To measure the momenta and angles we 
selected visually 456 interactions. The remaining 
321 events were rejected on the basis of the fol- 
lowing criteria: a) the sum of the charges of the 
secondary particles was not equal to 0 or —1; 

b) the presence of a short track of length < 2 mm; 
c) the number of slow-particle tracks stopping in 
the chamber was 2 2. 

Moreover, we discarded 28 elastic ™ p scatter- 
ings which were used in!) 

On stereoscopic pairs of pictures of the selected 
events we measured under a microscope the co- 
ordinates of 8—20 points of each track. From the 
coordinates we calculated the momenta of the par- 
ticles, the error of the momentum measurement, 


*The value of M is equal to the nucleon mass for inter- 
actions with a free nucleon. For interactions with quasi-free 
nucleons, the value of M depends on the state of motion of 
the target nucleon and lies within the limits 0.76-1.16 Bev. 
The events were considered to be nN interactions if 2A; 
< 1.16 Bev. 


and also the direction cosines of the track at the 
point of interaction. The calculations were made 
on an electronic computer. For tracks of primary 
pions producing the interactions we obtain a mean 
momentum p,- = 6.9 + 0.4 Bev/c, which agrees, 
within the limits of error, with the mean momen- 
tum calculated from the data of 8] (6.7 + 0.2 Bev/c). 

2. All secondary negative particles were as- 
sumed to be t mesons. For positive particle 
tracks we measured the ionization by a gap- 
counting method similar to that used in. For 
each interaction we measured the ionization of the 
primary pion, and the ionization of all secondary 
particles was referred to this value. We separated 
the protons and 7* mesons for the momenta up to 
1.2 Bev/c. In addition, part of the particles were 
also identified by their range. In all, it proved to 
be possible to identify 99% of the positive particle 
tracks of momentum = 1.2 Bev/c. 

3. As a result of the momentum and ionization 
measurements, we discarded 37 cases not satisfy- 
ing the foregoing criteria and also cases of 
‘‘scattering’’ by angles < 5°. 

As was shown earlier in, for each mN inter- 
action the relation 


» A: = D) (E:— p, cos 6;) << M 


should be satisfied, where M is the nucleon mass.* 
The summation is carried out over all secondary 
particles of total energy Ej, momentum pj, and 
angle 6; relative to the direction of motion of the 


[4 


*Similar interactions with neutrons are included in the 
group of ‘‘scatterings’’ by an angle < 5°, and therefore were 
also excluded from the final statistics. 
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Table I 
Primary P © 
Reference 1r en- Fiot (TP), 
ergy, Bev mb 
[*] 9.2 25+4 
Present 6.8 ony 
expt. 
U] bee 29.4+2.9 
C) 4.7 28 
[°] 4.4 30-45 
[) 4.3 30-+5 


primary particle. The inequality sign refers to 
cases in which not all neutral secondary particles 
are known. We discarded another 24 cases as a 
result of the application of this relation. 

Moreover we discarded 12 two-prong events 
whose kinematics corresponded to cases of elastic 
interactions of a ™ meson with a quasi-free pro- 
ton.* 

4, We ultimately selected 262 cases of inelastic 
interactions of a m™ meson with a proton and 93 
cases of interaction with a neutron. We estimated 
the inelastic 7 p interaction cross section and ob- 
tained the value ojn (7p) = 25 + 3 mb. In the cal- 
culation of the cross section we assumed that the 
interactions with quasi-free protons and quasi-free 
neutrons are of the same frequency. The corre- 
sponding value for inelastic interactions of a 1 
meson with a carbon nucleus turned out to be 
Oj, (7 C) =194 +13 mb. The elastic 7 p cross 
section obtained in‘) was 5.5 mb. Hence the total 
™p interaction cross section was oot (7p) 
= 31 mb. Tables I and II give a summary of the 
data on the cross sections oto¢(7p) and oj (mC) 
obtained in our and other experiments. 


Table II 
Primary ’ c 
Reference 1 en- 0i,(7-©), 
ergy, Bev mb 
I 4,5 2194-14 
[?} 4,2 218-+-7 
*) 2—4 210183 
: 97 
4-66 | 208197, 
Present 6.8 194-+4-13* 
expt. 


*Only the statistical error is shown. 
No special estimate of possible sys- 
tematic errors was made. 


*We estimated only the statistical error. No special esti- 
mate of systematic errors was made. 
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FIG. 1. Distribution of angles be- a 
tween electron and positron tracks. 


Tables III and IV show the distributions of the 
observed cases for different values of the multi- 
plicity n of charged particles and the values of 
the mean multiplicity n of charged particles. Also | 
shown are the emulsion data") and the results of 
calculations made with the statistical theory in 
which the isobaric states"'5:1€] were taken into ac- 
count. 

As seen from these tables, the charged-particle 
multiplicity distribution is in agreement with the 
results obtained by the emulsion technique. The 
calculations with the statistical theory give values 
close to the experimental. 

5. During the scanning, we recorded all elec- 
tron-positron pairs which appeared to be emitted 
from the point of interaction.* After the measure- 
ments, we separated 74 y quanta (for a total num- 
ber of 355 m-N interactions) which gave pairs 
satisfying the condition 


|0,—0,|<2A8 (i=1,2). 


Here 6,, 04, 2 are the angles between the direc- 
tion of flight of the y quantum, electron, positron, 
respectively, and the direction of the primary 
track; Aé@ is the angle between the electron and 
positron tracks. The quantity A@ characterizes 
the accuracy in the measurement of the angles for 
a given event; the distribution of these values is 
shown in Fig. 1. 

Fulfillment of this condition did not exclude the 
possibility of recording y quanta from background 
interactions. However, it was estimated that the 
number of such y quanta cannot exceed 2%. 

We determined for each yy quantum the ‘‘poten- 
tial’’ range in the effective region of the chamber 
and calculated the ‘‘statistical’’ weight 


W, = (1 —exp [—Ln(E,)I)?. 


Here 1, is the ‘‘potential’’ range of the y quantum 
in radiation lengths (100 cm for propane of den- 
sity 0.43 g/cm’), Wj is the total probability for 
the production of pairs per radiation length. The 
sum of all values of W; is equal to the total num- 


*A special check showed that the efficiency of detection 
of pairs was close to 100%. 
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Table III. 
SS eee 


Present experiment 


Multiplicity, n 
Number of 
interactions % 


0 7 2,7£1.0 

2 119 45 444.2 

4 115 43.9+4.3 

6 20 (oeetlat 

8 1 0.4+0.4 
0—8 262 


' Number of 
interactions 


Present experiment 
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[4] Statistical 
theory 
Number of 
‘interactions % % 


13 4.441 .2 3,7 
142 48 544.1 45,1 
122 41 643.8 46.5 

14 4.84113 4.7 

2 0.740.5 0.05 
293 


[4] Statistical 
theory 
Number of | 
interactions % % 


4 16 17,2+4.6 56 23.43.14 18.5 
3 53 5749.8 143 59.1+4.9 59.5 
5 24 22.645 .4 36 14,9+2.5 20 
7 3 3,241.9 7 2.9444 2.0 
1—7 93 242 

a 3.240.415 | 2.95+0.09 | 3.0 


ber of y quanta emitted in the observed interac- 


tions. It turned out that 27 Wj; = 743 +90 y quanta, 
1=1 


i.e., the mean efficiency of recording y quanta 
under our conditions was (10 + 1)%. 
6. The most complete information is obtained for 


the properties of the secondary 7 mesons. Figure 


2 shows the c.m.s. angular distributionof 7 mesons 


from all 7p and tn interactions. It proved to be 
asymmetric with respect tothe angle 6* = Yer, The 
forward-peaked anisotropic part of the angular 
distribution is associated primarily with fast 7 
mesons (Pap = 2 Bev/c. Angular distributions of 
such a nature are in sharp contradiction with the 
statistical theory. It is natural to associate the 
‘‘anisotropic’’ ™ mesons with peripheral interac- 
tions (see, for example, /!4/15]), The percentage of 


NW 

140 

120 

100 

40 FIG. 2. C.m.s. angular 
distribution of 7- mesons 

60 from all 7p and mn in- 

40 teractions. 

20 


\9-08-06-06-02 0 2204 06 08 10 
Cos baa 


such ™ mesons decreases with the multiplicity 
(see Fig. 3). 

Figure 4 shows the c.m.s. momentum distribu- 
tion of m mesons for different multiplicities and 


n=6 and8 
= 0,29 40.19 


a=2 
Y=0,62 20.4 


a. \ 
a 


| ener past Eee co A ETS ot 
-10-08-06-04-02 9 22 04 96 rd ie 
0s 


FIG. 3. C.m.s. m-meson angular distribution for interac- 


tions of even multiplicity; « = (N,—N,)nint, where N, and 
N, are the number of 7 mesons emitted forward and back- 
ward, nint is the number of interactions. 
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Table V. Mean Value of p1 (Bev/c) 


Particles | 


7” mesons 

All positive particles 
Identified 7* mesons 
Identified protons 

7 mesons 


0 02 04 06 08 1.0 1.2 14 16 18 
. Pas Bew/e 
FIG. 4. C.m.s. 7-meson momentum distribution for 7 p 
interactions of even multiplicity. The smooth curve was cal- 
culated from statistical theory. 5] 


the overall distribution together with the theoreti- 
cal curve calculated from statistical theory. 15] As 
we see, the calculations based on statistical theory 


Nv 
IO 


20 


10 


7 
Pi ab’ Bev/c 
FIG. 5. L.s. 7--meson momentum distribution for 7p in- 
teractions. The dotted-line histogram represents the statis- 
tical theory distribution obtained with the aid of tables of 
random stars. ’* 


n= 2 | n=4 | n=6, 8 n=2, 4, 6, 8 
0,3840.03 | 0.388+0,02 | 0.28+0,03 | 0.36+0.01 
0.42+0.03 | 0.3640.02 | 0.2840,03 | 0.36+0.01 
0.35+0,04 | 0,26+0,041 | 0.19+0.02 | 0.2640.04 
0.26+0.03 | 0,3740,04 | 0,28+0,07 | 0.31+0.04 

— — — 0.34+0.07 


are not in qualitative contradiction with the exper- 
imental histogram. 

Shown in Fig. 5 are the l.s. momentum distri- 
butions of the m mesons. The theoretical distri- 
butions were obtained from tables of random 
stars, [18] 

The c.m.s y-quantum angular distribution 
(from 7 p and mn interactions), which reflects 
the angular distribution of 7° mesons is asymme- 
tric (Fig. 6), i.e., it is apparently similar to the 
angular distribution of the charged 7 mesons. 
The mean number of 7° mesons in ™ p interac- 
tions is 1.3 + 0.2 and agrees with the calculations 
based on statistical theory, /1¢] 


4 
500 
FIG. 6. C.m.s. angular dis- 200 
tribution of y quanta from all 
mn and 7p interactions. 
100 


“40 “AS 0 O65 | 
Cos 
The observed l.s. y quantum energy distribu- 
tion is shown in Fig. 7. The mean 7° energy for 
one 7p interaction is 1.12 + 0.15 Bev. This is 
less than the mean energy of the 7 mesons 
E7- = 2.7 + 0.15 Bev. 


W 
200, 


150 
100 


50 
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FIG, 7. L.s. energy distribution of y quanta from all 7-n 
and 7p interactions. The ordinate axis gives the number of 
y quanta for intervals of Ejap,1 = 0.10 Bev. 


04 08 12 16 20 24 28 32 
Ex lab 


FIG. 8. L.s. energy distribution of protons in 7p inter- 
actions; the histograms expected from statistical theory 
(table of random stars [+8] are shown dotted. 


7. Table V lists the mean values of the trans- 
verse momenta calculated for particles produced 
in 7 p interactions of different multiplicity. The 
observed mean transverse momenta are close to 
the mean transverse momenta of A° and K® par- 
ticles produced in 7p interactions for the same 
primary 7 -meson energy. 17 The value of the 
transverse momenta for 7 mesons, within the 
limits of error, depends weakly on the multiplicity, 
which, perhaps, reflects the approximate equality 
of the interaction range 


(Ar?) > h/2 (pe )'* = 3.2104 om. 


20 


@ 100 200 300 400 500 600 700 
Ey, Mev 
FIG. 9. L.s. proton energy distribution for 7 p interac- 
tions produced by 7~ mesons of energy 1, 1.4, and 5.0 ee 
The distributions were constructed from the data of 22], 
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Table VI. 
Numb D = 
n of a Plab’ Os ab’ deg 
cases Bev/c 

2 26 0.414+0.05 5355 

4 26 0.62+0.05 42+4 
6; 8 7 0.88+0,08 49+4 
2—8 59 0.56+0.04 4443 


8. Figure 8 shows the experimental l.s. energy 
distribution of the identified protons and the dis- 
tribution of protons of any momentum expected 
from statistical theory for the observed interac- 
tions (obtained with the aid of tables of random 
stars! t8]), As seen from the figure, a maximum in 
the proton distribution occurs for energies of 
100—200 Mev, while in the case of statistical 
theory hardly any such protons should occur. 

The presence of a maximum indicates that there 
is a definite group of interactions in which there is 
a small energy transfer to the target nucleon. One 
may suspect that these cases are connected mainly 
with peripheral interactions of the incident 7 
mesons. Theoretical investigations of peripheral 
interactions'9~24) aigo predict the existence of 
such a maximum in the region of low proton kinetic 
energies. Similar results were also obtained 
in'22-24) for primary 7 -meson energies of 1, 1.4, 
and 5 Bev (see Fig. 9). The fraction of cases with 
a very slow proton (Ex, < 200 Mev) at each of 
these energies (1, 1.4, 5.0, 6.8 Bev) is approxi- 
mately constant and equal to ~ 10% of the total 


02-01 0 O41 0.20.3 04 05 06 07 08 09 
M,, Bev/c* 

FIG. 10. Distribution of the ‘‘target mass’’ My for ap 
interactions in which an identified proton is among the sec- 
ondary particles. The dotted-line histograms represent events 
with an unknown positive particle, which is assumed to be a 
proton. 
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{10-08 06-04 02 0 02 04 06 08 10 
ras A* 

FIG. 11. Angular distribution of charged pions in the sys- 
tem of two pions for 7~p interactions with a ‘‘target mass’’ 
M; < 0.3 Bev/c’ calculated from the identified proton. The 
dotted-line histogram represents the distribution of these 
pions in the c.m.s. (pion-nucleon system), 


™-nucleon cross section. This is also in qualita- 
tive agreement with the picture of peripheral in- 
teractions. 

In the present experiment a maximum occurs 
in the proton energy distribution from two-prong 
interactions and is not evident in interactions of 
large multiplicity. This can be connected with a 
decrease in the fraction of peripheral interactions 
as the multiplicity increases. Shown in Table VI 
are the values of the mean momentum and mean 
angle of emission of the protons in the 1.s. for 
cases of different multiplicity. It is seen that both 
the energy characteristics and the mean angle of 


emission of the proton change with the multiplicity. 


II, ANALYSIS OF EXPERIMENTAL DATA 


N. G. BIRGER, Yu. V. KATYSHEV, D. K. KOPY- 
LOVA, V. B. LYUBIMOV, A. V. NIKITIN, Yu. A. 
SMORODIN, and Z. TRKA 


‘Tue data obtained on 7 -meson interactions with 
nucleons at 6.8 Bev and the data at lower energies 
lead to the conclusion that the statistical theory 
cannot explain a number of important characteris- 
tics of the angular and momentum distributions of 
the secondary particles. In this connection, one 
can conclude that an appreciable role is played by 
the so-called peripheral interactions. 

We shall consider this question from a some- 
what different viewpoint. We introduce the quan- 

M: = M — (Ep — Pp cos 95), 


where M is the nucleon mass, Ep and Pp are 
total energy and momentum of the secondary pro- 
ton in the l.s., 6, is its angle of emission. It is 
known that, qualitatively, Mt can be regarded as 
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FIG. 12. Angular distribution of charged pions in the sys- 
tem of two-pions from 7~p interactions in which the ‘“‘target 
mass’’ M; calculated from the identified proton was greater 
than 0,3 Bev/c?. The dotted-line histogram represents the 
angular distribution of these pions in the pion-nucleon c.m.s. 


the ‘‘effective mass’’ of that part of the target 
nucleon with which the primary meson collides. 
Figure 10 shows the experimental distribution of 
M; for tp interactions of different multiplicity 
and calculated for the group of interactions in 
which there is either a secondary proton or an 
unidentified positive particle of momentum 

> 1.2 Bev/c, which we shall assume to be a proton. 

As seen from Fig. 10, there is a maximum at 
the mass M; close to the pion mass in the case of 
two-prong interactions. One may therefore assume 
that among the two-prong events is a sizable group 
of so-called one-meson interactions corresponding 
to the collision of a primary ™ meson with a 
single virtual pion emitted by the target nucleon. 
Interactions of this type associated with small 
values of M; possibly occur also in events of large 
multiplicity. 

Figure 11 shows the angular distributions of 
charged pions from interactions in which the mass 
M; calculated from the identified proton was less 
than 0.3 Bev/c”. The distributions are shown in 
the c.m.s. of two pions (77 system) and in the pion- 
nucleon c.m.s. The first angular distribution is 
symmetric with respect to the angle 90° and the 
second is asymmetric. This result appears to 
agree with the suggestion that the primary 7 


Table VII. 
Events Events 
with with 
Bev/c? Bev/c? 
Number of cases 38 21 59 
Number of cases with 
Piab 2 0-3 Bev/c 19 5 24 
Mean momentum of 7- 
mesons in l.s., Bev/c ZeOLUES dea LOEZ Fey Wap W 
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meson interacts with a virtual pion of the nucleon. 
In this connection, it is interesting to note that, in 
cases with M; > 0.3 Bev/c?, the angular distribu- 
tion of the secondary pions in the 77 system is 
strongly asymmetric, with a predominance of 
angles greater than 90° (see Fig. 12). 

There is also a clear correlation between the 
value of M; and the number of high-momentum 
secondary pions (see Table VII). It is possible that 


the 7 mesons are associated with elastic scatter- 


ing of a primary 7 meson on a virtual target 
pion. 

It is interesting to note that the ratio of the 
number of 7 mesons to the number of positive 
particles changes rapidly with the momentum. 
Thus, for example, among positive particles with 
Plab = 2-0 Bev/c the ratio of the number of posi- 
tive particles to the number of negative particles 
is n,/n_ = 0.6 + 0.1, while for pjgp = 4.5 Bev/c 
we have n,/n_ = 0.2 + 0.1. The number of 1” 
mesons apparently decreases still more rapidly. 
Comparison of the energy characteristics of the 
m-, w*, and 7 mesons leads to the same qualita- 
tive result. In particular, the mean energy of the 
m mesons in 7p interactions is Elab mn = 1.69 
+ 0.08 Bev, while for 7° mesons this value is 
Ejab 70 = 0.90 + 0.12 Bev. For 7p interactions 
in which slow protons are produced, the mean 7 
momentum is Pap = 2-04 + 0.19 Bev/c, while for 
mT mesons Pjgp =1.2 + 0.16 Bev/c. Thus the 
secondary 7 mesons stand out with respect to 
the 7* and 7° mesons. This circumstance cannot 
be explained from the viewpoint of statistical 
theory and is in good agreement with the views on 
the important role of peripheral interactions. In 
pp interactions no such difference among 7, , 
and m* mesons is observed.* 

In this connection, one might suppose that the 
greater part of the high-momentum 7 mesons 
(say, for Plab > 4-0 Bev/c) is produced as a result 
of mm diffraction scattering. Such a conclusion 
appears to correspond fully with the general views 
on the mechanism of elementary particle interac- 
tions at high energies (see!*-*). If this is so, 
then the cross sections for elastic and inelastic 
am interactions should not depend on the charge 
state of the colliding pions. It thus follows that the 
number of fast 7™ mesons in 7 p interactions 
should, on the average, be the same as for 7 n 
interactions. The experimental data does not con- 


*Similar conclusions can be made on the basis of an anal- 
ysis of the angular distribution of secondary protons, which 
are emitted primarily backward in the c.m.s. (see, for ex- 
ample, [29 730)14]», 
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FIG. 13 


tradict this statement. For example, for pjap 
= 4.0 Bev/c the corresponding ratio is 


ne njin.Gep) =-0,9-3- OS. 


The mean value of the transverse momentum 
p, in diffraction scattering directly characterizes 
the range of interaction. For 7 mesons with 
E7- = 4 Bev produced in two-prong events, the 
mean value of the transverse momentum is pl, 
= 0.44 + 0.05 Bev/c. It should be borne in mind 


here that the virtual pion, before the collision with 
the primary pion, also has a transverse momentum 
which is reasonably taken equal to the transverse 
momentum of the recoil protons in the considered 
group of interactions (~ 0.26 + 0.03 Bev/c). If we 
take this into account, the interaction range in 77 
diffraction scattering* proves to be (1—2)i/m ec. 
We shall now present some remarks witha 
view to establishing more accurately the character 
of the peripheral interactions. The possibility of 
the existence of a group of interactions described 
by the diagram of Fig. 13a has been indicated sev- 
eral times. In this case we shall speak of ‘‘nu- 
cleonic dissociation’’ of the target nucleon. On the 
other hand, Gramenitskii, Dremin, and Chernav- 
skii'? have indicated the important role played by 
processes with the so-called ‘‘isobaric dissocia- 
tion’’ of the nucleon (see Fig. 13b). For the follow- 
ing analysis we shall consider only events in which 
a fast ™ meson is produced (pjah = 3.0 Bev/c),t 
and assume that in these cases the upper vertex of 
each diagram corresponds to m7 diffraction scat- 
tering. Under these conditions, there are, within 
the framework of each of the schemes, single- 
valued isotopic relations connecting the cross sec- 
tions of these reactions. One may expect that a 


*It should be noted that the entire picture of mz diffraction 
scattering has not been fully established. In particular, one 
cannot exclude the possibility that part of the mm scattering 
is accompanied by charge exchange. This can be connected 
with the existence of a certain amount of fast 7° mesons as 
well as 7+ mesons. 

tSuch a choice is partly connected with the absence of 
interactions with 5, 6, 7, and 8 prongs in which a 7 meson 
with pjap > 3.0 Bev/c is produced. The presence of such 
interactions would be in contradiction with the scheme being 
considered. 
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Table VIII. 


My, Bev/c?—calculated 
with allowance for the 
contribution from 


M, Bev/c?—calculated 
only from charged 
secondary particles 


2 0.418 0.41 0.30+£0.06 | 0.44+0.06 | 0,3220,06 | 0.47+0.06 
4 0.38 0,53 0,54+0.412 | 0,5940.09 | 0,57£0,13 | 0.6340.09 
6; 38 0.49 0.58 0,7440.30 | 0,800.30 | 0.7640,32 | 0.85+0,32 
2—8 0.30 0.48 0.44+0.06| 0,54+0.05 | 0 47+0.07 | 0,57+0.05 


comparison of these relations with the experimental 
data will permit some conclusions on the relative 
role of peripheral interactions with nucleonic and 
isobaric dissociation (if, of course, we are dealing 
with mz diffraction scattering). 

It is readily shown that in the case of isobaric 
dissociation the number of slow protons in 7p 
interactions should be 3.5 times as great as in 
m™ n interactions; on the other hand, in the case of 
nucleonic dissociation, slow protons should be en- 
countered in 7 n interactions twice as often as in 
™ p interactions. Experimentally, we observe in 
51 two- and four-prong 7 p interactions contain- 
ing ™ mesons of momentum = 3.0 Bev/c a total 
of 24 slow protons (with p = 1.2 Bev/c) and only 
two slow protons in 17 three-prong mn interac- 
tions. 

The number of slow 7* mesons in mn interac- 
tions should be °/ of the number of slow 7* mesons 
in 7 p interactions if the dissociation is isobaric. 
Experimentally, this ratio is 0.9 + 0.5 for 1* 
mesons of momentum = 1.2 Bev/c, while for the 
case of nucleonic dissociation in tn interactions, 
the slow 7* mesons should be entirely absent. On 
the other hand, for two-prong interactions in which 
™ mesons are produced with energy near the 
upper limit, there is an appreciable mixture of 
nucleonic dissociation. If fact, for isobaric disso- 
ciation the ratio of the number of two-prong inter- 
actions with fast ™ mesons to the number of 
analogous four-prong interactions should be ys 
Actually, this ratio turns out to be dependent on 
the ™ -meson energy, as is seen from the follow- 
ing data: 

E,- , Bev: 2.0 3.0 4,0 
Mol Nae ir4-073 2.040 Seewondeled 

If the dissociation were to take place only by 
the nucleonic scheme, then the ratio would be in- 
finite, since the four-prong interactions cannot 
oceur.* 

*If “‘nucleonic dissociation’’ were to play the basic role 
in peripheral interactions, then the foregoing conclusion on 
the absence of slow protons in 7- n interactions could be un- 
derstood if it were assumed that o(m- 7°) > o (m1) and, con- 
sequently, that charge-exchange scattering occurs in m7 in- 
teractions. 
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Apart from the one-meson interactions con- 
sidered above, an important role is apparently 
played by interactions with a larger number of 
virtual pions. As has already been noted, the mo- 
mentum and angular distributions of the secondary 
protons change with an increase in multiplicity. 
Table VIII lists the estimates of the value of My; 
for 7 p interactions of different multiplicity. For 
events in which there are no identified protons and 
all positive particles are assumed to be 7* mesons, 
the value of M; was calculated from the formula 

M: = X(E; — p, cos 6;). 
Here the summation is carried out over all 
charged pions and y quanta from the 7°-meson 
decay for a given event. The minimum and maxi- 
mum estimates of M; are obtained under the as- 
sumption that the unidentified positive particles 
are ™* mesons or protons, respectively.* It is 
known that the quantity M;/M is equal to the frac- 
tion of energy k lost by a proton in a collision 
with a m meson if we consider the 7p interac- 
tion in the S pag in which the initial ™™ me- 
son is at rest. (The proton energy in this system 
is ~46 Bev.) The values obtained for the mean 
loss k are also shown in Table VIIL As seenfrom — 
this table, the quantities My and k evidently de- 
pend on the multiplicity, which indicates the differ- 
ent nature of the interaction (decrease in the 
‘degree of peripheralness’”’ with an increase in 
the multiplicity). For the mp interactions con- 
sidered as a whole, the quantity M;, (k) proves to 
be rather large. It thus apparently follows that 
there is a large group of interactions which are 
not of the one-meson type. In fact, it follows from 
the consideration of a very rough model that for 
one-meson interactions the energy losses in the 
S system should be close to the value m,/M *® 0.15, 


*The errors in Table VIII were calculated directly only 


for the resultant mean numbers. From the values obtained 
with allowance for the observed number of y quanta, we es- 
timated the errors of the quantities corresponding to each 
multiplicity. 
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while the experimental value is k = 0.47 — 0.57.* 
As regards ‘‘truly central’’ interactions accom- 
panied by the production of a very high energy 
secondary nucleon (in the l.s.) we cannot, at pres- 
ent, say anything definite about their relative role 
and properties. 

One may, however, estimate the l.s. nucleon 
energy from the mean energy loss in the S system 
for all 7p interactions, apart from those for 
which M; determined from the slow proton is 
= 0.3 Bev/c? (i.e., for 87% of the interactions). In 
this case k = 0.54—0.66, and for the mean I.s. nu- 
cleon energy we obtain the estimate Elabp 
= 1.2—1.8 Bev if we assume that for nucleons py, 
= 0.31—0.47 Bev/c. In this connection it is inter- 
esting to note that the energy of the nucleon which, 
after interaction, comes to rest in the c.m.s. is 
Ejab = 2-0 Bev. 

It is known (see, for example1,32 that in the 
interaction of a fast proton with a proton the en- 
ergy loss is Kpp = 0.4; in any case it does not ex- 
ceed the value of the energy loss in collisions of a 
fast proton with a 7 meson (kp = 0.47—0.57). 
If we roughly represent each of the nucleons as 
consisting of a ‘‘core’’ and a pion cloud, then the 
above-mentioned circumstance can be considered 
to mean that the basic role in pp interactions is 
played by collisions of the ‘‘cloud’’-‘‘core”’ type, 
while there are practically no collisions of the 
*<core’’-‘‘core’’ type, which, of course, lead to a 
large energy loss (see also!5), Further investi- 
gations are necessary before a more accurate 
picture can be formed. 

In conclusion, the authors express their grati- 
tude to V. I. Veksler for his interest in this work 
and for helpful advice, to D. S. Chernavskii for 
discussions of the results, to M. Danysz for taking 
part in the development of the ionization measure- 
ment method and for helpful discussions, to the 
proton synchrotron crew for making the exposure, 
and to the laboratory staff for performing meas- 
urements and calculations. 


lV, Petrzilka, Proc. of the 1960 Ann. Intern. 
Conf. on High Energy Physics at Rochester, Inter- 
science Publ. 1960, p. 82. 


*In correspondence with the presently accepted phenom- 
enological classification, we consider as peripheral interac- 
tions those accompanied by a small energy loss and strongly 
anisotropic secondary particles. From this point of view, 
peripheral collisions can include many interactions other than 
those of the one-meson type. In particular, one may note in 
this connection that, for interactions with My > 0.3 Bev/c’ in 
the c.m.s., the angular distribution of n- mesons turns out to 
be anisotropic.. 
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Results of an investigation of the radioactive decay of Pa 


231 are presented. The measure- 


ments were performed with magnetic a and fB spectrometers and a spectrometric arrange- 
ment for y-radiation measurements. Twenty monoenergetic a lines were detected in the 
a-ray spectrum. Ten of these lines have been established for the first time. From an analy- 
sis of the electron and y spectra it has been possible to detect some new conversion lines 
and identify the multipolarity of the y transitions in the Ac”" nucleus. A more complete 
energy level scheme of the Ac”*" nucleus is constructed on the basis of all available data. 


1. INTRODUCTION 


‘Tae radioactive nucleus Pa”! is converted via @ 
decay into the a-active isotope Ac”"_ The half- 
life of Pa**! is 3.4 x 10‘ years. Some information 
onthe radiation emitted in the decay of this nu- 
cleus and on the levels of the Ac”” nucleus were 
presented in several papers "'!-®!. These investiga- 
tions did not make it possible to resolve some 
contradictions in the level scheme of Ac”, We 
have therefore undertaken a further more careful 
investigation of the a spectrum of Pa”! and of 
the conversion-electron and y-radiation spectra 
of Ac”", 


2. APPARATUS AND PREPARATION OF 
RADIOACTIVE Pa”! SOURCE 


To study the electron and a spectrum we used 
magnetic a and 8 spectrometers with double 
focusing of a beam of charged particles at an angle 
rV2.'*10] In these experiments the relative reso- 
lution of the instruments was respectively several 
hundredths and several tenths of one percent at 
solid angles on the order of 107? x 47. The y radi- 
ation was investigated with ordinary y-spectro- 
metric apparatus. 

Prior to the direct preparation of the sources 
for the a, 8, and y. spectroscopic measurements, 
the protactinium was thoroughly purified to re- 
move extraneous impurities, primarily actinium. 

The source for the a-spectroscopic measure- 
ments was prepared by evaporating protactinium 
chloride in vacuum on a glass base. The surface 
density of the active layer of the source was 
1 pg/cm’. The effective areas of the sources used 


in the series of experiments on the fine structure 
of the @ radiation were 0.5, 1.0, and 3.0 cm?. 

For electronic and y-spectrometric measure- 
ments, the sources were prepared by the method 
described in our earlier papers (see, for exam- 
ple, !t4])_ 


3. EXPERIMENTAL RESULTS 


A. Investigation of the a spectrum of Pa!_ In 
the investigation of the a spectrum we confined 
ourselves to the energy interval 4450—5050 kev, 
with intensity I= 2 x 10°? percent. As was shown 
earlier, 12) the energy calibration of the spectrometer 
remains unchanged in this energy interval. The 
standard line used in these experiments was the 
known group of Pa?3! 4938.0-kev a@ particles. 41 
The accuracy in the determination of the energies 
of the remaining a groups was ~2 kev. The back- 
ground of scattered particles in these experiments 
did not exceed 4 x 10~4 percent, and was therefore 
outside the limits of the investigated intensities. 
To investigate a relatively broad portion of the 
spectrum (600 kev), several exposures were nec- 
essary. 

Figure 1 shows the apparatus spectra of the a 
radiation from Pa”!, obtained in three different 
exposures. The minimum half-width attained was 
3 kev (Texp = 12 hours). We observed 20 a-radi- 
ation fine-structure groups, of which the groups 
Ay, Az (?), Ay, Ay, Ag, and ay2—A1g were found 
for the first time. 

Table I summarizes the data of three experi- 
ments. We give here the values of the energy (in 
kev) and the intensity (percent) of individual groups 
of a particles, along with the calculated values of 
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FIG. 1. Apparatus spectrum of the fine structure of the a radiation of Pa’. 


Table I. Fine structure of a spectrum of Pa”*! 


Hin- Hin- 
Energy*| Inten- Energy* : | 
a of & par-| sity**, cance aie % J|of o par- ete. neeeeee eye 
group | ticles, | percent | cient] kev ||STOUP| ticles, | percent Sicnt kev. 
kev | m ? kev = 2 
a, | 5045, 41.0 | 205 0 a, | 4839, 1.4 75 | 209.5 
3 4 
a, | 5018, | \2.5 | 640 | 27.4 a, | 4784, 4-40-2 | 1050 | 268.2 
5 7 
a, | 5016, | <20.0 10 pe a, 472k 18.4 2 \) 827.0 
4 
>| 3012 mace cee 4699, | 42 | 351.7 
ou a,, | 4667, | 4,5 5 | 384,5 
a, 4999, 25.4 45 | 45.9 5) 
e 3 a,, | 4630, |~10-1 ~40 | 422.4 
a 4972, dias) Wye 73a 2 
: 9 d., | 4618, |~A0-1 30 | 434.0 
a, | 4964, 0.4 | 1600] 84,4 7 
5 a, | 4986, (41,5-10-2| 120] 467.4 
a, | 4938, 22,8 20} 107.4 0 
0 a, | 4903, | 8-40-38 420 | 504.0 
a, | 4920, 3.0 | 120] 126.8 3 
7 a, | 4494, |3.10-8 435 | 560,0 
a, | 4887, | 2-40-8 |~105 | ~4160 8 
0 


*The standard line used was the 4938.0-kev , group. 
**Data from three experiments were included in the estimate of the O-group inten- 
sity. 


the hindrance coefficients m and the level energies. ancy lies apparently within the limits of experi- 
The experimental values of the energy and in- mental error. 

tensity which we have obtained for the ten known It is highly interesting to consider separately 

a groups differ somewhat from the corresponding the a-spectrum shown in the lower right of Fig. 1. 

values quoted in the literature.'4-8 This discrep- It is easily seen that the form of the a, line, and 
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particularly the width of its base and the fall-off B. Investigation of the electron and y spectra. 
- on the high-energy side differ from the forms of These spectra were studied in several investiga- 
the groups a, and a;, which have almost the same _ tions, but not the low-energy region of the electron 


intensity. This gives grounds for assuming the a, spectrum of Ac”", Using very thin organic films 
line to have a complex structure. The groups ax, for the window of the Geiger-counter (the electron 
a@,, and @z in Table I are the components of this indicator in the 8 spectrometer), we could study 
complex a line. Naturally, the intensities of these the electron spectrum, starting with low energies 
groups cannot be determined with sufficient accu- (1.5—2.0 kev). 

racy. 


Table II. Interpretation of electron lines produced 


in the decay of Pa”! 


Number Observed 


Sea cneccn cay | ConTSTmISH shell | PUNGEENS bey |) ines (olative waite? 
3 5.9 M ~11.0 70. L; (25)-+-M(11) 
44 41,5 M, 46,5 130 
14 hha Ny 16.3 40 
average 16.4 
2 3.8 fa 19.6 ~410 
4 2 his OMT ~25 
10 Met ie 22.7 ~25 
4 6.9 Ui 227 ~25 
average re 
3 5,6 Ly 25.4 70 L,(25)+-M(411) 
19 20,2 M, 25d 25 
20 20.8 My 25.4 2 
24 21,5 My 25.4 4 
average 25.4 
6 8,1 os 2 Ie 
10 10.8 iy 26.7 
15 24,9 M, 26.9 
23,0 My 26.9 
average 27,0 
5 7.6 LS 27,4 70 
| 8.4 Ls 21.5 4100 
12 445 Lin 27.4 420 
23 22.4 My, 27.4 30 
24 22.7 My 27.3 15 
26 23.4 My 27.3 30 
27 24.0 My.y 27.3 5 
30 26.2 N 27.4 16 
34 OT 62 0 27.4 
average 27,4 
8 9.5 Li 29.5 90 
9 10.2 bas 29.3 90 
13a 13.7 Lis 29,5 ~40 
28 24,2 My 14 29.8 ~35 
29 25.2 Myiv 29,2 ~35 
32 28.5 N 29,7 
average 29,4 
13 14.1 Ly 341 | ~100 
33 | 29.0 | M, | 34.0 


average 34.0 
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eS ST 


Number Observed 


of elec: | electron | Conversion shell | Tansition | Intensity of conversion 
47 18.4 Li 38,2 60 
18 19.4 Dine 38.2 15 
23 22.4 (ee 38.2 ~15 
35 33,0 My, 38.0 
36 33.3 My 38.4 =M=30 
37 33,6 My 38.0 
38 36.8 Nin ~38.0 ! 
=N=16 
39 37.4 Nitey ~38.0 
40 37.5 O ~38 0 
average 38.2 
41 37.9 Ly 57.0 26 
43 41,2 ee ty ga 23 
47 52.4 Milan 57,0 =IM=14 
48 56.2 N,O ~57.0 
average 57.0 
44 43,4 LS 63.2 3 
45 44,2 Li 63.3 22 
46 47.5 Le 63.5 24 
5t 58.4 My 63.4 
52 59,0 Mn ~63.4 anlar 
average 63,3 
55 77.0 Li ~96 .0 
57 | 80.0 | Lar | 96.0 | 
average 96 .0 
56 78.0 Lie 97.4 55 
58 81.2 ts 97.0 4 
62 92.0 M 97,0 =IM=3 
(3 96 .0 N,O ~97 
average 97,0 
59. | 83.6 ES 102.7 2 
60 86.6 Lin 102.57: 1.5 
64 98.1 M 102,7 
C5 104.2 N,O 402.5 
average 102,5 
19 | 20.0 | K | 126.8 | 
66 107,4 L 126.8 
average 126.8 
67 | 153.8 | K 260.5 | 
75 240.0 iv | 260.5 
average 260.5 
68 178.3 K 285.0 4 
77 | 265.2 | js | 285 1 | ~0,2 
79 280 M ~285.0 
average 285 ,0 
Table II shows the calculated energies of the represent the number of pulses per channel of the 
conversion electrons, the intensities, and the pulse-height analyzer, while the abscissas repre- 
values of the y-transition energies. The data of sent the energies of the x rays and y rays. 
Table II show that the observéd conversion lines The experimental data obtained in the investi- 
are due to at least twenty y transitions in the gation of the ex and y spectra of Ac?’ made it 
Ac”" nucleus. possible to determine the multipolarity class for 
Figure 2 shows the apparatus spectra of the twelve y transitions in this nucleus (see Table III). 


x-ray and y radiation of Ac?*’. The ordinates 
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Table II (continued) 


Number Observed 


of elec- | electron Conversion shell Transition | Intensity of conversion 
tron line | energy, kev energy, kev lines (relative units) 
71 193,5 K 300 WED 
80 279.3 L 300 2.8 
81 295.4 M 300 0.6 
average 300 
PA Ae BESO | K l 303 | 
average 303 
74 223 ,2 K 330 5.0 
83 | 310 | It | 330 | 423 
325 M 330 ~0,3 
average 330 
76 =| 248.7 | K | So4aror) | 0.4 
average 354.5 
18 feta 214 K | 380 | 
average 380 
Table III 
Number | Ey, kev Multipolarity ING Cons iticos 
4 11.0 41 (211, Ys) 
2 16,5 Mi ~20 
3 19,6 ~ 2 
4 22.7 ~ 2 
5 25.4 M1 14 (Zy1 Ys) 
6 27.0 <2 
7 27.4 Fi ~50 
8 29.4 Mi+£2 


\ 40 (rect) 


weak 


227 


FIG. 2. X-ray and soft y-ray spectrum of Ac*”’, 
obtained with the aid of a proportional counter: 6 
a) counter filled with mixture of Kr and CH,, 

b) counter filled with mixture of Xe and CH,, 
c) x-ray and y-ray spectrum of Ac”, obtained with 
scintillation spectrometer. 
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With the aid of a calibrated proportional 
counter it was also established that the y-ray 
yield of 27.4-kev y rays is (10 + 2)% of the total 
a decay. This is in good agreement with the value 
given in 6). 

Taking account of this result and of the data 
Tables II and III, we calculated the intensities of 
the strongest y transitions between the levels, 
referred to the total number of a decays. The re- 
sults of the calculations are listed in the last 
column of Table III. 


4, LEVEL SCHEME OF Ac22’ 


:. An analysis of all the experimental data ob- 
tained indicates that the level scheme of Ac?2" 


contains at least 4—5 rotational bands. (see Fig. 3). 


The most clearly distinguishable is the rotational 
band located in the upper part of the scheme, in 
the energy interval 327—501 kev. Actually, as can 
be seen from Table I, the smallest hindrance co- 


efficient is possessed by the group Q . This 
favored transition is to a single-particle level with 
energy ~ 327 kev, which should have the same 
characteristics as the ground state of the decaying 
nucleus %—¥, [530]* (see"!3.3]), In view of their 
hindrance coefficients, the a4), a44, and ays 
transitions can go to the next levels of this rota- 
tional band (Ujey = 352, 385, 434 kev ).** The ex- 
perimentally obtained ratio of the reduced intensi- 


*The quantum numbers I7K[NnzA], which characterize the 
state of the deformed nucleus, are-defined as follows: 
I — spin, 7 — parity, K — projection of spin on the symmetry 
axis of the nucleus, NnzA — asymptotic quantum numbers in- 
troduced by Nilsson, N — principal quantum number of the 
oscillator, nz — quantum number of the oscillations along the 
symmetry axis, A — projection of orbital angular momentum on 
the symmetry axis of the nucleus. 

**It must be noted that, like the rotational band of Pa™?, 
which belongs to the ground state, the spin sequence: should 
apparently be reversed here, too (‘‘inverted doublets’’), i.e., 
eae Eee 
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ties of these a transitions to the levels 327, 352, 
385 and 434 kev is 100: 17.1, 44.8: 6.8, which is in 
good agreement with the theoretical estimate 
for the intensity of the transitions to the levels 
with characteristics I = %, ys %, and 4, namely 
100, 17.2, 44.4, and 7.4. Nor is assignment of the 
501-kev level to this rotational band excluded 

ete 7/5). 

The most reliably established levels in this 
band are 327, 352, and 385 kev. Taking into con- 
sideration the spins and spacings of these levels, 
we obtained ?/2J = 7.5 kev and a = —2.1. Thus, 
the moment of inertia in this case differs insig- 
nificantly from the moments of inertia of the 
neighboring even-even nuclei. 

An analysis of the lower part of the level 
scheme, located in the narrow energy interval 
0—100 kev, shows that it is very difficult to iden- 
tify these levels from the point of view of the 
existing theories. In this narrow interval are con- 
centrated almost half the observed levels, and it 
is therefore natural to assume that several rota- 
tional bands are present here. Although some of 
these levels belong to different rotational bands, 
they probably have identical spins and parities. 
This results in an ‘‘interaction between levels’’, 
which leads to violation of O. Bohr’s known inter- 
val rule for rotational bands and can distort the 
expected distribution of the intensities of the a 
transitions 5) to levels of the same band. Conse- 
quently, a reliable interpretation of these levels 
cannot be made without taking these singularities 
into account. However, allowing a certain leeway, 
we can draw the following rough conclusions from 
the experimental facts. The ground state of Ac?! 
is *4* [651]. The rotational band of this state ap- 
parently contains the levels 0 kev (*4*), 34 kev 
(/,*), and 84 kev (/*). 

The level with energy ~ 34 kev must be intro- 
duced to conserve the balance of the intensities in 
the proposed scheme, and is also due to the prob- 
able existence of the az group in the o-particle 
spectrum of Pa”, 

The 27.4-kev level, the existence of which is 
not subject to doubt according to our data (see 
Tables I and III), has also been proposed by others 
(see [16]) Apparently an orbit 3/,- [532] must be 
ascribed to it. It is possible that the next term in 
this new rotational band is the 73-kev level. 

Nor is it excluded, finally, that the levels with 
energy 29 and 46 kev are terms of a different ro- 


[14] 
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tational band, the start of which is the hole level 
(from the point of view of the Nilsson diagram) 
with characteristics ',* [660] and an energy 29.4 
kev. 

We shall not stop to explain the other levels of 
the scheme, since their interpretation cannot be 
made unambiguous as yet. 

In conclusion we thank S. N. Belen’kii, A. A. 
Arutyunov, K. I. Merkulova, Yu. N. Dmitriev, and 
G. V. Shishkin for help with the measurements. 
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The B* and vy spectra of Br™ with half-life of 100 + 5 min are investigated. The B* spec- 
trum consists of three components with end-point energies 1720, 1100, and 650 kev. Gamma 
transitions with energies 285 and 620 kev are observed. A study of B*y coincidences indi- 


cates the existence of a temporal correlation between the 8* transition (1720 kev) and y 
transition (285 kev). A probable decay scheme is suggested for Br™. 


‘Tue single-particle model of the nucleus de- 
scribes well such quantum characteristics as the 
total angular momentum and the parity of the 
ground state of odd nuclei (1) For certain nuclei, 
however, the values of the angular momentum do 
not agree with experiment. One such nucleus is 


VN/T3F~ 


4 


usen, with a ground-state total momentum of 5/, [2] 


In addition, Se” has an anomalously large quad- 
rupole moment. Nemirovskii [3] noted in his book 
that the deformation of the nuclear surface plays 
an appreciable role here. 

The present investigation was devoted to a 
study of 8* and y radiation from Br™, which de- 
cays to Se”. In an investigation of the activities 
induced in enriched Se” bombarded by protons 
and deuterons in a cyclotron, Woodward, McCown, 
and Pool first succeeded in observing the radioac- 
tive isotope Br” with a half life of 102 minutes. 

A magnetic-spectrometer investigation!*1 of the 
8* radiation from Br® disclosed the existence of 
four partial 8* transitions with end-point energies 
1700 + 20, 800, 600, and 300 kev. The y spectrum 
of Br” was investigated by Beydon et al.(€] with 
the aid of a luminescent y spectrometer, in which 
an investigation of the products of the reaction 

Cu + C!? disclosed a 285-kev y transition. The 
intensity of this y transition decreased with a half 
life of 95 + 5 minutes. 

In the present investigation, the Br’ was ob- 
tained by bombarding Se" (enriched to 40.9%) with 
deuterons in the 120-cm cyclotron of the Nuclear 
Physics Research Institute of the Moscow State 
University. The targets were exposed for about 
3 hours. The 8* spectrum of Br” was investi- 
gated in a thin-lens magnetic 8 spectrometer. An 
analysis of the Fermi plot of the resultant B* 
spectrum yielded two partial 8* transitions with 
end-point energies 1720 + 50, 1100, and 650 kev 


472 


a Qs 10 15 E,Mev 


FIG. 1. Fermi plot of 8+ spectrum of Br’®. 


(Fig. 1) and with respective intensities 80, 15 and 
5%. 

The y spectrum was investigated with a lum- 
inescent y spectrometer with a 100-channel ana- 
lyzer. The resolution of the y spectrometer was 
8.7% for the Cs!*" 662-kevy transition. The initial 
measurement of the y spectrum of Br” disclosed 
the presence of a single y transition with energy 
285 kev. The 8* spectrum, however, indicates 
that a 1720 — 1100 = 620 kev y transition is pos- 
sible on the skirt of the powerful annihilation 
peak. To observe the y transition it was necessary 
to reduce the intensity of the annihilation peak. 
For this purpose we used a conical lead collima- 
tor’ and a thin source, so as to be able to neglect 
the annihilation in the source itself. 

The y spectrum thus obtained is shown in Fig. 
2. We see in this spectrum a strong 285-kev vy 
and a weak 620-kev y transition. The low-inten- 
sity y radiation with energy Ey > 700 kev is due 
to long-lived activity of Br®?(T = 36 hours). The 
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FIG. 2. y spectrum of 
Br”, measured with conical 
lead collimator. 
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half-life of the Br”® is determined from the change 
in the intensity of the 285-kev y line and the an- 
nihilation peak, and was found to be 100 + 5 min- 
utes. The 620-kev y-line had the same half life. 
The 8* y coincidences were investigated with 
a magnetic-lens 8 spectrometer and with a lum- 
inescent spectrometer, connected for coincidence. 
The resolution time was determined periodically 
during the measurement of the true coincidences, 
and was found to be 0.25 usec. Figure 3 shows the 
Fermi plot of the 8* spectrum, which is in corre- 
lation with the 285-kev y quanta. It is seen from 
Fig. 3 that the points lie sufficiently close to a 
straight line. The end-point energy was found in 
this case to be 1700 + 100 kev. The 285-kev trans- 
ition thus follows the 1720-kev 8* transition. This 
result contradicts the Br” decay scheme given by 
Dzhelepov and Peker, '# who assumed the 1720- 
kev 8* transition to go to the ground state of Se”. 
We have therefore drawn a probable decay 
scheme for Br® (Fig. 4), in which the 1335-kev 
level expected from the 650 kev 8* transition is 
shown dotted. From measurements of the 285-kev 
y-transition intensity and of the annihilation peak 
we estimated the relative K-capture probability, 
compared with 8* decay. This was found to be 
approximately 10%, which does not contradict the 
paper by Kuznetsova and Mekhedov"®! where a 
value ~15% is cited. The total Br®—Se™ decay 
energy resulting from the proposed Br” decay 
scheme is 3025 kev, which is closer to the 3236 
kev calculated by the Cameron formula. 101 The 
cause of the excited states of the nucleus is diffi- 
cult to establish without data on the total angular 


FIG. 3. Fermi plot of Bt 
spectrum of Br”, which 
correlates with the 285-kev 
quanta. 


0 Os 10 L5EMeV 


1061 


FIG. 4. Probable decay scheme of Br’. 


momenta. However, the observed excited levels 
are apparently not rotational. 

The authors are grateful to Yu. A. Vorob’ev and 
V. S. Zazulin for help with the work. 
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A one-dimensional cascade theory of electron-photon showers is developed in the A-approx- 
imation with account of polarization for a dense.medium. The integral energy spectra of 
shower particles at depths t =1 and t = 2 in lead and air are computed. The results of the 
calculations are compared with the data of the usual cascade theory. 


Hicu-enercy electron-photon showers in a 
dense medium exhibit many properties that are due 
to the character of the electromagnetic interaction 
in the medium. If the particle energy exceeds 

10’? ey, then the cross sections for bremsstrahlung 
and pair production in the dense medium are 
greatly influenced by multiple scattering of the 
shower particles by the atoms of the medium. The 
theory of this phenomenon was developed by Lan- 
dau and Pomeranchuk"! and also by Migdal.'2 The 
differential cross sections for bremsstrahlung and 
pair production were calculated by Migdal (3) with 
account of multiple scattering. These proved to be 
not homogeneous functions of the energy, as were 
the Bethe-Heitler cross sections! that describe 
the interaction between the particles and the indi- 
vidual atoms. The cascade-theory formalism is 
therefore not suitable for the analysis of high-en- 
ergy showers in a condensed medium. High-energy 
showers in the first few t-units of matter were in- 
vestigated by the Monte Carlo method. 5-8] 

The polarization of the medium plays an im- 
portant role in the interaction between charged 
particles and matter. The differential cross sec- 
tion of the bremsstrahlung of an electron in the 
medium, with account of polarization, was found 
by Ter-Mikaélyan [9] to be 


We(E, £’) = E*B'4(4 pe 4 BEY 4 F) 


[1 + @® (E/E’)y*. (1) 
Here w = V 47tNZe2h?2 /m3c4, N—number of atoms 
per em® of the medium, Z—charge of the nuclei 
of the medium, m and e—mass and charge of the 
electron, h—Planck’s constant, c—velocity of 
light. 

Ter-Mikaélyan’s cross section (1) differs from 
the Bethe-Heitler cross section by a factor 


[1 +w*(E/E’)*]~1. If the ratio E’/E of the 
emitted photon energy to the electron energy is of 
the same order as or less than w, this factor is 
appreciably smaller than unity. This means that 
the probability of an electron emitting a low-en- 
ergy photon in the medium is much less than in 
the interaction with the individual atom. We note 
that the cross section for electron bremsstrahlung 
in the medium tends to zero if the energy of the 
emitted photon tends to zero. 

Our problem is to obtain the integral spectra 
of the electrons and photons in showers that de- 
velop in lead and air. The value of w is 1.9 x 10a 
for lead and 7.5 x 10° for air. When E’/E <10%, 
the integral number of shower particles in these 
media should be less than usual."'"] The develop- 
ment of a shower in a dense medium is described 
in the A approximation by the usual cascade equa- 
tions. The bremsstrahlung cross section is given 
by expression (1), and the pair-production cross 
section is taken from the book by Belen’kii!1°1 
Since the cross sections of all the processes are 
functions of the ratio E’/E, we can use the method 
of functional transformations |”! to solve the 
problem. 

Going from the transforms P(t, s) and T(t, s) 
to the originals P(t, E) and T(t, E)® and inte- 
grating with respect to the energy we obtain the 
expressions for the integral spectrum of the elec- 
trons and photons 

§+ico 
4 Eo\s Go + Ax (s 
vet =sa \ [FY — leone 


_ 90+ As (S) ay (syt 
Lol e } ds, 


§-++-i00 
wet mde | [G)—Heo pgsene 
cot Ia(s) 


TOTS Kane kas 


(2) 
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Air Lead 
s A(s) Bis) , , 
C(s) | As(s) ] Aq(s) | —Ae(s) |Hi(s)-10] C(s) | Ar(s) |—Ay(s) |—Ae(s) |Hy(s)-10 
—-1.0 | —oo co =| 2.06-108 co (oe) (oe) 5.00 |1,75-105 co co co 5.00 
—0.9 —9.73 18.8 |5,.24-105 |) 3150 32800 3140 5.01 7170 372 3600 360 5.07 
—0.8 —4.63 8.97 |1.37-105 1110 10500 1100 5,01 3010 166 1160 163 5.08 
—0.7 —2.86 5,76 |3.68-104 461 3840 459 5,02 579 87.6 522 85.6 5.4t 
—0.6 —1.94 4.19 |1,02-104 207 1690 206 5,03 266 49.9 267 48.7 5.44 
—0.5 —1.36 3,27 |2.93-103 | 98.3 7\1 97.7 5.05 127 28.8 147 29.2 5.18 
—0.4 —0,950 2.68 884 48.8 331 48.6 5.09 63.5 18.5 84.8 18.4 §.23 
—0.3 —0.637 2.26 284 26.3 160 26.4 5.14 33,5 11.9 63.1 12:5 5.2m 
—0.2 —0.389 1.96 99.3 13.8 80.1 14.2 5.21 18.7 7.93 31.3 8.31 5.36 
—0.1 —0,185 1.73 38.9 7.92 41.4 8.51 5.29 1t,2 5.42 23.4 6.01 5.42 
0 0 5.55 17.6 4.84 22.2 5.61 5.37 11.2 3.79 12.9 4,57 5.46 
0.1 0.162 1.40 9.23 3.15 12.6 4.07 5.43 7.17 2.72 8.77 3.65 5,49 
0.2 0.286 1.28 5.58 2.15 7.69 3.21 5.45 4.90 1.99 6.12 3.05 5.48 
0.3 0.407 1.18 3.78 1,53 5.17, PTO 5.43 3.55 1.46 4.42 2.64 5.45 
0.4 0.515 1.10 2.78 TAT 3,55 2.39 5.37 2.70 1.08 3.31 2,37 5.37 
0.5 0.615 1,02 Salk 0.803 2.65 2AQ | iD.2e 2,4 0.79 2,55 2.18 5.27 
The poles of the Mellin transforms P(t, s) and (peed tosguan Vee Rp ale egiae(s oak) TAL cna 
hale ; : = oF sin 
T (t, s) coincide with the poles of the functions 3 2 2 Se Dee Gea 
A(s), B(s), C(s), and op. Thus, the region of y [1 @st2 eke sin 2049) 
existence P(t, s) and I (t, s) can be determined bai ' sy HS +1) Gt Cr) 4 4 
if we know which of the functions A(s), B(s), 3(s+4) 2 2 3s.” 
C(s) and gd» has the pole with the largest real 
—1l>Res > —2 
part. 4 4 1 +4) 
‘ Fi «ty tis 
In the case of the Bethe-Heitler cross section, ¢()_) 7g —365 [1 EUS cae Linke | 
the pole with the largest real part s = 0 belongs Le [! os &. ginnt >| OD Rés Se 
A =|" eS == Se Seals: qe a 
to C(s). This means that P(t, s) and I(t, s) 3s 2 2 — = 
exist when s > 0 and when 6 > 0 in (2). The nu- 4 4 


merical values of A(s), B(s), C(s), and oy are 
given by Belen’kii.'!9] The use of bremsstrahlung 
cross sections in the form (1) results in different 
expressions for A(s) and C(s), while B(s) and 
Oy) remain unchanged: 
1 
A() = \i40—4 + 10-0 — 9 spade 


0 


S+1 
4 
aeett 


C (s) =\tta—49 + x2] (3) 


0 


Using the smallness of w, we can show that 
A(s) coincides within 1% with the value obtained 
from the Bethe-Heitler cross sections. The inte- 
gral (3) can be reduced to a sum of integrals of 


the type 
id 


In the evaluation of this integral it is convenient 
to divide the integration region into two parts, 
0<u<1 and 1<u<w”. Since w? is of the 
order of 10°, the upper limit of integration in the 
second region can be set equal to infinity. Then 
the integrals in both regions are expressed in 
terms of the Euler @ function. The approximate 
expressions obtained in this fashion 


du, 0<Rev<l. 


1 
{+u 


4 5 US inl 
+3;[1—o 9 Sif 


mS 
“ee 


1 > Res >0 


s+2 3 (s+ 1) 


1 4 


4 
eat secs 


Res >0 
differ from the exact ones by terms of order exe 
The pole having the largest real part s = —1 be- 
longs to the functions A(s) and B(s), and the 
Mellin transforms exist when s > —1. The table 
lists the values of the functions, necessary for 
numerical calculations, for real - 1<s = 0.5 in 
the case of lead and air. 


We note that when 0 < Res < 0.5, C(s) (and 
hence A,(s)) is smaller than the corresponding 
functions obtained by Belen’kii!?°1 with Bethe- 
Heitler cross sections. When s = 0.5 the functions 
C(s) and A,(s), which pertain to cross sections, 
are practically identical. 

When t > 1 we can neglect the second term in 
the intergrand of (2). We then have approximately 

§-Lico 


No (t, B) = gee (GP 
Shea 


\ (Bye H,(s) e& (tds. (4) 
We have evaluated the integrals in (4) by the 
saddle-point method, using for the exponent the 
function 


y— 1] H,(s) es) tds, 


as 
2ni 


Ny (t, E) = 
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tog tpl t, £) logy M(t. E) 
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FIG. 1. Integral spectrum of electrons: 1—t = 2, Bethe- 0 
Heitler cross section; 2—t = 2, Ter-Mikaélyan cross sections f “3 4 ‘ $ 6 7 8 g 10 
(in air); 3-—t = 2, Ter-Mikaélyan cross sections (in lead); login “u/é 
4-—t=1, Bethe-Heitler cross sections; 5—t = 1, Ter- FIG. 2. Integral spectrum of photons: 1 — t = 2, Bethe- 
Mikaélyan cross sections (in air); 6-—t = 1, Ter-Mikaélyan Heitler cross section; 2 — t = 2, Ter-Mikaélyan cross sections 


‘ 


cross. sections (in lead), (in air); 3 — t = 2, Ter-Mikaélyan cross sections (in lead); 
4—t=1, Bethe-Heitler cross section; 5 —t=1, Ter- 
@ (s) = da (s) ¢ + In lb ail HN PN iy (in air); 6 —t= 1, Ter-Mikaélyan 
cross sections (in lead), 
The calculated formulas are 


Np (t, E) = H,(s) e® )t (u — 1)/s V 2nd?qp/ds?, 
Ny (t, E) = C(s) Hy(s) e® ©) # (u— 1)/s V 2nd2g/ds?, 


The integral spectra of the sharp particles be- 
come different when E,/E > 107‘, the difference 
increasing with the ratio E)/E. This difference, 


(5) 


per ¢ however, is quite small. Even when E)/E = 10 the 
H,(s) =e es “ {1 a is} deg Ne , shortage of shower particles in lead, for the spec- 
tra calculated by us, amounts to 10% of Messel’s 
and u=(E,/E)§ is determined from the equation spectrum. By virtue of the multiple scattering of 
ulnu dhx (s) the particles we should confine ourselves to an 
= 1—T?s 4 2. Seb ge , 
wt ds examination of showers generated by a primary of 
We have calculated the integral spectrum of energy Ey <10!*. It is therefore advantageous to 
the electrons and photons due to a primary elec- consider only the results pertaining to E)/E = 10°) 
tron in lead or air at depths t=1 and t = 2. The In the case of lead, the difference in the spectra 
results are illustrated in Figs. 1 and 2, whichalso _is only 5% of the Messel spectrum when Ej/E = 10°. 
show (curves 1 and 4) the results obtained by We can therefore state that the polarization of the 


Messel et a4 using Bethe-Heitler cross sections. medium hardly influences the integral spectrum 
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of the shower particles. Polarization in a less 
dense medium, such as in air, is even less effec- 
tive. As the depth of shower observation increases, 
the integral spectrum in the dense medium be- 
comes equal to the ordinary spectrum. We have 
disregarded the fact that the electrons lose energy 
to ionization. This process will decrease the 
polarization effect for the observed showers. Our 
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results pertain to integral spectra. The influence 
of polarization on the differential spectra is ap- 
parently more appreciable. : 

The author is grateful to I. P. Ivanenko for 
guidance and constant help with the work, and to 
I. I. Knyazev for help with the numerical calcula- 
tions. 


Note added in proof (October 30, 1961), Supplementing the table, we give the following values of di (s) for several values of s: 


E BT 029 NY S20,5 tO Uns 0a 0, OL Oe OS 
A, (air) 5.47-105 35500 5580 1140 541 267 132 68,1 35,9 19.7 
dy (lead) 54400 3760 842 254 147 75.6 52.5 33.5 24.3 13.9 
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Photo-absorption by Be® and C!” nuclei accompanied by the emission of protons is investi- 
gated on the basis of the a -particle model of these nuclei. The results are compared with 


the experimental results. 


Rec ENTLY, a number of experimental and theo- 
retical works! '~4] have indicated the possibility of 
the existence of clusters of nucleons in light nuclei. 
Moreover, the analysis of experimental data on 
photodisintegration of light nuclei leads to the con- 
clusion that these clusters play an important role 
in radiative transitions. In particular, the charac- 
teristics (threshold and energy corresponding to 
the giant resonances ) of the cross sections for the 
c® (y, n) and o's (y, n) reactions are close to the 
characteristics of the He‘ (y, n) reaction cross 
section, and in addition to the first maximum (ap- 
parently corresponding to the unpaired neutron) of 
the cross section curve for the Be? (y, n) and 

es (y, n) reactions, one also observes other max- 
ima which lie close to the energy corresponding to 
the giant resonance in the He! ( y, n) reaction. 

These facts indicate that in the above-mentioned 
light nuclei the photoabsorption occurs primarily 
in substructures similar to a particles. If clus- 
ters of nucleons actually exist in light nuclei, then 
their role should be especially important at high 
energies above the giant resonances and lead to 
considerable yields of high-momentum nucleons. 
Since the photon carries a small momentum into 
the nucleus, then such nucleons should already have 
| a high momentum in the initial state, and the nu- 
cleons possessing high momenta in the nucleus 
should be strongly correlated with a less-than- 
average distance between them, so that they inter- 
act and form separate substructures. 

1. The experimental datal®J on photoprotons 
emitted from the Be® and C” nuclei by y quanta 
of maximum energy 84 Mev show that these nuclei 
have very similar properties. For example, the 
angular distributions of photoprotons from Be® 
and C! nuclei are the same within the limits of 
experimental error. They have a large asymmetry 
with respect to 90° with a maximum at 50° and a 
strongly diminished isotropic part. The total 


cross sections for the reaction at high energies in 
both cases drop exponentially with the y -quantum 
energy and have a value of the order 107° em? at 
an energy hw = 80 Mev. If we compare these ex- 
perimental results with the data on the photodisin- 
tegration of a particles,'*] then we readily note 
that there is a strong similarity between the prop- 
erties of the Be? and C!? nuclei on the one hand 
and a particles on the other, which they display 
in interactions with y quanta. 

The foregoing discussion gives a basis for the 
suggestion that the photoreactions occur in Be® 
and C” nuclei mainly through the interaction of 
Yy quanta with individual quasi-a@ particles which 
are apparently formed by the clustering of nucleons 
in these light nuclei. 

The present article is devoted to the study of 
the photodisintegration of the Be® and c” nuclei 
on the basis of the mechanism of the absorption of 
y quanta by a particles. 

2. Under the assumption that the photonucleon 
is emitted from a bound quasi-a particle and the 
remaining nucleons are not disturbed by the radia- 
tion, we can write the wave function for the initial 
and final states as follows: 

V,= OF. (a), V7 = OY¥.(H*)q,, 
where ® describes the motion of the undisturbed 
nucleons, ¥_(a@) is the motion of the center-of- 
mass of the quasi-a particle in the field of the un- 
disturbed nucleons of the nucleus, yj is the internal 
state of the quasi-a particle, ¥¢ (H*®) is the motion 
of the center of mass of H® (or He’), yf is the 
motion of the emitted nucleon relative to the re- 
sidual nucleus. 

To describe the internal motion of the quasi-a@ 
particle we employ a model which was used 
earlier!"] to describe the He (y, p) and He®(y, n) 
reactions. 
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We assume that the interaction potential of y 
quanta with the quasi-a particle contains all multi- 
poles, both electric and magnetic. The motion of 
the center of mass of the quasi-a particle and the 
triton (or He*) is described by Gaussian-type 
wave functions, and the motion of the emitted nu- 
cleon by a plane wave. Using the mechanism of 
the He‘ (y, N) reaction (cf. eee we obtain for the 
differential cross section of the photodisintegration 
of a nuclei 


ds A—1 FR ., y 
aa Bon —— Ne sin? 8 exp [— 2ao0k”” 


+ 2Bokk’ cos 8 — 2yok?] {6’ — Bi exp [ak 
— Bikk’ cos 0] — Bz exp[— (a2 — ao) k” 
— (Bo — Be) RR’ cos 8 — (¥2 — Yo) R?]}? 


2 
4 ye a 
+ -3 Bon] aS 


w k exp [— 2aok’? 


+ 2Bokk’ cos 6 — 2y,k?]{1 — exp [oik’? — Bikk’ cos 6]}?*, 


(1) 
where w and k’ are the frequency and wave 


vector of the incident quantum, k is the wave 
vector of the emitted nucleon, n is the number of 
quasi-a particles in the nucleus, A is the mass 
number of the initial nucleus, Un,p is the magnetic 
moment of the neutron or proton in nuclear mag- 
netons, 6’ = 1 or 0 and 7 = 1 or 2, depending on 
whether a proton or neutron is emitted. The 
constants occurring in formula (1) are 
is 213 74'/2738 63/2 Pelt 3p — B2q fap sp? 
o p?Mc ‘ Waste t)prriats PSA tp? 
oe p + (36? + 487)? B, = (A — 4) p+ (30? + 48%) 9 
4p(@+B4) ° °° 2 (A 1) pO 4.87)? 


see a 4) cg" ne 2 (62 + 28?) 
ee oe 
Beas 2q | Bt 647" ~. 16;°s — 6Ap 
1= (A—1)p’ Gabrynt gop <e O'P2 a(A—1) pl ° 
s? + 9A2p 


where M is the nucleon mass, c is the velocity of 
light, 


p = 8y? (8? + 6) + OB, gg =4(A— 1) BP + 340", 
= 8y?+8% s=8(A—4)7?+4(A—1) B®. 


In these formulas 6 and f the parameters of the 
wave functions describing the motion of the center 
of mass of the quasi-a particle and center of mass 
of the triton (or He®), respectively. The param- 
eter y corresponds to the internal state of the 
quasi-a particle. 

Integrating expression (1) over the angular 
_ yariable, we readily obtain the total cross section 
for the process. Thus 
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FIG. 1. Angular distribution 
of photoprotons in the Be’ (y, p) 
reaction for 80-Mev y quanta. 


t 3 
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AT t © exp (— 91) 0’ [61] 


++ y2Bi exp (2) ®, [E2] + 233 exp (ps) D1 [Es] 


— 26’nB, exp (2/2) , [&,] — 26’nB, exp (Ps/2) D, [Es] 
+ 2n?B,B, exp (Ps) ®1 [Ee ]} 


eS rey 


= 2nByn A> “3 ok exp (— @;) {®z2 [&,] 


+ exp (2) Pe [E21 — 2 exp (@2/2) ®z [64]}, 
where 
1 = 2agh”® + Qok®, Gy = 20k", 
Ps = 2 (Oy — Ge) Rk? + 2 (Yo— Yo) R?, 
1 = (a) — a + 44) kh? + (Yq — Yo) FR, 
E1 = 28,kk’, Eo =2(Bo— Bi) RR’, Es = 2BoRR’, 
&. = (28 ae B1) RR’, & = (Bo + Be) RR’, 


Ss = (B+ Bo — Bi) RA’, [8] = 3,(ch § — 8), 


o = 8nB,n 


(2)* 


3. The numerical calculation of the angular dis- 
tribution of the photoprotons was carried out for 
the Be’ (y, p) reaction for an incident y -quantum 
energy hw = 80 Mev. The result is shown in Fig. 1. 
Also shown are the experimental points obtained by 
Chuvilo and Shevchenko."*] The curve for the 
total cross section calculated on the basis of 
formula (2) is shown in Fig. 2. 

The parameters of the wave functions describing 
the motion of the center of mass of the quasi-a 
particle and of the center of mass of the triton 
were determined with the use of the electromag- 
netic radius of the nucleus, while the value of the 
parameter y was taken from C71 (y= 8x 10" cm, 
B = 4.20 x 10! cm+, 6 = 4.17 x 10% cm™). 

The data of §*] on Be® concerns the brems- 
strahlung spectrum. To determine from these 
data the dependence of the Be’ (y, p) reaction 
cross section on the incident y -quantum energy, 
we used the relation obtained by Chuvilo and 
Shevchenko 


*sh = sinh, ch = cosh. 
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FIG, 2. Total cross section of the Be’ (y, p) reaction as a 
function of the incident y-quantum energy. 


\ Spe (w) I (@) dw = (1.0+0.2) A \ 64 (@) I (a) do, 


where I(w) is the bremsstrahlung intensity, 
0q(w) is the photodisintegration cross section of 
the deuteron. According to 61, this relation does 
not depend, within the limits of experimental error, 
on the value of the maximum energy of the radia- 
tion Wmax (in the 50 — 85 Mev interval). This 
permits us to write 


Sper (@) = (1.0 + 0.2) Aog (a). 


The experimental points for op. determined in 
this way are shown in Fig. 2, where the values of 
oq (w) were determined from the curve given by 
Hulthén and Sugawara C9] 

As regards the c? (y, p) reaction, the calcu- 
lation [see (1)] shows that the character of the 
angular distribution is similar to the Be?(y, p) 
reaction, which is in agreement with the experi- 
mental data [101 

As seen from Figs. 1 and 2, the shape of the 
angular distribution is in good agreement with the 
theoretical curve, and the curve of the total cross 
section runs only slightly below the experimental 
points. These results allow us to conclude that in 


the energy interval under consideration the quasi-a 


particle absorption of y quanta plays the basic 
role in the photodisintegration of the Be® and the 
c nuclei (~ 70%). Along with this, there are ap- 
parently other absorption mechanisms whose con- 
tributions to the photoabsorption cross section are 
evidently small. 

Let us consider, for example, the photodisinte- 
gration of a nuclei from the viewpoint of the shell 
model. It is known (see, for example, Wilkin- 
son!1]) that, according to this model, the angular 
distribution of the photoprotons strongly depends 
on initial angular momentum of the proton in the 
nucleus. Therefore, if the reaction takes place in 
accordance with the independent-particle model, 
one should observe a distinct difference in the 
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angular distribution of the protons from the Be? 
and C” nuclei, since the ratio of the number of 
protons in the p state to the number in the s 
state is 2:1 for carbon and 1:1 for beryllium. 
Feld et al/!9] have drawn attention to this. Actu- 
ally, the experimental angular distribution of the 
protons from the Be® and the C” nuclei are al- 
most identical [*1 

We note that on the basis of the a -particle 
absorption model one should expect the existence 
of the photonuclear reaction with the simultaneous 
emission of the proton and triton. Such a reaction 
has actually been observed by Maikov!!?1 in the 
case of the C” nucleus in the energy interval 
30—150 Mev, but no detailed investigation was 
made in view of the poor statistical accuracy. It 
is therefore best to defer the theoretical consider- 
ation of this reaction, which can be made in analogy 
with the theory developed above, until reliable ex- 
perimental data have been accumulated. 

We thank T. I. Kopaleishvili for helpful discus- 
sions. 
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The problem of the conditions for self-excitation is considered for devices of the type of a 
molecular generator with a resonating cavity with dimensions much larger than the gener- 
ated wavelength. The problem is solved by the method of expansion in terms of eigenfunc- 
tions of the cavity with ideally conducting walls. The limits of applicability of the results 


to real cavities are estimated. 


teres study of features of the operation of quantum- 
mechanical generators and amplifiers that use res- 
onating cavities of dimensions much larger than the 
wavelength has become interesting because of the 
practical development of such devices in the op- 
tical range of wavelengths (lasers). [1,2] One 
particularly important question is that of the con- 
ditions for self-excitation of a laser. Calculations 
on this have been made by Schawlow and Townes. 
The problem can, however, be treated by much 
more rigorous methods than those used by the 
authors of [J, 

Let us consider a system of weakly interacting 
molecules* with two energy levels, which com- 
pletely fills the resonating cavity.{ The state of 
the system is characterized by the density of the 
energy spin s (r,t), whose components sj, Sy 
and s3 obey the following equations of motion!® 


1 OSS 
S1 ++ 952+ Fe 81 + G- DIAd (F) e839, = 9, 
A 


z 1 1 
Sg — WpS, -+ F, a> ; Sy Aa (r) €1839, = 0, 
r 


. { 1 
S3 err Tr (s? a S3) re pe DAa (r) (e152 os €251) Jy) 


dt pea + 04, =)A. Oss tes) ay. 
Vic 
Here w, is the frequency of the molecular transi- 
tion, w, are the natural frequencies of the reso- 
nator, Q) are the quality factors corresponding 
to these frequencies, T, and T, are the Bloch re- 
laxation times, and e, and e, are vector molecu- 


*By molecules we here mean any quantum-mechanical 
objects with two levels. 

tThe disk type of resonator used in practice is not a 
closed system, but for the main modes of oscillation the field 
is practically all concentrated in the space between the 
disks. This is confirmed by calculations made by Fox and 
Lil‘]. Therefore our analysis includes the case of disk res- 
onators. 


[3] 


lar constants. These constants can be expressed 
in terms of the matrix elements of the dipole mo- 
ment. According to [1 


a 


d 
=F v = er, + GS, (2) 


where fi is the operator for the dipole moment of 

the molecule, and r; and r, are spin matrices. In 
the representation in which the energy operator of 
the isolated molecule is diagonal we have 


0 1 0 hb 
n=l) 9): n=zl\, 0 ). 


The relation (2) gives the connection between 
and e, and the matrix elements of jp calculated 
with the eigenfunctions of the energy operator of 
the isolated molecule: 


e, + te. = (2iwo/c) p21, e, — leg = (— 2iwo/c) pro. (3) 


We note by the way that the oscillating part of the 
mean dipole moment is linearly polarized only in 
cases in which e,; and e, are collinear. In fact, 


tb | BI Powe = Serr + cotf2 |p| ertbr + cathe 
= Cie ee ae + C1C3pto1e°°" é (4) 


and it becomes obvious that our assertion is cor- 
rect when one substitutes My, and Md); from Eq. (3) 
into Eq. (4). 

In writing out the system (1) we have used the 
expansion of the vector potential of the electro- 
magnetic field in terms of the eigenfunctions of 
the resonator: 


A (r,t) = SAd() a \ AldV =4nc?. (5) 
A c 


Let us introduce the notation 


Ajer/h = Oa, Ajeo/h =Ggrx, Ger — 104, = On (6) 


and make the change of variables s, + is, = Py, 
s,—is, = P,; the system (1) then takes the form 
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Pyt(he i 105): Ps DHS, = 0, (7a) 
P,+(Tz' + iw) P2 + 2 39,83 = 0, (7b) 

=F 89) +7 DP + Pas) dye (To) 
Ge a 4, + 08g, = —-F \ (Pa, — Paa,) dV. (7d) 


Vo 
Since, by hypothesis, the working substance uni- 
formly fills the entire volume of the resonating 
cavity, it is convenient to make an expansion of 
P,(r,t) and P,(r,t) in terms of the system of 
functions a, and aj: 


Pi (r,t) =a, (1) Pa Q, Pelt, 4) =2ia} (1) Poa. 


(8) 
The completeness and orthogonality of the system 
a follows from the properties of the system A).* 
Our set problem of finding the conditions of 
self-excitation of the generator presupposes an 
analysis of (7) for stability. Let us assume that 
at the initial time the quantities P,,, Pe, and qy 
are close to 0 and s; = s$ does not depend on the 
space coordinates.f The replacement of s3 by s} 
in (7a) and (7b) linearizes these equations and al- 
lows us to go from a system of an infinite number 
of coupled equations to a finite system. Multiply- 
ing both sides of (7a) by a} and both sides of (7b) 
by a) and integrating them over the cavity volume 
Ve, we get 


ie fi (Tz" ae iw) Lae cee 39 = 0, 
can + (Tz 0; 1@,) ee a S39 = 0. 


Integrating both sides of (7c) and the right side of 
(7d), we arrive at the equations 


“ 2 
Vo8s = > Di (Pia + Per) qs 
A 


(9a) 
(9b) 


(9c) 


tha 


se @> . 2 C € * 
CE en GQ, = O89, =—5- (P,,—P,,); ~@ = \ aa, dV. 


Ve (9d) 


Let us now assume that there is a small pertur- 
bation of the form 


0 f&>t On eae 
Pye ve Po os 


qhe™" 


where &) = 0) + id). Substitution of (10) in (9a)— 
(9c) leads to a system of homogeneous algebraic 
equations, which has a non-trivial solution when 
the determinant is equal to zero: 


(10) 


*We are confining ourselves to the case of greatest prac- 
tical importance, for which A)/|A)| is a constant vector. 

12s, has the meaning of the number of active molecules 
per unit volume, and s, > 0 describes a state with a prepon- 
derance of molecules in the upper level. 
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EX — 16} (@n/Qa + 2/T2) — & (03 + oo + T,°+ 2@/Q)T 2) 
+ i&,@, [20/72 + (09 + T2°)/Qal + 05 (05 + To”) | 
ze ha?w,s. = 0. (1i}a 
Confining ourselves to the case |6,| « Q, and 

neglecting terms in 68, 63, and df, we can write 

instead of Eq. (11) two real equations which deter- 
mine {) and 6, as functions of w), s$, and so on. 

We shall be interested in the occurrence of solu- 

tions of the system (9) that increase with the time. 

From physical considerations it is clear that for 

s}>s., there must be increasing solutions char- 

acterized by 6) < 0.* The condition 6) < 0 leads 
to the following relations: 


@, (@6T, + Tz + 2Q,0,) 
7, + 2Q), : 


(12) 


° 
Oncor = 


> [(@5 — QF ert Tan at er! 


2Q,, Tz ‘woha? nes 


SOS = 
The quantity Seon depends on w), and to a certain 
characteristic frequency of the cavity there corre- 
sponds a value (s3 cr)min below which there is no 
instability in the system. The quantity (s$or)min 
can be determined from Eq. (13), and the corre- 
sponding oscillation frequency is given approxi- 
mately by 2} =wj — Tz”. If we use the fact that 
Tz” « w, so that without much error we can set 
Wy = 2 = wo, we get a simple formula for the 
boundary of the region of self-excitation: 


(sj er min ~ 205/ha’Q,T,. (14) 
The quantity a* that appears here is given by 
a? = \ [(Axe,)2 ++ (Axes)?] dV. (15) 


Ve 


The simplest special case is that in which A, 
are plane waves and the vectors e, and e, are col- 
linear. Then the optimal mode, in the sense of its 
polarization, is that for which A) |l-e,, and by 
using the normalization conditions and Eq. (3) one 
verifies without difficulty that a? = (167w? /h?)|p,.|?. 
From this we have 


Nien =2 (s} cr ye = h/4n | Pe P Q,!,. (16) 


Comparing Eq. (16) with the condition for self- 
excitation of an ordinary molecular generator ob- 
tained by Basov and Prokhorov, [6] one readily 
verifies that they are identical. This fact is not 
unexpected, since the calculation of Basov and 
Prokhorov was made on the same assumptions 
about the character of the polarization of the field 
in the cavity and about the properties of the dipole 


*This can be shown directly, because d§/ds? < 0. 
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‘moment as-have been used in obtaining Eq. (16), 
and is due to the fact that the minimum point on 
the curve of s$er(w,) corresponds to the excita- 
tion of only one mode of the cavity. For s§ 

> (s$cr)min adjacent modes also become unstable. 

In conclusion we remark that the treatment 
given here has been based essentially on the as- 
sumption that the volumes of the matter and the 
field are the same. It is just owing to this that 
we could go from the system (7) to the system (9). 
If we take into account the finite conductivity of 
the walls of the cavity this assumption is incorrect, 
owing to the penetration of the field into the metal 
to the extent of the skin depth. In this case our 
derivation remains valid, though only approxi- 
mately, provided a condition which will now be 
indicated is satisfied. 

Let A, be the eigenfunctions of a hypothetical 
cavity with ideally conducting walls and with the 
same geometry as the actual cavity. Then we 
have the equation 


DAA, a = |S AA, V+ | DAA, (17) 
p 


VotVsk * Vo Veta: 
in which V, is the volume of the cavity and Vg, is 
the volume of the skin-depth layer. It follows from 
Eq. (17) that the system of functions A, can be 
used if 


\> AA, dv = | Aiav> | DAA. (18) 
Vo * Ve Vsk * 
Since 
> \ A,A, dV <>) \ {max A,}2dV =n {max A,}* Vex, 
» Vek Y Vsk 


we can replace Eq. (18) by the stronger inequality 


\ 5 dV > n {max A}? Vex. (19) 


Ve 
It is natural to take n to mean the total number of 
characteristic frequencies of the cavity that fall 
within the line width of the molecules. Violation 
of the inequality (19) is to be expected only in the 
case of large n, i.e., when the dimensions of the 
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cavity are much larger than the wavelength. Fur- 
thermore, according to the normalization condition, 
{max A) }* ~ 4mc?/Vg. Using the fact that the 
ratio Ve/Vs_k is approximately equal to the qual- 
ity figure (cf., e.g., (71), we finally get the con- 
dition for the validity of our approximation in the 
form 


Q>n. (20) 


The criterion (20) is satisfied clear up to the op- 
tical region. In fact, the number of types of vibra- 
tions of a resonator such as a Fabry-Perot inter- 
ferometer which have sufficiently high values of 

Q is given, according to C8] | by the formula 


n =LD*tw*Aw/2n°c* Q?. 


Here Q = Lw/c(1-—a@), L is the distance between 
the plates and D their diameter, and a is the re- 
flection coefficient. For L=4cm, D=0.5 cm, 

w 23x10, Aw/w =1073, a= 0.95, we get 

n/Q = 0.2. 
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Interference of leptonic decays of K® mesons during the transversal through matter of K) mesons is 
studied as a possible method for the determination of the sign of the K$-K$ mass difference. 


Koszarev and Okun’!!] have proposed a method 


for the determination of the sign of the mass differ- 


ence Am = m,-—mz, of the K} and K$, based on the 
interference phenomena that take place when a 
beam of K3 mesons passes through a pair of plates 
made of different substances. The Kk? waves pro- 
duced in each of these plates are out of phase by 
an amount Ag and therefore one can, in principle, 
determine the sign of Am by studying the oscilla- 
tion of the two-pion mode of decay of the Ki asa 
function of the distance between the plates. Ina 
paper by the author (21 this phenomenon was ana- 
lyzed in detail and optimum conditions for per- 
forming the experiment were found. The analysis 
showed that it would be advisable to use two thick 
plates located next to each other provided that 

| Ag | was not very small (= 7/8). 

However it is not clear a priori what magnitudes 
of Ag can be expected for various pairs of plates, 
not to mention the extremely complicated problem 
of determining the sign of Ag, which is essential 
in this method. It is not out of the question that 
Ag could be so small that curves with opposite 
signs of Am could not be resolved. In view of 
these considerations it does not seem likely that 
an experiment to determine the sign of Am by 
the two-plates method will be carried out in the 


near future. 
It is therefore of considerable interest to in- 


vestigate the possibility of determining the sign 
of Am by utilizing just one plate placed in the 
ire beam. This could be done by studying the 
number of hyperons produced in a thin plate, 
placed at a distance x, from the main plate, as 

a function of xp, /'s2] and by studying the leptonic 
decays K&; and Kps in the part of the beam that 
goes through without deviation as a function of the 
distance xX, between the point of decay and the 
plate. [21* | 

~—¥The possibility of utilizing interference effects in lep- 
tonic decays for the purposes of determining the sign of Am 
was already pointed out by Biswasl’] in the case of single 
scattering of the K° beam. In contrast to Biswas we con- 
sider phenomena arising from the transmission of the K? 
through matter. 


The obvious drawback of these methods of de- 
termining the sign of Am in contrast to the two- 
plate method lies in the fact that the effect under 
study (hyperon production, leptonic decays) oc- 
curs not only because and not so much because of 
the presence of the ‘“‘regenerated’’ K? wave, as 
because of the presence of the here predominating 
K$ component. Therefore the distribution of the 
number of observed events will be given by a 
term large in magnitude, on which there will be 
superimposed an oscillation of small amplitude, 
connected with the sign of Am. At the same time 
one should keep in mind that the use of a thick 
plate substantially increases the amplitude of this 
oscillation (by increasing the fraction of ‘‘regen- 
erated’’ K? mesons (21); furthermore, in the case 
of leptonic decays the amplitude of oscillations 
can be doubled by making use of the difference 
effect (see below) which is absent in the hyperon 
case. 

These considerations make it necessary to in- 
vestigate in detail leptonic decays in a beam of 
K® mesons that has traversed a plate.* As was 
shown by the author, [2] the number of leptonic 
decays N,(N_) in a beam transmitted without 
deviation through a plate of thickness t = x/v 
(v —velocity of the K} beam) per unit time at 
a distance ty = x)/v from the plate, relative to 
the initial number of mesons in the beam, for 
decays into 7* mesons and leptons (7 mesons 
and leptons ) is equal to 


*The fact that when leptonic decays are used to determine 
the sign of Am it is sufficient, in principle, to transmit the 
K through one plate is directly related to the fact that the 
decays K° » e+ (yt) +v +a and K°> e-(u-) + v + a are al- 
lowed, whereas K° » e-(u-) + v+ a+ and K°> e+(u+)+v+m7 
are forbidden by the AQ = AS rule, where Q and S are the 
charge and strangeness of the strongly interacting particles.[*] 
We note that the magnitude of Am can be determined through 
leptonic decays from the free K° beam, whereas its determi- 
nation from two-pion decays of K? requires the transmission 
of the K} beam through one plate. In order to determine the 
sign of Am one more plate is required (of a different sub- 
stance), 
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(2) “Per(—26+92){F e0(— 4) 


{T2 
t t : 
+rexp (= mei _ mx) E (t) sin (o— e to) 
A t 

— x(t) cos (e— TF to) | exp (— =} : (1) 
The notation in Eq. (1) is the same as in 1; in 
contrast to the corresponding formula (15) of [2] 
we have taken here into account the finite lifetime 
T, of the K? meson; o(t) and x(t) are respec- 
tively even and odd functions of Am, given by Eq. 
(16) of (1, 

Equation (1), as well as the entire theory de- 
veloped earlier in (1, is valid provided that the 
condition of preponderance of KS decays over 
effects due to their regeneration in matter is 
well satisfied [condition (4) in 'J], 

Taking into account that the introduced in [2] 
modulus r of a quantity proportional to the ampli- 
tude for the transition K} — K? may be written 
with the help of the optical theorem in the form 
r=N(o-0c)/4|sin gp | (0 < @ <7) we find that 
the condition (4) of '#] reduces to a condition 
whose left side has an obvious physical meaning 


N (6 — o)ytv < 2 | sin g |. (2) 


Let us note that y = tan™!(p./p,), where f(0) 
— {(0) = p,+ ip,, with p, > 0 in the entire so far 
investigated large energy interval. On the other 
hand, Eq. (1) is invariant under simultaneous re- 
placements Am — —Am and gy —7-4Q, so that 
it is necessary to know the sign of p, in order to 
be able to determine the sign of Am. [In the two- 
plate case one was faced with the more complex 
problem of determining the sign of the difference 
of the real parts of f(0) —f(0) in the two plates.] 

Information on the sign of p,; may be obtained 
from the results of the analysis of experiments on 
elastic scattering of K* and K™ mesons with en- 
ergies ~ 100 Mev on photoemulsion nuclei on the 
basis of the optical model of the nucleus with a 
diffuse edge.{*»] This analysis leads to a nega- 
tive real part for the interaction potential between 
K~ mesons and photoemulsion nuclei (about — 30 
Mev) corresponding to attraction, whereas for K* 
scattering the nuclear potential corresponds to a 
repulsion (its real part is approximately +20 Mev 
for photoemulsion nuclei). 

These data lead to the conclusion that 
Re [f(0) —£(0)] is positive for K* and K™ scat- 
tering on photoemulsion nuclei. It is to be ex- 
pected that a similar relation holds true for K? 
and K° mesons; also it is hardly to be expected 
that the sign of the real part of the potential would 
change upon passing from one nucleus to another. 
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At this time, however, it is not possible to ar- 
rive at any conclusions on the sign of the differ- 
ence of the real parts of f (0) —f(0) for different 
nuclei, which requires the precise knowledge of 
the actual size of the real parts of the scattering 
amplitudes. This problem is not likely to be solved 
in the near future. From this point of view meth- 
ods for determining the sign of Am using one 
plate have an incomparable advantage over two- 
plate methods. 

It should be noted that the experiment is im- 
possible if gy is close to 7/2. However the data 
on K* and K™ scattering!*»®] definitely indicate 
that » = 7/2. At the same time they indicate that 
gy is not near zero,* so that the condition (2) for 
the applicability of Eq. (1) is always satisfied, 
even if not with quite the margin that would be 
expected from the approximate condition (4’) 
of (J, 

Before carrying out a quantitative analysis of 
Eq. (1) let us indicate how it is possible, in prin- 
ciple, to estimate |sin gy |, i.e. y, given the sign 
of p,, by studying the dependence of the number 
N, of K decays into two pions in the undeviated 
beam on the distance ty when | Am|, v, t, o and 
o are given. This dependence is given by the 
formula 


3 fx a)? Np oe 
w= Met ap [Leo seo 


4 — 2cos (Amt/y) exp (— t/2yt1) + exp (— t/171) 3 
2 (Amp) tCara (3) 


(see also [T]), 
Turning to our problem with leptonic decays we 
introduce the ratio 


R(t, t) = EN = 2r [° (t) sin(@— 5" 4) 
— x, (#) cos (9 _ = t»)| e—tl2yts, (4) 


A study of this ratio as a function of to at an 
optimal thickness of the plate t permits the deter- 
mination, in principle (given the sign of p,, i.e., 
information about what quadrant gy is in—the first 
or second), of the sign of Am. 

In the figure are shown curves giving the de- 
pendence of R on X= vty for an optimal thickness 
of a copper plate x = vt = 3.5 cm (the energy of 
the K? mesons is equal to 100 Mev; the decay 
length of K? mesons y7,v is equal to 2.2 cm). 
The curves a, b, c correspond to the values 
g =1/8, 1/6, 7/4 for Am < 0, and 9 = n—m1/8, 
a—1/6, -1/4 for Am >0O. The curves aj, by 


EEE UE a - 
*An estimate of f(0) and £(0), based on the nuclear poten- 


tials of Kt and K” mesons given inl5 6) results in a value of 
¢ of approximately 7/6. 
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0.04 


Sign of the mass difference of K{ and K? mesons and 
their leptonic decays. 


and c, correspond to the same choice of g for 
opposite sign of Am. The magnitude of Am was 
taken to be 10! sec~!, [8,91 

It is seen from the figure that, given the in- 
formation on the sign of p,, it is possible in prin- 
ciple to determine the sign of Am from the sign 
of R near the plate on the basis of even a single 
point at some arbitrary x). For y ~ 7/6 the 
ratio R amounts to ~ 0.08. In other words, given 
approximately 350 leptonic decays we should get 
190 decays into leptons of one sign and 160 decays 
into leptons of the other sign, which insures a sta- 
tistically reliable determination of the sign of R, 
hence of Am. 

It must, however, be kept in mind that the 
events of interest take place at a distance from 
the plate of the order of a decay length yt,v of 
the Ke; so that all leptonic decays in that distance 
will be rare. In order to obtain 350 leptonic de- 
cays in the region of interest it is necessary to 
transmit ~ (7, /7,)*°350 = 175,000 K? mesons. 
However one should not forget that in the proposed 
experiment for the determination of the sign of 
Am it is not necessary to observe the oscillation, 
it being sufficient to determine the sign of R at 
one point. We note that with increasing energy 
of the K} mesons the ordinates of the curves in- 
crease as well as the region near the plate, in 
which for a given g the ratios R differ in sign 
for opposite signs of Am. 
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If one takes into account the difficulties con- 
nected with the sign of the difference of the real 
parts of £(0) —f£(0) for two plates and of the 
quantity Ag, then one might conclude that the 
utilization of interference phenomena in leptonic 
decays of K® mesons represents a real possibil 
ity for the determination of the sign of Am. 

In order to improve the statistics one could 
integrate the ratio R, Eq. (4), over xX) between 
0 and ~y7,v, where the sign effect is most pro- 
nounced, and study the dependence of the result- 
ant quantity on the plate thickness x. In that 
case the integral of R, corresponding to the 
curves a, b and c in the figure, will be for x 
less than optimal a positive increasing function 
of x, whereas for the curves a,, b, and c, the 
integral will be negative and increasing in abso- 
lute magnitude with the plate thickness. 

The author is indebted to I. Yu. Kobzarev, 

Z. Sh. Mandzhavidze, L. B. Okun’, B. M. Ponte- 
corvo, K. A. Ter-Martirosyan and G. E. Chikovani 
for a number of valuable remarks and discussion 
of theoretical and experimental problems, con- 
nected with this work. 

I express gratitude to G. I. Lebedevich for 
carrying out numerical calculations. 
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The method previously developed for constructing the Hamiltonian in the effective-mass approxi- 
mation is generalized for the cases when spin-orbit interaction must be taken into account. 
This method is used to calculate the change of the energy spectrum when semiconductors with 


wurtzite or germanium lattices are deformed. 


1. INTRODUCTION 


In the first part of the present work,!] a4 gen- 
eral method was developed for constructing the 
Hamiltonian Z in the effective mass approxi- 
mation; the method was based directly on the 
symmetry conditions and the invariance of the 
Schrodinger equation to time inversion. We 
shall consider how spin-orbit interaction can be 
accurately included in the framework of this 
method. We retain the notation oft 1] and when 

referring to formulae from it we use the prefix 
I before the number of the formula. 

To calculate % including spin-orbit interac- 
tion two procedures are possible: in the Hamil- 
tonian #% the term describing the spin-orbit 
interaction for V(r) = Vo(r) 


H#s.o. =— (i/4m*c*) ([VVo, V] 8), 


can, on the one hand, be included in #, i.e., 

considered as: a perturbation, since the interac- 

tion is relatively small; on the other hand, 

since 4g 9, does not depend on & and has the 

_ same symmetry as ,#%, this term can be imme- 
diately included in He, and only those terms de- 

scribing the spin-orbit interaction which included 

% are retained in %). 

In the first case the spin functions will ap- 
pear in the smooth functions Fy; in (1.2), and 
the basis functions Yjk, will, as before, depend 
only on the coordinates. In the second case, 
however, 9j,, Will include functions of the 
spin variables, and F; will not. 

We shall consider both these methods. 


2. #3.9. INCLUDED IN #; 


In this case the functions Fj depend both on 
the coordinates and on the spin variable a, which 


can take the two values +¥,. Correspondingly, D 
depends both on the operators ie which act on 
the coordinate functions, and on the operators G;, 
which act on the spin functions. The operator D 
can, as previously, be expressed in terms of 
basis matrices and written in the form (1.9), but 
now /(#) will contain not only functions of the 
quantities k;, H,, €j1, etc., and their products, 
but also linear functions of 0;, which describe 
the spin-orbit splitting at the point ko, and func- 
tions of the products of Gj and the remaining 
variables. In accord with (1.11) all these func- 
tions must be chosen so that they transform ac- 
cording to the irreducible representations of the 
point group G, corresponding to the wave vector 
group G,. It is clear that the 0; themselves 
transform as the components of an axial vector, 
and 2 must be constructed so that the terms 
entering in it satisfy condition (1.10). The con- 
stants Ct for the terms containing 6; are then 
small quantities relative to the other correspond- 
ing constants—of the order B?, where B = v/c. 
Since in“] the form of the operators appearing in 
®D was nowhere precisely specified, but was de- 
noted by the general symbol #, it is clear that 
all the results of C1] in particular the formula for 
determining ng taking into account the invariance 
to time inversion, and the methods for construct- 
ing ®, remain valid in the present case also. 
When determining y in (1.18) it must be remem- 
bered that 6; are odd functions, since, when 
changing t into —t in # itis necessary to 
change 6; into —6;.21 

To construct % it is convenient to choose at 
once Fj(r,@, t) in the form of products of co- 
ordinate functions Fj q(¥,t) and spin functions 
a. Then the system (1.3) takes the form 

Diy (H) Fj,0°8 = ihadF;, o/dt. 
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Hence we obtain the system of equations deter- 
mining the coordinate functions Fj q: 


Dia, ia (KH) F;,e = thoF;, ./dt, (1) 
where 
Dia, ig (H%") = <4 | Diz (#) | BD- 


In &’ in (1) the operators G are, of course, not 
included. 

If the matrices ALY are formed by one of the 
methods given in OH] it is easy to set up D in (1). 
The functions fi (#) in % are now products of 
functions of all the operators %’, including unity, 
and the spin operators oy which are linear com- 
binations of the Pauli operators or the unit op- 
erator, i.e., 


fis (90) = fir (") 6. (2) 


Therefore, if 


D(x) = d) CYA (x), 
Fore 8,.t 


then 
D(x')= Dy CYAgia (%’). (3) 
Lore Sse: 
Here 2D (%’) is expressed in terms of matrices 
Alt of rank 2n - 2n, which are constructed in 


sl 
the basis 9i, pe a, with the matrix elements 


t t a 
Asi, icp = Agi, ij Ora . (4) 


Knowing the matrices A{, it is possible to con- 
struct at once these matrices also, since ¢d; is 
either a unit matrix or a combination of Pauli 
matrices determined from (2). 


3. 43.9, INCLUDED IN % 


The functions Yiq = Yjk,y-@ which are the 
basis of the matrices % (%’) in (3) transform ac- 
cording to the double-valued representation T’, 
which is the direct product of the representation 
Tp and the double-valued representation Tj», 
according to which the spin functions a trans- 
form: T’=T) X T4,. This representation T’ 
is in general reducible, and decomposes into the 
irreducible representations Tg. If the spin-orbit 
splitting is sufficiently large, it is often not nec- 
essary to consider together all these represen- 
tations, and it is sufficient to set up ® only for 
one of the irreducible double-valued representa- 
tions Tj corresponding to the extremum point. 
Of course, this matrix can also be obtained from 
(3); however, in the present case it is simpler to 
include at once #%g 9. in #9, and to choose as 
basis the eigen functions ?{,,(¥r, @) of the Ham- 
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iltonian $3 =54)+ Hs.0,, which transform ac- 
cording to the representation Tj. As before D 
can be written in the form (1.9), where # does 
not, of course, contain the operators ¢. Obviously, 
it is also possible to proceed when the represen- 
tation T’ = Tyx T4, is irreducible. In this case 
the n? linearly independent matrices Ag] are the 
basis for constructing , where n is the dimen- 
sion of a representation T). It is obvious here 
that Eq. (1.8) remains in force, i.e., these ma- 
trices transform according to the representations 
Ts contained in the product Tj T)*. For x9(G) 
in (1.8) must now be understood the characters 
of the double-valued representation Tj. If, as 
usual," a new element Q = C,, is introduced to 
the group Gk), in order to change it from a 
double-valued representation to a single-valued, 
the summation in (1.8 ) must be made over all the 
elements of this new group Gy, and h is to be 
understood as the number of elements init. The 
characters of the corresponding representation 
of this group will be denoted below by x4(G). 
The result of the calculations will, of course, be 
the same as when the double-valued representa- 
tions of the group Gx, are used. It is clear that 
the matrices A,7 and / (4%) transform accord- 
ing to single-valued representations, i.e., the 
representations Tg, of the point group G, for 
which Q = E, while for the representations Tj 
we have x’(Q) = -x’(E). 

We now consider the additional conditions im- 
posed on & in the present case by the time inver- 
sion invariance conditions. In distinction from 
(1.1 ), we now have H¥ * Ho, since #) now in- 
cludes an imaginary term #g.o,. In order to ob- 
tain from #* a Hamiltonian coinciding with #, 
it is now inadequate to replace Hj by —Hj and kj 
by —k,, and it is necessary to perform a unitary 
transformation!?] s”, so that S’9#8.0,8'"! =Bfg.0. 
or S’o,*s'"1 = - Oi; consequently S’= Gy. Here, as 
in“ the Hamiltonian S#’S''=%. Here § is 
the Wigner operator, § = §,$’, where §, is the 
complex conjugate operator. Therefore, the func- 
tions SW’, as well as the functions &, are eigen 
functions of #, corresponding to the same eigen 
values E and k. The stroke denotes, as in (1.12) 
the replacement of Hj by —Hj and of kj by —kj; 
the change of sign for 6; in #* is now performed 
by the unitary transformation S’. 

From the conjugate equation we again obtain 
the system (1.12), but now the functions 
S vik, (tT, a)= Gy Pik (r,@) are the basis of D* 
in-(1.12), whilst the functions Piky( r,@) are the 
basis of D in (1.3). For brevity in what follows, 
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we Shall not write out the arguments of these 
functions. 

If a linear relationship exists between the 
functions S¢j and ¢j, then, as previously, ad- 
ditional conditions are imposed on %. According 
tol for double-valued representations such a 
relationship occurs in case c; in cases a and 
bj,2 additional degeneracy occurs. If Kg and —Kko 
belong to different stars (i.e., in case bs), then, 
as previously, no additional conditions, apart 
from (1.6), are imposed on %. 

We now consider separately all the cases when 
time inversion imposes new conditions on 2. 

The methods of derivation are basically the 
same as in Sec. 3 ci]. without presenting details 
we emphasize only the points where there are 
differences. 

Case c: the representations Tj and T9* 
complex and equivalent. 

1) cy; ko equivalent to —Ko. 

In this case, analogously to (1.14), the func- 
tions Sj can be expressed linearly in terms of 
Gj: 


Sq: =p = Sie. (5) 


However, in distinction from (1.15) we now have 
SS = —1; therefore, 


See Se (6) 


Hence, it is apparent that in the present case D 
satisfies the relations (1.16) and (1.17), and Aby 
the relation (1.19). However, since now, accord- 
ing to (6), SG*S*= —SG*S ! = —G, then from (1.19), 
instead of (1.20), we obtain 


ns =r DY 4 (G) KE (@ — 1x, @)I. 


GEG, 


(7) 


Consequently, for even functions (y =1) the quan- 
tity ng is equal to the number of representations 
T, contained in the antisymmetric product {Fy}, 
and for odd (y = —1) in the symmetric product 
(ty? J. 

2) co; Ko not equivalent to —Ko. 

In this case, analogously to (1.21a), the func- 
tions RS9j, are linearly expressed.in terms of P's 


and since R commutes with S, and 8? = —1, then 
RS9j = Rij Pj’; but 
RqQ = RiidSor. (8) 


Now, therefore, in distinction from (1.23), 
(Ry =— Rij* = — Rj. (9) 


Consequently, 2, as previously, satisfies (1.22), 
and Aky satisfies (1.24), but, since now (R?);j = 


RyRy = — RijRjip the quantity ng, in distiaction 
from (1.25), is equal to 


ns =, Dilts(G) | x0,(G) ? — 1x5 (RoG) Xo (RoG)*I- (10) 
GEG a 

Cases a and b: the representations Tj and 
To* real or complex non-equivalent. 

1) a, and by; ky equivalent to —ky) _ 

In these cases the functions gj and Sqj are 
linearly independent and are united in a single 
representation. The matrix D is constructed 
on the basis yj and gy, =Sgj, but D’* is con- 
structed on the basis $j =Sgj and 9] = Sq] = 


So; =-g;. Therefore, in distinction from 
( 1.26b), now 
Dy; = — Dy; (11) 
Correspondingly, instead of (1.27) 
Ast, 177 =— TAs, si- (12) 


Therefore, for the ‘‘non-diagonal’’ terms ng is 
now determined by (7), and for the diagonal ones, as 
before, by (1.8). 

2) a, and by; ko not equivalent to —Ky 

Here the functions yj and gj = RpSqgi are 
united into a single representation. The matrix 
® is also written in this basis. Then 2’* is 
written in the basis @j =Sgj and @] =Sgj = 
—Rogj; therefore, instead of (1.29), @, = 
(RoR) Gi’, and gj = —(RR")i4 gy’. Corre- 
spondingly, instead of (1.30b) and (1.31), we 
obtain 


Dj (H) = — (RR) Drv (RH) (RoR)vi (13) 


and 


Als, 17 =— 1 (RRo*)i (RoR) 7 RUA, ry (14) 


Hence, it follows that for the ‘‘non-diagonal’’ 
elements ng is determined from (10), while for 
diagonal elements (1.8) is retained. 

From (1.8), (7), and (10) the formulae derived 
previously by Sheka 4] are obtained for determining 
the points of zero slope for the double-valued 
representations. 

We shall deal briefly with the methods of con- 
structing the basis matrices Ag, 7 and the matrix 
g for double-valued representations. 

These methods do not differ from those de- 
scribed in 4], sec. 4. It is clear that each of the 
terms in % must satisfy condition (1.10). If the 
group Gy, is equivalent to the point group G, 
the basis for Aty can be chosen to be the eigen 
functions of this group, which can consist of the 
eigen functions of the space group Dj with the 
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Table I. The distribution of f (#) and 9(J) over 
the representations [ and K (wurtzite) 


Repre- 


sentation Xa) , © (J) 
He K Odd | Even For equation(15) | For equation (20) 
Tr Ne, ey? 2,5? Bids yes OLks ig? ~ 

Ky 
Q% ant im — Sone 
rT, S, Shey, Rat 6 Ry Je Je 

Ke 
Ps > == — de Se 

Ry, R23 85,8; ae 

Ts a 6, hy» ok JJ bs os beac 

Kg 

Su S62 RipRs ia weg Oy Bye FE! ; o 
Ts ones 6,h,,5 k,;6,k,6, ke J.J] [J_J,) [J+ Jz], [J_ J] 
Note: k, =k, +ik,, J, = (VJ, £iJ,)/ V2> Cig Sit Ol ane Ba, 


£47 = 8, + ity, € = bey tb by 


corresponding half-integral values of j, and the 
matrices Agz can be chosen to be the matrices 
of the functions of the components of the axial 
vector Pg( Jj ), which transform according to 
the representation Ts, constructed in this basis as 
was shown in Part 1, Sec. 3 of 1] The additional 
conditions associated with time inversion must be 
included separately. In case c,, (1.38) is now 
satisfied, since here also S4 = 1; consequently, 
can contain only even products of f (#) and 
od ), which do not change sign when changing 
the signs of k;, H; and Jj. In the other cases it 
is necessary to use the general formulae given 
above. 

If the representation Tj is two-dimensional, 
Z% can be constructed by the method discussed in 
Part 4, of Sec. 4 of U1] When necessary, D can 
also be constructed here for a combined represen- 
tation which includes several irreducible represen- 
tations. However, if all these representations 
arise as a result of the spin-orbit splitting of 
one representation To, i.e., are contained in 
T’ = To) Tyo, then the first method is more 
convenient for their simultaneous consideration. 
This method is especially convenient when the 
double-valued representation—reducible or ir- 
reducible—arises from a two-dimensional 
single-valued representation, since then the 
construction of the matrices A,7 is performed 
in the simple way as described in Part 4 of 
Sec. 41] The defect of the second method is 
the difficulty in determining the order of the 
coefficients cu Whereas in the first method 
the coefficients of the first order of smallness 


in 8? are determined at once (the coefficients 
in / (#) containing oj), to do this by the second 
method requires as a rule additional compari- 
son. To do this, for example, one can compare 
the general expressions for %, obtained by both 
methods, and consider how they turn into one an- 
other for weak spin-orbit interaction, as is done, 
for example, in®J (Appendix B). It is not, of 
course, necessary to write out in explicit form 
the matrices gg (J) for both cases. 

Below we consider a number of examples 
where both methods are used. 


4, THE EFFECT OF DEFORMATION ON THE 
ENERGY SPECTRUM OF WURTZITE-TYPE 
CRYSTALS 


In we considered the effect of deformation 
on the spectrum of wurtzite-type crystals ignoring 
spin-orbit interaction. The formulae obtained are 
valid when the splitting of the bands due to spin- 
orbit interaction is small in comparison with both 
kT and the splitting caused by the deformation. 

Of the crystals in this group CdS has been 
studied best. By analyzing experimental data on 
the absorption and reflection of light in these crys- 
tals, Birman!®] and Thomas and Hopfield!" con- 


G ie 
wwigey sag /_| bean 
7 i ik 
ae & j j 
: ve \ ~2073 eV 
5 G ck 
a b 


Genesis of the bands: a — according to Birman|¢] , b—ac- 
cording to Thomas and Hopfield. [] 
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cluded that the extremum of the valence band in 
CdS lies on the A axis, apparently at the point T 
(k= 0), where the wave functions at the extremum 
point, ignoring spin-orbit interaction, transform 
according to the representation [, (in the nota- 
tion of 8 iG 

However, the representation IT, also lies close 
to the edge of the band at a distance Ag from it. 
Owing to spin-orbit interaction, the representation 
T, is split into two double-valued representations 
Tz and [y,where Ty corresponds to the maximum 
energy of the electrons, and ['; goes over to Iz. 
According to!*1, the spin-orbit splitting Ago is 
smaller than A, but comparable with it, whereas, 
according tol") Ago is greater than Ac. The 
geneses of the bands according to!8,7J are shown 
schematically in the figure. We consider the ef- 
fect of deformation on the spectrum of CdS for 
both these models. Thus, we must construct D 
simultaneously for both the representations Ty 
and I. We first write down %, using the first 
method. The characters of the single-valued 
representations at the point I calculated by 
Rashba!® are given in Table I in], Both the 
representations Ty and I belong to case aj; 
therefore, according to (1.20), there must appear 
in % even functions of # which transform accord- 
ing to the representations [( LBM Ts)’ = 2T,+ 
I; + Ig, and odd functions which transform ac- 
cording to {(T, + Ig)7} = T2+ Te: 

In addition to the functions given in Table III 
of (11 we now include in % terms with oj not 
dependent on k and linear in k. All these func- 
tions are given in Table I. Also given are nine 
functions ¢ ( J) transforming according to the 
representations quoted above. Using these func- 
tions, we form_% in accord with the require- 
ments of Part 1 of Sec. 411. 


F = Ay? + Ag G2 + Ag (6,J_ + J_G,) + Bike + Bok 
+ Bs (JRE + J2RA) + Bal 2k: + Bol zk 
+ Boke (Jol) &. + Wed _lk,) + iBr (RJ — R44) 
+ i (8, + Bod?) (0,4. — 6_k,) + iB2 Ro — J7k,6,) 
+ iBso( [Jol] k. — od _1R,) + iBske (ad ,] 0 
— [JeJ_16,) + Crece + Coe) + Col 2822! Cal 281 
+ C; (Je, + Je) + Ce (Wad ,) e42 + Ved_] &-2). 


Here (16) 


2, [JJ] =J J, + J7Ji, 


E42 = &xz + i8yz, 


G4 = xx + 2ieey — by, &) = Exx T Py, 

ky =hy tiky, RL = + Ke. 

We shall not write out % in a general form, but 
consider limiting cases. 


1. Ag > Aggy. In this case it is possible to 
ignore the representation [,. Then % must con- 
tain only matrices which transform according to 
the representations T,X Tg = Ty +I2+Ts, i-e., 
1, J2, J? and J?. Since the representation [¢ is 
twofold degenerate, and the functions / (%) were 
chosen in accordance with the requirements of 
Part 4 of Sec. 4[1], the matrices of these opera- 
tors, according to (1.46), can be put, respectively, 
equal to I, Oz, 0,, and o_. (In fact, this corre- 
sponds to a choice of the basis functions in the 
form uz = (+x — iy)/V2.) 

If we now write, in accordance with (1.4), the 
matrix % in the basis u_a,, u,a_, U,a,, Ua, 
we obtain 


X\ — Ae F G I 
I A — Az ike G" 
D=| ¢ I* iA, 30 , (16) 
I* G O A+ Az 


where A = Byki + Bok} + Cy€zz + Co€1, F = —iBk,, 
G = B3k? + C3€,, 1=iByk_, Az=Ago/2. Here the 
constants 8; are of the first order of smallness 
with respect to 6”, and the remaining constants of 
zero order. If we omit the terms associated with 
the deformation, this matrix coincides with that 
obtained previously by Rashba and Sheka!®] 

The secular equation ||% — E || = 0 according 


- to (16) has the form 


(. — BE’)? (0 — E’ — 2A2)? —| F ?] —2 (0 — EB’) (A —E’ 
— 2A2) (1 2 + |G) — FG — FG) 
HGR TERY sali 

Here E’=E — Az, i.e., the energy of the electrons 

measured relative to the edge of the valence band. 

If, in this equation, of the terms proportional 

to B*, only those not dependent on k are retained, 

its solution will be 

E’ =N— A+ {A? + Bek + 2B,Cs [(ke — hz) (xx — Evy) 

A hee Reky) + BS (exe — ey)” + 48xul}- (18) 

Close to the extremum, i.e., for E’ XK Ago 

E = A a. 2B8,C; [(RE — ki) (Exx <= yy) + Ae yk Ryl/ Aso. (19) 


It follows from (18) that when Ago exceeds both 
kT and the splitting of the bands due to the defor- 
mation, the deformation causes only a change of 
the effective masses. These changes are rela- 
tively large—of the order C; €/Ago; comparatively 
large values of the piezo-resistance constants 
Ilyxxx: Ixxyy> and Ixyxys can therefore be ex- 
pected here; however, in distinction from the case 
considered in Sec. 5 of 11] these coefficients are 
now proportional to C3/Ago, i.e., they do not de- 
pend on temperature. 


(17) 
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Table II. Characters of the double-valued 
representations for the point A (wurtzite) 
Fem ea eaa Pn Sd Te ek are Es DL TE RE PE PRE SNS At to Se 
Numbe , , K 
of ele- Elements of the class Ay Ag 9 
phenta’| SMM MeN ga rapes, etl he eet ae ee ee 
r (elo) 2) 2 a) 
2 (0.58 9) V3 1, —V3", p 
2 ( 02, 54) ) 2 
: ( 8, 55]0) 1 a4 2 
5 = |to = KS 
2 (8 6» 06 [5 ) —V3m | V3, 0 
ie 
< (2, d3/?) 0 0 
6 (51, G2, 630), (si, Sos 33,10) 0 0 
FMS |S age rg 
6 ( 1,55, 5415), (51,5433) 0 0 
Note: 7, = exp tikzoto/2}; for the point I’ the quantity 7, = 1. 
2. Ago > Ag. In this case we can consider Here 


only the two split-off half-integral representations 
I'g and ['4. The corresponding expression for D 
can be obtained from (15); it is, however, more 
convenient here to use the second method, and to 
consider only these two representations. In 
Table II are given the characters of the double- 
valued representations at the point A, calculated 
by Rashba and Sheka [91+ 

The representations Ig and I’? belong to 
case c,, and therefore, according to (7), D con- 
tains even functions of # which transform ac- 
cording to the representations {(r4+1%)*}= 
2%,;+I5+I,, and odd functions which transform 
according to..[(P%+ 03)7].= 26e03 + Tethl st 
Ig. These functions can be chosen from Table I. 
In the same table are given sixteen corresponding 
functions ¢y(J) that transform according to these 
representations. Here, as shown above, can ap- 
pear in % in case c, products only of even func- 
tions of # and J, or only of odd. 

We construct % following Part 1 of Sec. 4 of M11. 
D = 0.) 2 + Bik + Bok + 7% (SA + S288) + Bul Pee 
+ BJ 2, + Y/ 2 Bolaks (Vel 1k. + Well &,) 


Peb(toAyouwtatas, 
2 Wiel =JSide + Jed ;. 

This choice of the numerical coefficients in (20) 
is made with the aim of obtaining a matrix D 
closest to (16), to simplify the comparison of the 
two cases. The constants Bj and Cj in (16) and 
(20) are not, of course, identical. In the approxi- 
mation of weak spin-orbit coupling, these con- 
stants can be expressed in terms of one another 
by the use, for example, of the method mentioned 
above due to Luttinger [51 

We shall not make such a comparison, but only 
point out that from (15) and (20) it follows at once 
that all the constants B; and Cj; in (20) are of 
zero order in 8*. Only the constant 8, for the 
cubic term in J; is of the first order of small- 
ness in B*, Of course, the remaining constants 
can also include contributions of the same order. 
The complete set of functions Yi ‘with j= % are 
the basis for . Therefore the actual choice of 
the representation for g(J) can be arbitrary 
here. The corresponding matrices are given, for 
example, in, 9Jp. 171. In the representation 


vit7y» Yitg,, Y36%,, Y%2,, the matrix Z takes the 


ie Vel y/ 2 "2 form 
iV? BEC kok | Ve Bi (W2V,1 8 (ogy Mae ; oa 
"3 2 be B* ny I* — H* G* 
— [J7J_]k,) + Ce +Coe, + 5° (Jie_ + J%e,) D=| Fit e , Fs F (21) 
, mn nog I* + H* G 0) ny 
+ C,J 283, + Cylze) + Ves Coll A eg where we 


— [VJ_] &2:). 


*Throughout the tables of the groups the following nota- 
tion is used for the operators: 5 — rotation, p — reflection 
rotation, o-— reflection. 


0. =B,k2 + Bok’ + Cyezz + Cre), 
0 = 6, + Bake + Bk + Cye2. + Cye,, 
7 one 2 
Pee ae Vie U (8, =o By) Ris G = Bk, oh Cse,, 


V3 
l= iB-k_, H= B,k_kz + Crees! 


CALCULATING ENERGY SPECTRUM OF CARRIERS IN SEMICONDUCTORS 1081 


The secular equation || % — E || = 0 has the 
form 


(A — Ey? (0 + 6 — E)?—| FP] —2(A— E) 
UA +0 — E) (iP + LP + Gi) 
ar — Fay \GY—2)eP()7P—1H 
+ (2 — H?) (I*? — H") =0. (22) 


It is not difficult to verify that here, just as in 
(17), kx and ky appear in the terms not containing 
‘€ only in the combination kj = kX + ky. This means 
that in the undeformed crystal the extremum in the 
lowest band I4, is in both cases a ring—with k, = 
const. However, in distinction from (17), the term 

in (20) linear in k is not small, since it arises, 
not due to the spin-orbit interaction, but as a re- 
sult of the interaction of the two bands T, and I. 
Therefore the extremum can be far from the point 
k = 0, where terms of the fourth order in k, not 
included in (20), play an important part. 

In the uppermost band Iy, which corresponds 
to the minimum energy of holes, the extremum is 
at the point k= 0. Close to this point for 
E(k, €) < 6, we have 


By 4C : 


+ Mahal} + % (BaCs (= Fi) (Cae — ed 


+ Ak,RyExy) + BoCe (Rxkzexz + Rykoty2)}- (23) 


Here we neglect terms of the order Bk, and also 
ignore the splitting of the bands caused by the de- 
formation and proportional to €k, since this 
splitting leads to effects of higher order in €. It 
can be expected that the coefficient B7/5 in (23) 
greatly exceeds Bp». In this case the principal 
contribution to m* = n’/2(B, + B?/5) is pro- 
vided by the interaction of the bands Ig and Tj, 
and the change of the corresponding effective 
masses under deformation in the plane xy is 
basically determined by the first term in (23) 
proportional to B%C;/6?. 

We note that, in distinction from (19), a large 
change of the effective mass and, consequently, 
of the conductivity also, can occur-not only under 
deformations €xx, €yy, and €xy, but, as seen 
from (23), also under deformation € xz and €yz- 

By the use of Table I it is also easy to con- 
struct the operator % for an arbitrary point on 
the A axis, where an extremum can also exist. 
At these points time inversion imposes no ad- 
ditional conditions on #, and in it there can ap- 
pear products of any even and odd functions of 
% and J which transform according to conjugate 
(equivalent) representations. 


We shall not linger on this, but consider the 
spectrum at the point H3, where there is also a 
point of zero slope in wurtzite. 

3. Spectrum for the representation H3. To 
construct 2 we use the first method. The char- 
acters of the single-valued representations at 
the point H are given in Table II of 1] As shown 
in] the representation H; belongs to the case 
a), and, according to (1.25), there can appear in 
% odd functions transforming according to the 
representations IT, and I, and even functions 
transforming according to T, and Ig. 

These functions are given in Table I. The ma- 
trices A,j can be chosen according to (1.46). 
The basis of these matrices will be denoted as 
Pi» P2- 

D =A, (Bk + Bok + iB, (6,4. — O_k,) + Citze 

ACs | AahGs 1 Agi (Byki Cie 

+ 18,028, + i890,42]-+ Ase [Bgk2k_ + Cye-z 


— i8.62k_ — iByG_hel. (24) 
In the basis ((1@,, Q2%, 94Q_, ~,@,) the matrix 
is 


A+A F G TA 
Liha hie! A+ AI HG 
OF G* hE, SIA 0 : (25) 
I*+H*  G 0 NS IN 
where 


Ane Bike Hr Bok “i. Cy822 a C28), 
[= B3k2k, + C382, H, = 1B3k,, 
F = iBskz, G = iByh_. 


When the terms proportional to € are ignored, 

this matrix agrees with that obtained previously 
in'®J, In form (25) is similar to (21), and the sec- 
ular equation || % — E || =0 is similar to (22). 

Of course, the explicit form of the matrix elements 
in (25) and (21) is different. If, of the terms pro- 
portional to B2 in D, we retain only those inde- 
pendent of k, the solution of the secular equation 
is of the form 


E=NL{A + Bak? Ro + 2BsCg (@xekxckz + &yzkyhz) 


1 (26) 
+ Bi (e%2 + &42)}". 
Close to the extremum point for E’ < A 
F! = E—A=N+(BsCq/ A) (Rekexz + Ryhetyz)- (27) 


Thus, in distinction from (23) and (19), a sig- 
nificant change of the effective masses occurs here 
only for deformations €xz and €yz, and large 
values of the constants Iyzx7 = Hyzyz can be 
expected. 

Consequently, the study of the effects of piezo- 
resistance in these crystals can serve as one of 
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Table III. Characters of the irreducible repre- 


sentations for the point IT. (germanium) 


Single-valued Double-valued __ 

Number ae bid = 
coos Elements of the class rz r= ré re rx T, Bo Pie 
ee" |g lat 

Bee a Pee ts |e er ee 

6 (63|0), (63|0) 11 4, Lape dein Seg aire S600) Gh Orel 

6 (5c), (6 3lz) |! HE, ; |v Ley Oil YeO 
6 a a V2'| Vaio 
12 (5e|t ), (|x ) FF Sa i i BY end od meh ca 7 9 aa lie 
salts DECREE WAN | 240 bmgth alent oh iting 

8 (3s |0), (6 210) | ee 4 ite 1 


48 (i|T) x z 


+% (2) 


the methods for determining the positions of the 
extremum points. 


5. THE CHANGE OF THE ENERGY SPECTRUM 
DUE TO DEFORMATION IN LATTICES OF 
THE GERMANIUM TYPE 


We shall not consider here the spectrum at all 
the points of zero slope where there are degenerate 
representations, but limit ourselves to two of them 
only: the points IT at the center of the Brillouin 
zone, and X at its edge on the [001] axis. 

1) The point [. The characters of the single- 
valued and double-valued representations of [T are 
given in Table m1] at this point there are three 
pairs of degenerate single-valued representations. 
Two of them, ies and te are threefold degen- 
erate (without spin); due to spin-orbit interaction, 
these representations break up, respectively, into 
ce a DG and Gs + rea To construct the spec- 
trum for the fourfold degenerate representations 
ee derived from Pe or Boe. it is more con- 


venient to use the second method. The functions 
f(#) and y(J) transforming according to the 
corresponding representations [ are given in 
Table IV. Since the representations Tj} belong 
to case c,, then there appear in %, according 
to Sec. 3, only products of even functions which 
transform according to the representations 
{rz 2}= Ti + Tip + I'g,, and odd functions which 
transform according to fie uae ROT ee ed 
Therefore % will have the form 


D = Bik? + Bs (Jie + Joh) + Bg (Wed y] Reky 
a [J J 2] kyxkz + [J yd 2lkykz) + Cye + C, (J 1&5 ae J 5&1) 
+ C; Cd phyl Exy + ld eel Exz oy [JS dol Eyz); (28) 


where R, = R&+WR% +w’RZ, R, =R] (R?— J? k? 
or €j; and w =e?7i/3), 

As is well known, the wave functions in ger- 
manium and silicon at the extremum point of the 
valence band transform according to the repre- 
sentation I'3,, where the upper of the split-off 
representations is —Ig. Thus (28) describes the 


Table IV. The distribution of fi) and g(J) over 
the representations [ (germanium) 


Repre- 9 (J) 
: f (R) F (e) f (s) f (9, k 

sentation | | 3, k) aha awe 
r ke & — pas pas I 
r. = = _ kis + kyo, + 5, — ry 
Te _ — _ — JJ bot Io yl x — 
b aS ws a e ad & 
cme ky, Re £1, & = = = Jy, Je 
Typ 3 = x (RS)1, (RS)2 Pa =e 

+ 2 
Ths a aa Sy, Sy Sz iy ies oder ead — 
"is lees ky k, ts a {2,6} ? {kysz}, {k,6,} rar As, 
Pos k, ky» kk, k, Rk, Be Peat eae os == Veo Vin Vz [J.J] (J .7,1 (J, J 
V5 as eF a [k,5,], [k,6,], [k,5, | ss a 
Note: Ri=R, +R, +07R, Re=RyandR,— #, 2, ks, J%, o=e™/8 p= [J,(J2 —J2)] ete. 
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Table V. Characters of the representations 
for the point X (germanium ) 


Number 

efele | “thectens | i pageant ot 
1 (e | 0) 2 2 2 Cagsa () 42 0 
4 (e | t) ieee? j (i{t, +2) 0 0 
4 (5,,| 9) A ie 2 (s,|t, t+?) 0 0 
4 (5,, | #) —2 2 ae Og, OL ( 1, eee 0 
4 (Pgz> P32 | 9,2) 0 0 4 (67,6,1% 64-2) 0 0 
4 (Sgy9 Soy | 0,2) 0 0 2 (S.ey1 T), (85.5 |t-+-2) 0 £2 
2 (ee 3271.0) +2 0 2 | Gaz 1t),(8.,,1t+4] 0 | F2 


spectrum obtaining in these crystals. Ignoring 
terms proportional to €, for germanium % in 
operator form has been given in [5], where all 

the coefficients B, are of zero order in f’; it is 
not difficult to show that this is also true for the 
coefficients Cj. The change of the energy spec- 
trum of p germanium under deformation has been 
considered in detail in £12], where the matrix D 
was obtained with the aid of perturbation theory 
(equation (13)). The same results are, of course, 
obtained from (28). We shall not, therefore, con- 
sider this question in detail here. We merely 
establish the correspondence between the coef- 
ficients in (28) and in! 121 


B, =1/s (4A — 9B), B, =B, 
Bs = 2/V 3D, Ci = 4/4 (4a — 9D), 2) 
C, =b, Cs = 2/V 3d. 


We now consider the spectrum for the twofold 
degenerate representation ick Taking into ac- 
count spin-orbit interaction, this representation 
goes over to ise i.e., in principle D is also 
given here by expression (28). But now some of 
the coefficients are of order f”. It is better, 
therefore, to use the first method: % will contain 
even functions of # transforming according to 
[rj?]= rj + If, and odd ones transforming ac- 
cording to {1j"}=T3. 


It is apparent that Z contains no terms of 
order B* which do not depend on k or are linear 
in k. Quadratic terms of this order we shall ig- 
nore. Then % is 


ey = BR? + By (Jiky + Johky) + Cye+ Cy (S18 + J 28). 


Since this representation is two-dimensional, the 
matrices J, and J, in accordance with (1.46) can 
be chosen to be equal to 0, and o_. Hence, 
E=Bye+Cye +1B, (x* — 3D) aie} 

\ i>j ; 


+4aCa D} (eu — en)? \* 


i>j 


ry ; War (3 Dive ene ie) (31) 
This differs from Eqs. (14)—(17) of") only in the 
absence of terms containing the constants D and 
d. Therefore, according to C13], in this case the 
piezo-resistance coefficients 1j4;; and 1449. will 
be large, but the coefficient Ij;. will be small. 

It is interesting that for the representation ce 

in the undeformed crystal the degeneracy is not 
lifted along the [111] axes, where the term in B, 
in (31) goes to zero. 

2) The point X. In conclusion, in order to il- 
lustrate the ways of constructing Z in cases when 
the wave vector group is not equivalent to the point 
group, we consider the point X. The characters of 
the representations in this group are given in 


Table VI. Characters of the representations 
of the groups DoglI and Deg 


Elements of 


the class 
SB ie Oe ee 2 ee ee ee 


elements 
4 € 
4 b., 
2 eee 
2 Boy bey 
2. 6 ay’ oxy 
8 iXz 


(only for D,q /) 


a> \. Ad) je BE) BBs: Es 
Ay A; By Bz 
4 1 4 4 2 
4 4 4 4 —2 
4 4 );—4 |-14 0 
4 —1 4 —1 0 
4 —1 —1 4 0) 
+x (2) 


ne 
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Table VII. The distribution of f(%) and g(J) 
over the representations DogI and Dod 
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Representation Bae ae 
Dea! Ded 
ae | 2 
tt ation: te Step eS I 
aS o4k,, 6k, + sky 
ne 6 
A; | Ag 3 J, 
Ay 3k, —o,k, 
BN ici By fee F a nay 
By ok, — Syky 
By By ier xy { J,J,} 
By oy ky +o yPx 
| 
e |, the Mtoe Seite | 
E- | Res Ry; eG ee ok, Sy | Zz 
: : : : 2 2 ; a 
Table V1] The point X is the point of zero The matrices JX —- Jy and 2fIxJy = JxJy + 
slope for the representations X;,. These repre- JyJx in the representation u, = (1/v2 )(#x —iy) 


sentations belong to the case a;, and for them 
there appear in D even functions which transform 
according to the representations X, coinciding 
with the representations of the corresponding point 
group X = Dal, appearing in xe are Aj + By + 

B;, and odd functions transforming according to 
{x$,4} = Az. 

The characters of the representations of the 
group Dol are given in Table VI, and the distri- 
bution of f (#) over these representations in 
Table VII. 

Then 


D =Ajd + iAP; (Oxke — Syky) + Ag (Bokeky + Csexy), (32) 


where A = Byk2 + Bok4 + Civ, + Cr€1- 

In the case considered, since the representa- 
tions X34 are two-dimensional, according to 
(I.43) the matrix A; =1, and Ags and Ay can be 
chosen to be, respectively, 0, and o 

For comparison, we write assert a using the 
general method given in Part 3 of Sec. 4 of [J], 

By excluding the element (i/T) we obtain, in 
place of the group X, the point group Dog, of 
which the characters of the representations are 
given in Table VI. The representations X34 

go over into E; therefore % contains f (%) and 
?(J), transforming according to EX E = A; + 
Ao a B; + Bo. 

We take these functions from Table VII, where 
the correspondence of the representations of the 
point group DoagI and the group Deg is shown. We 
at once include in % only those f(#) which appear 
in (28), and then obtain 


H =2A+ iB, J? — I?) (Grke — Syky) 


+ 2[JeJy] (Bskeky + Cs8xy)- (32a) 


are once again equal to 0x and dy. 
The solution of the equation || 9 - E || =0 
has the form 


E(k, &) =% + t(Bokeky + Coen)? + Bi} (83) 


i.e., the twofold degeneracy is retained. Close to 
the extremum in the undeformed crystal the sur- 
faces of constant energy have the form of a torus: 


E (k) =B,k2 +B, (k, +#%)?, (34) 


where kj =8;/2B,. As Rashba"4] showed, semi- 
conductors with bands of this type have a number 
of interesting peculiarities. For large k terms 
with 8? can be neglected. Then 


E (k, 2) =A + (Bskeky + Cyexy). (35) 


Here the surfaces of constant energy are ellip- 
soids, where deformation causes splitting of the 
band at k = 0, i.e., the relative displacement of 
these ellipsoids. Large changes of resistance 
under shear deformations can, therefore, be ex- 
pected. In addition, due to the relative displace- 
ment of the extrema situated at non-equivalent 
points of the star ko, i.e., on the axes x, y, and 
z, there will be large effects also for the defor- 
mations €,,, € and €,-. 

As is well known, the extrema in n-Si are 
disposed along the [100] axes, but in the interior 
of the zone. Thus, there should be observed only 
effects associated with the displacement of the 
extrema, and shears Exy> €xz: and €yz should 
not cause resistance changes. Experimentally 
the value of the constant ¥, (1444; — yo.) in n-Si 
is, in nace approximately eight times larger than 
T212- 
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Relaxation of the uniform precession of the magnetization of an antiferromagnetic substance 
due to the interaction between the uniform precession and spin waves is considered. The 
model of localized spins with exchange interaction was employed in the calculations. Terms 
of the fourth order in the creation and annihilation operators were taken into account in the 
Hamiltonian. The relaxation time for uniform precession at low temperatures has been 


derived. 
1. INTRODUCTION 


Wate the theory of line width in ferromagnetic 
resonance has progressed considerably, [1,2] the 
line width in antiferromagnetic resonance has not 
to date received any explanation that is at all sat- 
isfactory. 

The object of the present paper consists of 
evaluating the linewidth (or the relaxation time 
associated with it) resulting from the interaction 
of the uniform precession of the magnetization 
with spin waves. A similar interaction in the case 
of ferromagnetic substances has been discussed 
in the papers by Akhiezer and co-workers. [2] How- 
ever, the line width in the case of ferromagnetic 
substances turns out to be very small. This is 
associated with the fact that the interaction of 
spin waves with uniform precession (in the fer- 
romagnetic case) is due to comparatively small 
relativistic effects, while the exchange interaction 
does not affect uniform precession. In the case of 
an antiferromagnetic substance the exchange in- 
teraction turns out to be the dominant one in the 
calculation of the relaxation brought about by the 
interaction between the uniform precession and 
spin waves, and, as will be seen from our esti- 
mates, leads to an appreciable line width. 


2. THE INTERACTION HAMILTONIAN 


We shall write the Hamiltonian for a system 
of spins in an antiferromagnetic substance in the 
following form* (cf., for example, (J) 


*We note that if the energy associated with the anisotropy 
is taken into account in a more general form (cf., for ex- 
ample,[?]) than in (1), then this leads to the appearance in (4) 
of a number of additional terms. However, it can be easily 
seen that some of these terms describe processes for which 


H =2 Y SSn-+gpHa( > Si— ¥ Si). Q) 
i m 


<im> 
Here 87 and S,, are spin operators of the first 
and the second sublattices respectively, (7m) de- 
notes summation over the nearest neighbors, the 
exchange integralis J>0, Ha is the effective 
anisotropic field (for simplicity we shall assume 
that there is no external magnetic field). 

Further, we express S7 and Sp in the usual 
manner in terms of the spin deviation operators, 
restricting ourselves to terms of order not higher 
than the third: 


} = (2S)* (1 — aja; /4S) ay, Sz = (2S) a; (1— aja,/4S), 
S?} =S —aja,, Si, = (28)"bn (1 — Binbm/4S), 
So) = (28)? (1 bb 5S) Cassa = Ss eee 
1 Sty Sin 2B ISH, (2) 

After these operators have been substituted into (1) 
the Hamiltonian can be separated into a sum of 
second- and fourth-order terms in the operators 
a and b. The second-order terms are subse- 
quently diagonalized. They represent the unper- 
turbed Hamiltonian for the spin waves. The fourth- 
order terms represent the interaction energy of 
the spin waves: 


i = 2) {2 (a; €:2;bm + a:binbmOm + baa; a; 
<im> 


++ binBnb mat) + a} a1bmPm} 


We next transform to the Fourier components 
of the operators a and b: 


the law of conservation of energy does not hold, while the 
others have no effect on the uniform precession. From this it 
is clear that a more complete method of taking anisotropy into 
account, as has been done, in particular, by Akhiezer et al,[?] 
turns out to be superfluous in our calculation. 
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a, = (2/N)* dyage—*', ay = (2/ NY” Diayet™, 
e k 

bm = (2/N)">) bye, On = (2! Ny? Dib; eotkm 
e k 


The Hamiltonian 3’ can be put in the form 


BPS ef * *% * * 
HH’ = — > {14 [01d2bsA4 + OgbabyA4 + A42A3b4 


2 Ua Bae eae. § 
pe reasb Ay ae aidebeba) A (Ky-+ ky = kp = ky), 


eS vk (lm) 
Ree is 2 e , 
where 2z is the number of nearest spins. 

We diagonalize the second order terms by in- 
troducing new variables: 


a, =o, ch 0, — By sh Og, be =— o% sh 0% + By ch 9%, 

(3)* 
where tanh 26, = yx/D; D=1+g8Ha/zJS. This 
operation, analogous to the Holstein-Primakoff [4] 
transformation brings the interaction Hamiltonian 
into the form 


, Jz * “* 
| owes Di {Prpos)a rtg4904 + Vi 00481828384 


1,2,3,4 
* * * 
++ Ayo340Qe838, — D 0340 Qg%3By 


— WV 1954818285%} A (k, — ky — ks + ky). (4) 
Here we have omitted terms of the type a8, 
which cannot correspond to processes in which the 
energy of the spin waves is conserved. In formula 
(4) we have introduced the notation 


Mesa = hay 2 (3) 4 a Neo (31) a Mia(ea) =| )4)3(2)1"° 


We shall not in future need the specific form of the 

coefficients @ and W, and, therefore, we do not 

give them here. We merely note that the omitted 

coefficients do not exceed A in order of magnitude. 
The quantities A(1)93)q aNd Ajocgq) are of the 

form 

Nayoaya = Ta (sh 8, sh 05 ch O5sh 0, + ch, ch 8, sh 95 ch 64) 
— 2y;~2 ch 6, ch 8, ch 93 ch 9,4, 

Aioiaya) = Ya (sh 81 ch 8, sh 05 sh 0, + ch 0, sh 02 ch 03 ch 8,4) 
— 27;~2 ch 8, ch 8, sh 03 ch 4,, 

where 71-2 = Yk,-k,; »” are obtained from the 

corresponding A’ by the substitutions cosh 6j 

— sinh 9; and sinh 6j — cosh 6j. 


8. RELAXATION PROCESSES 


The Hamiltonian (4) is responsible for the in- 
teraction of the spin waves. We note that this 
Hamiltonian satisfies Van Hove’s condition of di- 
agonal singularity.{°] This enables us in discus- 


*ch = cosh, sh = sinh. 
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sing the relaxation processes to utilize the ordi- 
nary method involving probabilities per unit time. 
We shall now consider the relaxation of the uniform 
precession of the magnetization which is, in par- 
ticular, represented by the operators a, and aj. 
In carrying this out we assume that the spin waves 
are in the state of thermodynamic equilibrium at 
the temperature T. We obtain the probabilities 
for the occurrence of processes involving a change 
in the number of spin waves and containing the 
operator a: 


W (ny, ne, Ns, M4 > Ny — 1, ng + 1, ng + 1, m4 — 1) 


2 92 
— ex 
= 5 Te | Dy (03)a-+ D4 (924+ Dayesy. + Daisey + Dacaaye 


+o 143+ Do(a1)3-+ Dacarye|? A (Ky + ky — ko — ks) 6 (1 
+ &4 — &— &s) (M2 + 1) (mg + 1) nny, (5) 
W (ny, Ne, Ns, na, > my + i n, — |, ng — l, ny 1) 


Qn & 
= 7 TPE | Disoa [? A (Wey + ka — Ky — Ke) 8 (01 — be 


=~ i083 = €,)( Apia) NoNgfa, (6) 


W (ny, Ne, Ne. Vig eT Perel; fis tl neko 
40 Sox 
Rh 4N? 

— &) — & — 2) (m+ 1) me (ng + 1) ry. (7) 
Here €gx = 2Jz, the primed quantities refer to spin 
waves described by the operators 8; n, and ny 
are the mean numbers of a- and f$-spin waves in 
the state of momentum k; ¢, and ¢€; are the en- 
ergies of magnons of momentum k. 

In the rest of the paper we restrict ourselves 
to the low temperature case 

P21 80% (8) 
In this case we can neglect processes of type (5) 
since the corresponding matrix elements vanish. 
The contribution made by processes (6) will be 
small, since in order to satisfy the law of conser- 
vation of energy it is necessary that one of the 
€, should be greater than 3¢€9, and this corre- 
sponds to a relatively small value of nx if condi- 
tion (8) is satisfied. Thus, the principal contribu- 
tion to the line width is made by processes of type 
(7). This leads to the following equation for the 
relaxation of the uniform precession of the mag- 
netization: 
fo = DLW (ny, Mey Ms, Ny > Mg + 1,02 — 1, ng— 1, ny —1) 
234 
— W (ny, ne, Ns, ny +n — 1, me +1, eee n+ 1)] 


i) 


| Ayosa + Aoras |? A (Ky + Ky — ky — kg) 8 (81 


+ (W (1 — l, No, fly l, ny a 1— ny, Ny oh + Ns, Na) 
134 
_—_ W (ni, Moy Mo, My > my +1, m9 —1, ng +1, m4 —1)]. 


(9) 
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Here we have everywhere taken ny zp = D, 
= 1/[exp (ex /kT) - 1]. 
Equation (9) can be written in the form 


no =— h (no — no). 


27! is equal to the average relaxation time of uni- 
form precession. It can be easily obtained from 
(7) and (9) that 


x a8 Hee Doane + Asoas |? A (kg — ks — ke) 6 (€) — &e 
234 


+ &3— 2&4) (Mg — Mot, + fonts + Man). (10) 


By utilizing the expression for Ajxjm, we obtain 


| Aovsa + Asoas ig =e D*eé, k,k,/? |? / &&2&3€a, (11) 


where ef = Eos (ha + k71?/3); ha = g6H, /2JS, 
I is the lattice constant, and we have taken into 
account the fact that k-1 <« 1. 

We carry out the summation over ky, replace 
the summation over k, and kg by integration, sub- 
stitute (11), integrate over the angles 62, -~4, Qo, 
and as a result obtain 

927 \ (25 — &5) ‘2 (e2 — e5) “2 cos? Q dQ sin 8 
~ Amp eb, EOP 52 


x e-fWkT § (8) — by + &3 — &349) dey dey. (12) 


Here €3,9 = €ka+k, and D? ~ 1. In going over from 
formula (10) to formula (12) we have taken into ac- 
count condition (8), and we have retained only the 
term nj ~ exp(—¢€3/kT). Integration over €, re- 
duces, as follows from the presence of the 6-func- 
tion, to the replacement 

&3 + &o + cos? @ (€s — £0) 

&3 + &9 — cos? @ (&s— Eo) ” 

&3 (£9 + &s) sin? @ + 2e° cos? § 

~ &3-+ &9 — cos* § (€s— 0) * 


&2 = £& 


E342 = 
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From the condition €2,3 < €3 (since €9< €,) we 
obtain 
m/2, <8 <or. 


After integrating over @ and ¢€3 we finally obtain 


Xx —Xo 
ay = SE (164s + 30x02 + 46x2 + 54x,+ 37), 


where Ky = (€)/kT), ha = g8Ha/zJdS = Ha/Hg, 
Hf is the intensity of the ‘‘exchange force field,”’ 
Wy = €)/h is the antiferromagnetic resonance 
frequency. 

We give estimates of A for the case of MnF». 
In this case “§] Hy, = 9x 108 gauss; Hp = 6 x 10° 
gauss, and at T = 6°K, A = 160 gauss, at T= 4°K, 
A = 12 gauss, i.e., even at such low temperatures 
considerable broadening is present. It is obvious 
that at higher temperatures the line width increases. 
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A general qualitative study has been carried out on the non-relativistic dispersion equation 
for extraordinary and plasma waves propagating in a plasma transversely to an external 
magnetic field. Frequency regions are established in which these waves can propagate with- 
out damping. An error is pointed out in the conclusion drawn by a number of authors that 
gaps of zero transmission can exist for waves of a given type in the vicinity of each.cyclo- 
tron resonance. The laws of behavior that are established are illustrated by the results of a 


numerical solution of the dispersion equation. 


INTRODUCTION 


Ir is well known that two types of waves can exist 
in a homogeneous unbounded plasma located in a 
homogeneous external magnetic field H). The 
propagation direction of these waves is perpen- 
dicular to the field Hy. In the first place, one has 
a purely transverse wave with its electric vector 
polarized along the field Hy (the ordinary wave ) 
and, in the second place, one has waves in which 
the electric vector is polarized perpendicular to 
H) (the extraordinary and plasma waves ).. In our 
previous research!) a general qualitative study 
was carried out on the dispersion equation for the 
ordinary wave. The present work is devoted to the 
investigation of the dispersion equation for the ex- 
traordinary and plasma waves. 

The equation that connects the frequency w 
with the propagation constant k has the following 
form: 


D (k, @) = ke, — 0°c™? (€11&22 — €y2&>1) = 0. (1) 


Here €ij(k, w) are the components of the dielec- 
tric permittivity tensor. In the non-relativistic 
case and for the unperturbed Maxwellian electron 
distribution function, 


f= | ++(A + 2B 0); 


we | +—(A -— 2B + C), 
ec o2i = 7i(A—Q); (2) 


Ailé,.0) = C (ke, Yb) 


2 —1 
205 


© 5 (En—1(H) + BSn—a (H)) (n— 2.) 


OO 77 "4 Or 


2 27m 

We A ae? et 08 slow! bee —p (1— t) aod ah? 

= sepa enon) e-¥ (cos +) [] (1 —cos 1)] 
0 


@ 


x cos er — 1) (c—z)| dt, (3) 


9 1 


ce (org) 


n=—oo 


B (k, ®) = 


27 


2 
Roe Wailea BEL \ eg (i—cos t) (1 — cos t) 
OO, sin (ox / Oz, ) 
0 


x cos —— (t — m) dt, (4) 
On 


where wy) = V4mNje2/m is the plasma frequency, 

B = eH) /mc is the Larmor frequency, # = TK? Aw} 
T is the electron temperature in energy units, 
tn(u) = ePIn (ph), and In(p) is the Bessel func~ 
tion of imaginary argument. 

Equation (1) was first obtained by Gross!?J on 
the basis of simultaneous consideration of the non- 
relativistic kinetic equation for electrons and the 
set of Maxwell equations. It has since been 
studied by many authors. 4-10] A characteristic 
feature of the method employed was the prelimi- 
nary expansion of the equation in powers of some 
parameter, assumed to be small. It is usually 
assumed that p «<.1. However, such an approach 
has a number of important weaknesses, the most 
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important of which are the following: 1) in re- 
placing the transcendental equation (1) by a simpli- 
fied algebraic equation, certain roots are lost; 2) 
the expansions in a small parameter in the vicinity 
of cyclotron resonances are non-uniform; there- 
fore, the behavior of the roots of the complete and 
simplified equations can differ significantly in the 
neighborhood of the resonances. The higher cyclo- 
tron resonances are not generally taken into ac- 
count in the simplified equations. 

The analytic formulas thus obtained from the 
simplified equation have at best a limited region of 
application, and are seen to be invalid as a rule in 
the neighborhood of resonances. In attempting to 
draw general conclusions on the properties of 
Eq. (1) with the help of formulas of an appropriate 
type, it is easy to make a mistake. As an example, 
we shall point out an incorrect conclusion of a 
number of authors!?°5J as to the existence (in the 
neighborhood of a cyclotron resonance ) of gaps of 
zero transmission for the extraordinary and 
plasma waves. This conclusion is based on the in- 
correct use (in the neighborhood of the resonance ) 
of formulas obtained by an expansion in terms of 
some small parameter. In the same way, the 
curves for the index of refraction of the extraor- 
dinary wave, found by Drummond!®] as a result of 
numerical solution of the simplified equation, are 
valid only far from cyclotron resonance. 

In particular, the problem of plasma waves 
should be considered in some detail. By taking it 
into account that k’ is generally large for these 
waves, one can write down the following approxi- 
mate equation for them:!?23] 


&4, (Rk, @) = 0 (5) 


(it can be shown that the transition from Eq. (1) to 
Eq. (5) corresponds to the assumption of a purely 
longitudinal character for the plasma wave). For 
plasma waves, k— © as T— 0; in this case, the 
parameter p is, for all frequencies, a quantity 
either of the order of, or larger than, unity. 
Therefore, the results of the study of plasma 
waves by expansion of Eq. (1) in powers of p have 
a very limited region of application. Thus the 
formula for the index of refraction of the plasma 
wave obtained by this method in a number of 
works [4-6] is qualitatively valid for wy < w< 2wy 
and is shown to be completely invalid for w > 2wy. 
In the work of Bernstein | “an attempt was made 
to show the existence of gaps of zero transmission 
for the plasma wave in the vicinity of each cyclo- 
tron resonance, by working with the abbreviated 
Eq. (5) without having recourse to other simplifying 
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assumptions. However, in the course of the proof, 
the author made the following logical error. Equa- 
tion (5) can be written in the form k’ = F (k, w) 
[Eq. (48) in CT] ]. For fixed k, the function F is an 
alternating function of w, negative in a certain 
neighborhood of the resonance. Therefore, Bern- 
stein] drew the conclusion that these regions are 
zero-transmission gaps for the plasma wave, inas- 
much as for such frequencies, as it were, Eq. (5) 
cannot have real roots in k. However, the param- 
eter k in Eq. (5) is in fact not fixed, but is a func- 
tion of w, defined by the same dispersion equation 
(5). The function F(k(w), w) can remain positive 
in any arbitrary neighborhood of resonance. Thus 
the discussions of Bernstein prove nothing. 

In the present paper, the authors aimed at car- 
rying out a detailed qualitative study of Eqs. (1) 
and (5) without additional simplifying assumptions 
other than the non-relativistic condition. Initially, 
Eq. (1) is considered from the viewpoint of the de- 
termination of the propagation constant k for a 
given real frequency w. Regions of the frequency 
w are established in which there exist real roots 
k= k(w) (the transmission region of the plasma 
for waves of a given type). In particular, itis 
shown that for wH < w < wt < V why + w? the disper- 
sion equation has a real root k(w), to which cor- 
responds a plasma wave propagating without ab- 
sorption (w* is the point of coincidence of the 
roots for the extraordinary and plasma waves, 
located somewhat to the left of the hybrid frequency 

wt; + wi). The established rules are illustrated 
by the results of a numerical solution of Eq. (1) 
for different values of the electron temperature 
and the plasma density. It is seen from a numer- 
ical calculation that the plasma roots of Eq. (1) 
can be formed from a solution of the abbreviated 
Eq. (5) with a high degree of accuracy. The re- 
sults become invalid only in the vicinity of the 
hybrid frequency V wi, + w. It is established that 
Eq. (1) has an infinite set of complex roots k 
= k(w) in addition to the real roots. In Eq. (5) of 
the present work, the dispersion equation is con- 
sidered as an equation which determines the fre- 
quency w as a function of the wave number k. It 
is shown that there exists an infinite set of real 
roots w = w(k), while the complex roots w = w(k) 
are lacking in Eq. (1). 


1. PRELIMINARY INVESTIGATION OF THE DIS- 
PERSION EQUATION 


We shall begin our study of Eq. (1) with the 
study of the case in which one is required to deter- 
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mine the propagation constant k for a given fre- 
quency w. We introduce the dimensionless varia- 
bles: s = k’c?/w* = N* is the square of the index of 
refraction, a = w/wy, B = w)/wH, y = T/mc?; then 
Eg. (1) takes the form 


D(s, a, B, Y) =s{l+—(a+2b+0)] 


—[1++(a+c) ++ (ac—b*)] =0, (6) 


where a =a(s,a,8, vy), b=b(s,a, 8B, y), ¢ 
=c(s, a, 8, y) are the functions (3) and (4) in the 
new variables. 

We shall seek roots of Eq. (6), s =s(a, Bf, Y), 
for all possible real values of a(a #n). To 
begin with, we analyze the real rote (Secs. 1—3), 
which we do in a fashion similar to For this 
purpose we first compare the signs of the function 
D for s = 0 and s = +~%, and then compare Eq. (6) 
and the degenerate equation corresponding to zero 
temperature of the electrons (T = 0, y = 0). 

1. By direct calculation, we find that 


Pree) == se \ sean) 


At the same time, we can show that the behavior 
of the function D as |s|— ~ is determined by the 
asymptotic formula 


4 —4sa2y 
D (s,.a, 8,7) = 8 —5— 557 —— oe : (8) 
Thus, 
lim D (s, a, B, Y) = ©, lim D (s, a, 8, Y) =— ©. 
s>-f0o s+>—oo 


Taking this into account, we can conclude that 
when D(0, a, B, y) < 0 Eq. (6) has an odd number 
of positive roots and an even number of negative 
roots and, conversely, when D(0, a, B, y) > 9, 
Eq. (6) has an even number of positive and an odd 
number of negative roots. 

2. Substituting y = 0(T = 0) in Eq. (6), we ob- 
tain the degenerate equation 


D(s, a, 8, 0) = s|1 4 | 


"y econ es 


We note three characteristic points of this equa- 
tion, which correspond to the vanishing of each of 
the square brackets in (9): 


LV1+ 48, ov =a’ + 1, ao = V1-+ # 
PEATE MOG ES (10) 


B? fs 
wean] =° 1?) 


a’ =— ++ 


The root sp = 8) (af) of Eq. (9) is positive for 
a’< A <a and a” <a, negative for 0<a <a’ 
and a®<a<a". As a—a’, we have |S | — ~. 
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Equation (6) is non-relativistic, and is there- 
fore meaningful only at sufficiently small values 
of y. As y — 0, the roots of Eq. (6) either ap- 
proach the root of the degenerate equation or 
diverge to infinity. The corresponding waves are 
called extraordinary in the first case and plasma 
in the second.[®] 


2. POSITIVE ROOTS OF EQUATION (6) IN THE 
NON-RESONANT REGION 


We shall investigate the positive roots of 
Eq. (6) for values of a far from the integral values 
(non-resonant regions of frequency). In accord 
with (7), the function D(0, a, 8, y) changes sign 
when a =1, a=a’, a@=a”. Two cases are 
possible here, a’ <1 and a’ > 1. We shall con- 
sider them separately. 

1. a’ <1 (i.e., we < 2w}z). Comparing the data 
given in the first two rows of Table I, for 0< a 
<1 and a’ <a, we see that the minimum possible 
number of positive roots of Eq. (6) coincides with 
the number of positive roots of Eq. (9). Itis 
natural to expect that, at sufficiently small values 
of y and values of a belonging to the intervals 
shown and far from the integral values, the transi- 
tion from Eq. (9) to Eq. (6) does not lead to the ap- 
pearance of new positive roots. This conclusion 
is supported by the results of a numerical solution 
of Eq. (6) (see Figs. 1—3). Thus, Eq. (6) has no 
positive roots for 0< a< a’ and a’ <a<a", and 
has a single positive root (extraordinary wave ) 
for a’ <a<1 and a” <a. 

We now turn to the interval 1< a<a’. Equa- 
tion (6) should have a positive root inside this 
range, close to the root of the degenerate equation 
(9) (extraordinary wave). Since the total number 
of positive roots of Eq. (6) is even in this interval, 
Eq. (6) should still have one positive root which 
goes to infinity as y > 0 (the plasma wave Ji bbe 
results of a numerical solution of Eq. (6) show 
that in the approach to the point a from the left, 
the roots corresponding to the extraordinary and 
plasma waves combine. In this case, in the ak 
between the point of coincidence of a* and a, 

Eq. (6) no longer has positive roots. The number 
of positive roots of Eq. (6) is shown in the third 
row of Table I. The capital letters E and P de- 
note the wave to which the root corresponds, extra- 
ordinary or plasma. It should be noted that the 
data of Table I (as also of Table II) are invalid 
for the immediate vicinity of integral values of a, 
at which the formulated conclusions do not follow. 
The problem of the number of roots and their be- 
havior in the resonant regions will be discussed in 
SEC. 3. 


N. DNESTROVSKIi and D. P. KOSTOMAROV 
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FIG. 1. Dependence of the index of re- 
fraction on the frequency for different val- 
ues of y with B? = 1.2. 


FIG. 2. Dependence of the index of refrac- 
tion on the frequency for different values of y 


a 
ar 


5 02 = 002 


2. a’ >1 (i.e., wi > 2wyz). This case can be 
studied in a way similar to the above. The neces- 
sary data and the results of the investigation are 
given in Table II. As in the first case, propagation 
of the plasma wave is possible for 1 <a < a* 
< a’, while only the plasma wave is propagated in 
the portion 1<a<a’. 

The results of a numerical solution of Eq. (6) 
are given in Figs. 1—3. The positive and negative 
ordinates correspond to N = vs and iN=y7-s, 
respectively. The results of numerical solution of 
the abbreviated dispersion equation for the plasma 
wave (5) are shown dotted. The equation is written 
in corresponding dimensionless variables. The 


with 8? = 2,25. 


O02 


FIG. 3. Dependence of the index of 
pa refraction on the frequency for different 
values of y with 8? = 17.6. 


positive root corresponding to the plasma wave 
and the point a* where this root becomes equal 
to the root of the extraordinary wave are clearly 
seen in all the drawings. This point is located to 
the left of a°. Calculations that have been carried 
out show that the plasma wave is ‘‘quasi- 
longitudinal’’ (the ratio of the longitudinal compo- 
nent of the electric field to the transverse compo- 
nent is of the order of 10—10°). In this way, the 
excellent agreement of the results of the solution 
of the complete and abbreviated equations is ex- 
plained everywhere except in the vicinity of the 
point a*, where the ‘‘quasi-longitudinal’’ charac- 
ter becomes worse. 


THE DISPERSION EQUATION FOR AN EXTRAORDINARY WAVE 
Table I 


Parity of the number 
of positive roots 
of Eq. (6) 
Number of positive 
roots of (9) 
Number of positive 
roots of (6) 


Table II 


Range of a [ont [tna’ |o!ot |u| o-"| 


Parity of the number |even | odd | even | even | even 
of positive roots 
of Eq. (6) 

Number of positive 0 0 E 1 0 
roots of (9) 

Number of positive Or hie oP 0 0 
roots of (6) 


The temperature of the electrons T and the 
wave number k enter into the equation for the 
plasma wave (5) only in the form of the combination 
= Tk?/mwyy. Therefore, for those values of @ 
for which the plasma root of Eq. (6) is well de- 
scribed by Eq. (5), the index of refraction of the 
plasma wave is inversely proportional to the square 
root of the temperature: 


N (a, B, x)/N (a, B, Gt =] T'/T. 


This fact can be employed for the experimental de- 
termination of the electron temperature in the 
plasma by measurement of the phase velocity of 
the plasma wave. We note that dk/dw < 0 for the 
plasma wave, i.e., it possesses anomalous 
dispersion. 

The negative roots of Eq. (6) can be considered 
in an entirely similar manner. We shall not dwell 
on the details of this study, but shall limit our- 
selves to the results of a numerical calculation, 
which are given in Figs. 1—3. 


(11) 


3, THE BEHAVIOR OF THE POSITIVE ROOTS 
OF EQUATION (6) IN THE NEIGHBORHOOD 
OF RESONANCE 


The resonance points a =n are the singularities 
of the function D(s, a, 8, y). It can be shown that 
as a — n the real roots of Eq. (6) should tend 
either to zero or to + ~. Proceeding to a more 
detailed study of the behavior of the roots near the 
resonances, we first note that when a *n the 
principal role in Eqs. (3) and (4) will be played by 
two types of terms: terms having a singularity 
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when a =n, and terms which vanish as p — 0. 
Thus, when a © n, 

_ 282 | Ca (H) + Bena (PH) | to) | 
a aed n—a a 1—aJ’ 
eae: 3 Cnr (PH) + Mong (B) ty | 

aro n—«@ yl a a is 
bw 28 Bon) (12) 


a n—a- 


If n = 1, then the first term in the formula for a 
should be omitted. 

Substituting (12) in (6), we get a simplified 
equation describing the behavior of the roots near 
the n-th resonance. We consider first the large 
positive roots. For this purpose, we replace the 
functions fy (uw) by their asymptotic forms as p 
—o, Asa result, the equation takes the form 


2+ 2—y7,=0, (13) 


where z = V 2n87*n? (n—a yys¥2, It then follows 
that on each side of the resonant point a =n there 
is a positive root that goes to infinity as a —n. 
Thus, for a <n, 


s = (B2/)V Qn n? (n — 9) aoe a (14) 
and for a >n, 
s = (B2/V nn? (a — n))"/y. (15) 


Inasmuch as the simplified Eq. (5) has a root 
with the asymptote (15), the plasma wave corre- 
sponds to this root. The extraordinary wave cor- 
responds to the root with the asymptote (4), which 
is located to the left of the resonances (there are 
similar roots for the dispersion equation for the 
ordinary wavel!]), 

We now turn to the investigation of the roots 
that tend to zeroas a—n. For this purpose, we 
expand the function ¢y (1) in the simplified equa- 
tion in a power series in yp and keep only the 
principal terms. In the consideration of the small 
roots, it is convenient to distinguish six cases: 
Pa? ayn 2b) hak (in this case, n > a”); 
2a sat: a) n="15"p) 1 <n'< “a” -e)a" <ni<aty 
d) a” <n. 

We shall not stop to study these individually, 
but only write out the final results. For n= 1,a 
positive root exists on one side of the resonance 
point, which tends to zero as @ —~ no For of 2719 
it is located to the left of the point a = 1, for a’ 
< 1, to the right. For all the remaining resonant 
points a =n > 1 there exist pairs of positive roots 
which tend to zero as a —n. In this case, both 
roots approach the resonant point from the left if 
1<n<a’ (case 2b); both roots approach from 
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the right if a” <n (cases 1b and 2d); one root 
approaches from the left, and the other from the 
right if a’ <n <a” (case 2c). 

The total number of positive roots near reso- 
nance, may exceed that shown in Tables I and II. 
For example, there are three positive roots [one 
large (15) and two small] to the right of the reso- 
nances located in the region a” > a instead of the 
one that follows from Tables I and II. Conse- 
quently, at large distances from the resonances, 
the extra roots should join together and vanish, 
producing a pair of complex roots. 

The distribution of the additional roots is as 
follows. To the left of each resonance, located in 
the region of zero-transmission of the plasma for 
the extraordinary wave, which was shown in 
Tables I and I, there is a band of frequencies 
where Eq. (6) has a pair of positive roots for the 
extraordinary wave. AS a —-n — 0 one of these 
approaches zero while the other (14) goes to 
infinity. In the same way, to the right of each 
resonance located in the zero-transmission region 
of the plasma, for the plasma wave which was 
shown in Tables I and II, there is a band of fre- 
quencies where Eq. (6) has a pair of positive roots 
for the plasma wave. As a —n+ 0, one of these 
approaches zero and the other (15) infinity. 

It should be particularly noted that there are 
always regions on both sides of an arbitrary reso- 
nance in which Eq. (6) has at least one positive 
root. Thus the conclusion of Gross and a number 
of other authors'?*»"] on the existence of gaps of 
zero transmission (for the non-relativistic dis- 
persion equation) in the vicinity of each resonance 
appears to be inerror. All the established laws 
are demonstrated in Figs. 1—3. The special fea- 
tures in the behavior of the negative roots in the 
vicinity of the resonances are also shown there. 

In conclusion, we shall show that even at low 
electron temperatures relativistic effects begin 
to appear in the vicinity of the resonances. In the 
present paper we shall not concern ourselves with 
the detailed analysis of the relativistic dispersion 
equation obtained by Trubnikov!!!] we only note 
that if a belongs to the interval (n—1) < a <n, 
then the order of the relativistic effects (for exam- 
ple, the absorption associated with the Doppler ef- 
fect) is determined by a factor of the form 
exp{ —mc?[ (nwy/,))? —1]/T}. Thus, for non- 
relativistic plasma, the relativistic effects manifest 
themselves primarily in the appearance of a narrow 
band of strong absorption to the left of each reso- 
nance (of width Aa ~y). For the remaining 
values of a, the relativistic corrections are ex- 
ponentially small. 


Yu. N. DNESTROVSKII and D. P. KOSTOMAROV 


4, COMPLEX ROOTS OF EQUATION (6) 


The study of the complex roots of Eq. (6) can be 
carried out by the method set forth in C1]. Applying 
the principle of the argument, and taking into ac- 
count the asymptotic formula (8), it is easy to show 
that the function D has an infinite set of roots in 
the plane of the complex variable s. These roots 
are grouped into the second and third quadrants, 
near the imaginary axis. Each complex root of 
Eq. (6), together with the complex conjugate root 
corresponding to it, gives a quartet of complex 
roots of Eq. (1): 

k=p(o) + iqg(o), & =—p(o) + iq(). 
5. DETERMINATION OF THE FREQUENCY ASA 


FUNCTION OF THE PROPAGATION CONSTANT 
FROM THE DISPERSION EQUATION (1) 


We now consider the Eq. (1) from another point 
of view, when it is required to determine the fre- | 
quency w for a given real propagation constant k. 

The real roots of Eq. (1) w = w(k) are found by 
the points of intersection of the line N = kc/wya 
with the graph of the function N = vs(a, 8, y): to 
each point of intersection (Q@p, Nn) there corre- 
sponds a pair of roots wn = +wHQ@pn. The analysis 
carried out in Secs. 2 and 3 shows that the number 
of points of intersection is infinitely great, while 


their abscissas ay (n= 1, 2, 3,...) are distributed 
in the following fashion: 
Oa, <1y nm < On < Onda <a l(a. 


Making use of the argument principle, it is not 
difficult to show that Eq. (1) does not have complex 
roots w=w(k). In proof of this assertion, one 
must keep it in mind that the function D (k, w) is 
regular at the point w = 0, has a pole of second 
order at the points w = + nwy and that there are 
4n+ 2 zeros on the real axis in the plane of the 
complex variable s inside a circle of sufficiently 
small radius. 

The authors express their gratitude to A. A. 
Chechina for help in carrying out the calculations. 
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The solution of the kinetic equation for molecules with rotational degrees of freedom (dia- 
tomic or linear molecules) is considered. The problem of the thermal conductivity and of 


the first and second viscosities is investigated. 


1. INTRODUCTION 


‘Tae kinetic theory of gases with internal degrees 
of freedom is still in a rudimentary stage of de- 
velopment. The difficulties in setting up such a 
theory are mainly the sharp increase in the num- 
ber of parameters characterizing the collisions 
between the molecules and the trouble in finding 
the explicit form of the collision integral taking 
into account inelastic processes. All these diffi- 
culties show up particularly clearly in a compari- 
son with the kinetic theory developed for the mon- 
atomic gas. 

The number of papers devoted to the study of 
the kinetic equation for molecules with internal 
degrees of freedom, in particular, rotational ones, 
is very small. Besides the traditional references 
to be found in the well known monographs, §1s?] the 
papers of Curtiss and Muckenfuss |*] deserve 
mention. 

The papers in which the attempt is made to take 
account of the rotational degrees of freedom, start 
with assuming simple models of solid bodies for 
the description of the collisions and proceed then 
to translate the Chapman-Enskog-Barnett method, 
developed for the monatomic gas, to this case. 

To which difficulties and actual errors this can 
give rise, may be seen by the example of the paper 
of Curtiss and Muckenfuss. /*1 Regarding the mole- 
cule as a solid body with a center of symmetry, 
these authors keep as independent variables in the 
kinetic equation the phase angles, which vary 
strongly during the free flight. This leads, obvi- 
ously, to an extremely complicated problem. On 
the other hand, when considering the problem of 
thermal conductivity and viscosity, the above- 
mentioned authors choose the solution in a form 
which contains tensors that are constructed en- 
tirely from components of the vector of the mo- 
lecular velocity V. This is obviously wrong, since 
now the problem deals with two independent vec- 
tors, V and the angular momentum of the molecule 


M (more precisely, a vector and a pseudovector ), 
and the general solution should contain all tensors 
of corresponding rank which can be formed from 
the components of these vectors. 

In the present paper we investigate the kinetic 
theory of a diatomic gas in a region of tempera- 
tures where the vibrational degrees of freedom 
can be neglected. We make use of a kinetic equa- 
tion which does not contain rapidly varying phases 
and solve the problem of thermal conductivity and 
of first and second viscosity. 


2. KINETIC EQUATION 


In the case of diatomic (linear) molecules the 
rotational motion is described by four quantities: 
two generalized momenta and the two correspond- 
ing generalized coordinates. However, it is con- 
venient to choose as independent variables the 
three components of the angular momentum Mj 
and the angle ~ characterizing the position of the 
axis of the molecule in the plane perpendicular to 
M. 

The classical kinetic equation in these variables 
is written in the form 


Of of + Of a) pe Ole 0 
“airtel Vaan’ aan + op (PP) + oy (MA) = (3). (2.1) 


It is easy to show that the phase volume corre- 
sponding to these variables is equal to 


MdMdQy dp = dT dp. (2.2) 


The equilibrium distribution function is written as 


py? M2 | 


ORT DIRT. (2.3) 


wre p */, 4 {- 
Droste (sr) inteT “*P 


where I is the moment of inertia (all the remain- 
ing notations are standard). 
The function (2.3) is normalized such that 


| jodv at ate (2.4) 


One estimates easily that 1/) is of the order of 
the collision time. But in deriving the kinetic equa- 
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tion for a monatomic function in the usual form one 
assumes explicitly that the gas is sufficiently rare- 
fied and that the collision time is small compared 
with the time of free flight. Therefore, Eq. (2.1) 
reduces in first approximation to 


Of/Op = 0. 


Thus the function f is practically independent of y, 
and we find by integrating (2.1) over dy 


ar opm rea tagen Wigs 
tre’ 3p sh V ov + am (MN) 


= Vir, — ff,) WdV,dV'dV, dT d0'dT}. (2.5) 


In writing down the righ-hand side of (2.5), we 
assumed that the collision probability is an even 
function of the angular momenta of the colliding 
molecules. We note that, if the model of a solid 
body is used in the description of the collisions of 
the molecules, W involves an average over ~ and 
~, and a sum over jy’ and 4}. 

Let us consider the case where there are no 


external forces. Assuming a small deviation from | 


equilibrium, we shall seek the solution in the form 
f=P(+), (2.6) 


where we choose for f° a quasi-equilibrium local 
distribution of the form (2.3) with V replaced by 
U=V-V, (Vp is the macroscopic velocity of the 
gas at the given point). For each point in space 
we assume that there is no rotation of the gas as 
a whole. 

The total distribution function is subject to the 
conditions 


\ fav ar Fs (FCF + Sp )avar = Fer 


| fuav av = 0; \ jMdv dT =O. 
Let us substitute (2.6) in (2.5). Keeping, as 
usual, only f? on the left and linearizing the colli- 


sion integral, we find with the help of the conser- 
vation laws 


(2.7) 


7\ 4, ONT Vy. Vor 
jo{ (we + me — 7) U5 + ure ( ix, rag 
2 za) ae 3\ Vor 
— 3 Sin By, +3(34 — m?) Ox, | 
= (PR WaVi dv’ dV; dP dP" dT. (2.8) 
Here 
u=VpoeATU, m =M/V2IkT, (2.9) 
Ry aay Sy = Ki ae (2.10) 


3. THERMAL CONDUCTIVITY 


Let us now consider the problem of thermal 
conductivity. If the gradient of the macroscopic 
velocity vanishes, Eq. (2.8) reduces to 


hy (u’ + m— +) UV In T= Jeon (X)- (3.1) 


We write the solution of this equation in the form 


4 =— AV InT. (3.2) 
Substituting (3.2) in (3.1), we find 
7 
ie (uw? — m —z) U=— cout(A). (3.3) 


In the case of a monatomic gas only the vector 
u is available for constructing the vector A, and 
we therefore seek the solution in the form A=usS, 
where S is a scalar function of u’. In the case of 
a gas with rotational degrees of freedom we have 
three independent vectors: u,m(m-u), and m xu. 
Therefore A is in general written as 


A =uS: (u?, m?, f?) +m (mu) Sz (u?, m?, £*) 


+ [mu] Ss (u?, m?, ¢), (3.4)* 


where 
2 = (mu)?/m?u?. (3.5) 
The left-hand side of (3.1) and the kernel of the 
collision integral are even functions of M. Itis 
easy to show that then 


S3 = 0. (3.6) 


Thus the problem of the thermal conductivity is de- 
termined by the two scalar functions S; and Sp. 

Let us expand these functions in terms of or- 
thogonal functions in the following way: 

Si = Spat! Siu?) S2 (m?) PLA) = Dar" Rin, 

ikl tkl 
Sa = dy ait S}* (u2) Sk (m?) Pi (?) = Dias Ris (B.7) 
ikl ikl 
where the sf are Sonine polynomials with the cor- 
responding indices and the py! are polynomials 
which are orthogonal in the interval (-—1,1), with 
weights 1 and t’, respectively: 

1 1 

\ P9 (£2) Pr (42) dt = 81, \ #2P} (2) Ph-(t2) dé = Oy. 

—1 —I 

If we consider only a finite number of terms in 
(3.7), the best variational solution is found from a 
system of algebraic equations which is obtained by 
multiplying (3.1) successively by URiiy and 
m(m-u) Rey and integrating over dVdIr’. 

We note that the choice of polynomials for the 
expansion of S; and S, is arbitrary and is dictated 
only by numerical simplicity. This arbitrariness 
stems from the fact that the variational principle 
does not even presuppose orthogonal polynomials. 

The conditions (2.7) imply that not all coeffi- 
cients in the expansion (3.7) are independent. Us- 
ing (3.2), (3.4), and (3.7), we find 


*(mul = mxu. 
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a = ay” se ()). (3.8) 


Let us now define the heat current: 


q = \ xu a, )av dv = — AVT. 


Substituting in this the value of x, we obtain 
2kT 4 5 
a — = (= 7 y" [Fa a” + 3 5 aot + 5 ape + Z ay — ano| r 


(3.9) 


4, FIRST AND SECOND VISCOSITY 


Assume now that VT =0. The solution of the 
general kinetic equation (2.8) will then be sought 
in the form 


Pit OES 
ae Okne. ae Sik Otome) tt ogy 


where Bik is a symmetric tensor with vanishing 
trace. Substituting (4.1) in (2.8), we find 


i (uous aod + Sik u?) a mee J coit (Bix), (4.2) 


PG 


In the most general case the tensor Bj, can be 
written as 


Bip sit (u; Up — > Orn u?) - Bo (m;m,— + Orn m?) 
+ Ba({mu], [mu], —+6;. [mu]*) + Ba (mu) (m; ug 


SL Smet (OR (4.3) 


+ uw; my — = d;»(mu)) + Bs (u; [mu], + uz [mu],) 


+ Be (mu) (m; [mu], + m, [mu],). (4.4) 


Here the Bj are scalar functions of u2, m2, 
and t*. Since the left-hand side of (4.2) is again 
an even function of M, the evenness of the kernel 


of the collision integral leads to the relations 
B,=0, B, = 0. (4.5) 


We expand the quantities B; in terms of orthogonal 
polynomials: 


Pica abi Si (u2) Si (m?) P? (P), (4.6) 
= Diba St (u2) Si, (m?) P? (@), (4.7) 
Bz = >,b3" S/? (u2) Sk (m2) PS” ? (2), (4.8) 
tkl 
By = >\04" S/* (u2) Sh (m?) Pi (2). (4.9) 
tkl 
The P%%!) are orthogonal with weight 1-t?. With 


Bj; defined as in (4.4), the conditions (2.7) are sat- 
isfied automatically. 
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We write the scalar function C which solves 
(4.3) in such a form that the conditions (2.7) are 
automatically fulfilled: 

C = co (2 u? — m?) + dic! S/* (u2) S2 (m’) P?(P), 
ikl 
000 — (100 _ (010 _ Q), 


(4.10) 


Let us now determine the expression for the 
stress tensor: 


aes p\ fx U; U,dV adr. 
Substituting (4.1) and taking account of (4.4) to 
(4.10), we find 


Vo; OV op 9 OV Voss 
on =n( 2 = Fg Ox; Wy at bin =— con #) ie Ox, ? 


where the first viscosity coefficient n is given by 
the expression 


(4.11) 


m = nkT (of + (2) 09" — + of 4.262"), (4.12) 
and the coefficient of second viscosity ¢ by 
=> DRE Gola. (4.13) 


The coefficients entering in (4.12) and (4.12) are 
determined approximately from a system of alge- 
braic equations obtained from (4.2) and (4.3) by 
making use, as in the case of the thermal conduc- 
tivity, of the usual variation procedure. 


5. ON THE COLLISION INTEGRAL FOR THE 
MODEL OF SOLID BODIES 


The results obtained in the preceding sections 
are very general and can be used for any type of 
interaction between the molecules. 

In calculating the kinetic coefficients in the 
present paper, we describe the collisions between 
the molecules with the help of the model of elastic 
cylinder-spheres (see the following section ). How- 
ever, the use of the model of solid bodies necessi- 
tates a careful analysis of the collision integral. 
This is the more imperative as the expression 
for the collision integral given as exact in [3,4] is 
actually highly approximate and can in extreme 
cases lead to absurd results (see below). 

For a complete description of the collision be- 
tween two molecules with definite velocities V, V, 
and angular momenta M, M, we need only four 
variables: X, Y, the coordinates of the center of 
gravity of the incoming molecule in the plane per- 
pendicular to the relative velocity g = V,—V, and 
Wo» Yo1, the values of the angles 7%, ~, when the 
centers of gravity of the molecules are located at 
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some fixed distance a from one another. Then 
we have for the part of the collision integral cor- 
responding to emission from a given element of 
the phase volume 


at dVidl,. (5.1) 


The corresponding limits of integration are evi- 
dently closely connected with the geometry of the 
molecules. For molecules with a center of sym- 
metry it is easy to obtain an expression for the 
inverse transitions. For this purpose we must 
use the connection between quantities before and 
after the collision (see !*J); 


—|F (VM) f(ViM,) g dX ay See 


V,=V,—E(kG)k,  V’=V-+E(kG)k, 
M, = M, — § (kG) [o,k], M’ = M + & (kG) [ok], 
= [1 + (m/21) {Iok]? + [61k ]9}]72. (5.2) 
Here k is a unit vector normal to the surface of 
the molecules at the point of contact, o and 0; are 
the vectors from the centers of the corresponding 
molecules to the point of contact, and G is the 
relative velocity of the colliding molecules at the 
point of contact: 
G=V,—V+["+a]—|7-9]. (5.3) 
Let us now go over from the variables X, Y, 
Wo, to the variables k, y, 4, (¥, 4, are the angles 
at the time of collision), using the relations 


Yo =) — Mt,/!, (5.4) 
Wor = 1 — Mit/!, (5.5) 
R Ta R (k, , v1, M, M,), (5.6) 


to = (a— R)8/g”, 


where R{X, Y, Z} is the radius vector connecting 
the centers of the molecules at the moment of the 
collision and a is an arbitrary vector. The form 
of (5.6) can be established immediately for any 
given geometry. 

The Jacobian for making the transition from the 
old to the new variables is equal to (see the Appen- 
dix ) 


(5.7) 


kG 
8 (X, Y.%Po,*Por)/0 (Kk, 1p, hr) = — 5 (k); (5.8) 
S (k)dk is the surface element of the surface de- 
fined by (5.6) with constant 7, ¥;, M, and M;. 
The expression for the collision integral in the 
new variables is 


\ fi — fh) | kG] S (9) dk? Mav, dry. (6-9) 


2 25 


It is easily seen that the region of integration is 
bounded by the condition 


kG <0 (5.10) 


(only those parts of the surface collide which move 
toward one another). However, condition (5.10) is 
not the only restriction on the region of possible 
values of k, %, and %,. This has to do with the 
fact that in general k, 7, and 7%, are multivalued 
functions of X, Y, %, and yo. Of all the possible 
values one must evidently choose only that which 
corresponds to the smallest ty. This implies a 
further restriction on the region of possible values 
of k, y, and yj. 

It is easily seen that the formula (5.9) with only 
the condition (5.10) is completely useless for p 
>> g/l, where lI is a characteristic dimension of 
the molecules. [For g=0 the molecules do not 
collide at all, while there is a nonvanishing con- 
tribution according to (5.9).] In the opposite limit- 
ing case the multivaluedness does not play a role, 
and we can use the formulas (5.9) and (5.10). 

Thus it is clear that using a collision integral 
of the form (5.9) with the restriction (5.10) is in 
general only an approximate procedure. The de- 
termination of the exact region of integration in 
(5.9) for arbitrary ~ is a complicated problem. 

In view of the fact that in many actual cases ~ 
< g/l, we have used (5.9) and (5.10) in all specific 
calculations. 

In this case the use of a more exact region of 
integration should lead only to relatively small 
corrections. 


6. CALCULATION OF THE KINETIC COEFFI- 
CIENTS. THE MODEL OF CYLINDER-SPHERES 


Let us now go over to the direct determination of 
the kinetic coefficients, using the results of Secs. 3 
and 4 with a collision integral of the form (5.9) and 
(5.10). 

In calculating the coefficient of thermal conduc- 
tivity, we restrict ourselves to the first three 
terms in the expansion of S, and to the first term 
in the expansion of S, [see (3.7)]: 

Sz = a”. 


(6.1) 


S, = af + al (ut —4) + a2" (nt — 0) 


Multiplying (3.1) by u(u2—%), u(m?—1), and 
m(m-°u) and integrating over dVdI’, we obtain a 
system of equations for the determination of the 


coefficients ai, af!9, and aj”: 


Cr = C0 + C4209! + €430%, Co = C201 + Co,a3 


+. C230), Cs => C30} as Cg 9a} + C330)”°- (6.2) 
The coefficient a} is determined by condition 
(3.8). 
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The computation of the coefficients Cj is ele- 
mentary. The determination of the cj, involves 
an integration over 16 variables. However, through 
a series of linear substitutions we can carry out 
the integration over 10 variables without reference 
to a particular model. The expression for cj, is 
of the form 


Pe Lad i (0% @° A; {A,) | kw|S (k) dk dus du df oF, 
kw < 0, (6.3) 
where 
Ai=(uw?—+4)u, Az =(m*—1)u, As =m (mu), 
w= (=7)" G, dl = mdm dQm, O° — qh e-# mm, 


Let us first go over from the variables m, 7, 
m,, %; to the variables 1, mp, m7, 1, My» Mr, 
where | and 1, are unit vectors defining the direc- 
tion of the axes of the molecules in space, mp and 
Mp, are the projections of the vectors m and m, 
on the vector 1x1,, m; is the projection of m on 
the vector n xl, and m7, is the projection of m, 
on the vector n x1). 

It is easy to show that 


at dp = dm, dm, dl. (6.4) 
Then we make the following substitutions: 
u = (Q—y)/V2, m =(Q4+ y)/V2, (6.5) 


m= (nx + ylVE +P, m= (—rxt+ nylVA + 7, 


vy =¢—-VAt+ra/ViteteA, (6-6) 
x= (VAFAE+AVIFATA, 6.7) 
where 
Pat [ok}?, r= + [o,,kl, ys =ky. 


The product 69 can be written in terms of 
the new variables: 


Dien texp(— 09 ft. 7 yi 


— 2 — m,— mi}, (6.8) 


where y, and y, are the projections of the vector 
y on two mutually orthogonal axes perpendicular 
to the vector k. 

Taking account of the fact that Aj{A;,} can be 
expressed as a sum of products of the type [we 
use (6.5) to (6.7) and (5.2)] 


F (k, 1h) Q* ri yoy? tf 2 mi mia, (6.9) 


and that the region of integration (5.10) goes over 
into the region t > 0, we see easily that the inte- 
gration over the variables 
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dQ dy, dy,.dm,, dmp, dy dt dz 


is completely trivial, and the final result can be 
expressed as a product of [ functions. 

Only the integration over dkdldl, remains to 
be done in (6.3). In order to carry out this inte- 
gration, we must know the explicit form of S (k). 

We shall use the model of cylinder-spheres. 
In this model the collision of the molecules is 
described by the collision of solid bodies of cy- 
lindrical shape with hemispheres at each end | 
(see the figure). Our model has some peculiari- 
ties which have to do with the fact that the vector 
k cannot define a point on the cylindrical surface 
uniquely. For collisions involving the cylindrical 
surfaces it is therefore advantageous to define the 
point of contact by two other parameters a, and 
Qs. 

In collisions involving the cylindrical surfaces 
we can take for these parameters 07 =0-°1 and 
ny be i 1,, which define the point of contact for a 
given position of the molecules (except for the 
distinction between ‘‘from above’’ and ‘‘from be- 
low’’). In this case S (kK) dk goes over into 


S (G1, 61) do; doy, = 2 sin ® do; do;,,, (6.10) 


where 
sin ® = [II]. 


For collisions involving the spherical surfaces we 
have 


S (k) dk = 4a? dk. (6.11) 


For mixed collisions we must write instead of 
S (k) dk 


S (2, 9) dz dp = 2adz dg, (6.12) 


where z and @ are the cylindrical coordinates of 
the point of contact in a coordinate system with a 
Z axis along the axis of the molecule which col- 
lides at a point of its cylindrical surface. 

The integral (6.3) thus separates into three in- 


tegrals. All integrals are evaluated completely.* 


*We note that some of the resulting integrals have been 
computed inl]. 
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We shall not quote here the resulting complicated 


formulas for the c;,. We give only the final ex- 


pressions for the coefficients a}, a{!°, and a 


obtained as a solution of the rile (6.2): 


000 


w ~ 0,34 eFTOR (6.13) 
aye = 0.48 — 7 EPCOT ; (6.14) 
at 1 1 
ay” = — 0,17 os BB pod “ (6.15) 


where B= 2a/l. These results refer to the case 
pat, a = 41/pl* = ¥. This value of the coefficient 
a@ corresponds to a diatomic molecule of the type 
A-A in which the atoms are located at a distance 
Zl from one another. 

Information on the geometry of the molecules 
can be obtained if the virial coefficients are 
known. 2] It turns out that B >1 in most cases. 

Expressions for the coefficients a}, a{!°, and 
a can be found for arbitrary values of a and 8. 
However, the general expressions are very com- 
plicated, and we shall be content with quoting only 
a particular example. 

Substituting (6.13) to (6.15) in (3.9), we obtain 
an expression for the coefficient of thermal con- 
ductivity: 
ot 4 

2 B+ B +0,12° 
It is interesting to note that all coefficients (6.13) 
to (6.15) are of the same order of magnitude, al- 
though their contributions to the coefficient of 
thermal conductivity are quite different [see for- 
mula (3.9)]. 

Finally, we give the final expressions for the 
first and second viscosity, obtained under the 
simplest assumptions: 


1. az 1,6 e(=) (6.16) 


Basen kop pp By = 0,0 $C =($u — m?).p 
[see formulas (4.6) to (4.9) and (4.10)]. For a 
= ¥, and B 2 1 we have 

"lo 4 4 (6.17) 


kT 
n = 0.32n(5) Bt B+OM ”? 


(6.18) 


kT \tle 1 1 
C= 0.067 u(=-) we gepoaTepOdz 


APPENDIX 


Here we determine the value of the Jacobian 


J = 0 (X, Nos Po, Po1)/0 (cos 6, gf, , pi), (A.1) 


where 6, y are the angles which define the unit 
vector k in some coordinate system. 
Using (5.4) to (5.6), we find easily 


PaO KEE] aD 
We have made use of the fact that 
Qe IC ae ) nt (5 fe yas $5 (5 ai yy" ; 
hae i.) OY YZ) 


S (k) 0 (cos 6, ) 


and analogously for the other projections. 
Let us now determine (8R/8))y,,k- We see 
immediately that in general 


Ge). -Lare]+= Gp. 


where a and a, are vectors perpendicular to k 
which depend on the type of surface. Substituting 
(A.3) in (A.2), we find 


J 80 facsu([40]—[4 


Using (5.3), we obtain (5.8). 


ae Ka o]+ a1, (A.3) 
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An analysis of elastic scattering of photons with energies up to 300 Mev by protons is carried 
out by making use of the dispersion relations method. Six dispersion relations are utilized to 
estimate the real parts of the amplitudes at Q? = 0. Photoproduction of pions is taken into ac- 
count in a larger energy region than was done previously. Five subtraction constants are de- 
termined from the long wavelength limit and expressed in terms of the nucleon charge and 
magnetic moment. Differential cross sections and polarizations of the recoil nucleons are 
estimated. Photon-nucleon scattering at high energies is discussed. 


ik pallowanes the work of Gell-Mann, Goldberger, 
and Thirring 1] dispersion relations for photon- 
nucleon scattering, whose validity in the e?-ap- 
proximation has been rigorously proved by Logu- 
nov, 12 have been applied to the analysis of experi- 
mental data by a number of workers." Cini and 
Stroffolini®] were the first to calculate forward 
scattering cross sections for photons with energies 
up to 210 Mev. Certain qualitative peculiarities in 
the energy dependence of the forward scattering 
ore section were indicated earlier int, and also 
ings. 

Capps" has considered yN scattering through 
an arbitrary angle by taking into account a minimal 
number of states. In so doing he made use of some 
unpublished results of Gell-Mann and J. Mathews. 

Akiba and Sato'*! considered scattering through 
nonzero angles. In order to evaluate the subtrac- 
tion constants in some of the dispersion relations 
they made use of perturbation theory. 

The authors have previously 6] considered in 
detail dispersion relations for all six invariant 
functions, that characterize the yN-scattering 
amplitude, and have carried out a dispersion anal- 
ysis in the energy region up to 200 Mev in an ap- 
proximation in which certain recoil effects were 
ignored. It was shown that if photoproduction of 
pions in S states is taken into account significant 
modifications are introduced in the near threshold 
region. These changes are such as to improve the 
aggreement between the dispersion analysis and 
experiment. Near threshold the energy dependence 
of the amplitudes and cross sections becomes 
nonmonotonic. 

Aside from certain differences, connected with 
what assumptions were made regarding the num- 
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ber of subtraction constants in the dispersion re- 
lations and the maximum angular momentum of 
the states taken into account, all the published 

papers turned out to have in common the inability 

to obtain good agreement with experimental data 

in the energy region near 160—200 Mev. 

In a number of papers!**?»! an attempt was 
made to eliminate this discrepancy by taking into 
account the contribution from Low’s diagram. it] 
However a direct measurement of the lifetime of 
the 7° meson!!#! together with an analysis of the 
question of the sign of the pole amplitude!!®] have 
led to the conclusion, that the inclusion of Low’s 
amplitude cannot substantially affect the results 
of the analysis. In connection with these discrep- 
ancies between the analysis and the existing ex- 
perimental data we carry out in this work an anal- 
ysis of yN scattering based on dispersion relation, 
in which we take into account in addition to photo- 
production of pions in S states the contribution 
from the high energy regions in a more careful 
manner; we also analyze the question of the num- 
ber of subtractions in the dispersion relations and, 
taking nucleon recoil fully into account, estimate 
the previously introduced quantities Rj(v) at 
Q? = 0. 

2. The connection between the invariant func- 
tions T;(v, Q”) and the amplitudes Rj(v, Q”) in 
the barycentric system is given by Eq. (1) 0 14] 

(in the following!"4] will be referred to as A). For 
the definitions of T;(v, Q?) and R,(v, Q?) see!t¥] 
(in the following"!¥] will be referred to as B). The 
notation in the present paper is the same as the 
notation in A and B. By Rj without additional 
marks we will understand here the amplitudes in 
the barycentric frame. 
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Since according to the optical theorem 


Im (Ri + Rx) =~ SM (1) 


(w is the total energy in the barycentric frame ) it 
follows that under the assumption 


0; (w) ~ const aS Ww -— co 


we have asymptotically as w — © 
R, +R, —>w ~ Vv. (2) 


Assuming further that as w—~ ~ all Rj ~ v, we 
get from A, Eq. (1) thatas w— ~ 


T, —T; > w?, T,+T;— w*, T; > w’, 


ehh), T, + T, — const, Pew: (3) 


Consequently, under the assumptions here made, 
the dispersion relations for T,, T3 and T; should 
contain one subtraction, whereas the dispersion 
relations for the quantities T,, T, and Ts, may be 
written with no subtractions. 

In order to estimate the amplitudes R, + Rp, Rs, 
Ry, and R; + Re it is sufficient to write dispersion 
relations for T,, T3 and Ty; at ar =0. At Q? =0 
the invariant 


Vi iad Q?/ M 


becomes, as is well known, the photon energy in 
the laboratory frame vjgp (denoted in the following 
by v). 

3. As can be seen from A, Eq. (1), for forward 
scattering the functions T,; and T, + Ty reduce to 
R, — Rs, so that at Q’ = 0 the dispersion relations 
for T; and T, + T, are equivalent. 

Let us consider the functions 


Fy (vo) = + [Ty — Ts — Vo (T2 — Ta)] = @o (Ri + R2)/M, 
Fy (Vo) = Vols = @o [Rs + Ra + 2Rs + 2Rel/M, 

Fs (vo) = Vo (T: + Ts)/2M = (@o/M)? (Rs — Ra); 

Fy, (Vo) = + (T:—Ts) 


= w? (Rs +R,) /Mv, — 2W (Ri + R»)/(M + Wp). (4) 


It is clear from the discussion above that the dis- 
persion relations for the functions Fy,..., F4 
should contain one subtraction. All quantities on 
the right side of Eq. (4) are in the barycentric 

’ frame. If one takes into account that (for Q? = 0) 
the amplitudes in the laboratory system are con- 
nected to the corresponding quantities in the bary- 
centric system by 


(Ry + Re)? = (Ri + R,)/M, 


(Ra — Ry)" = (wo/M)? (Ra — Ri) (5) 
[Rs —- R, -- 2R; + 2R,)" =Wo IRs; + R, + 2R5 <i 2R,1/M, 


Dj = Re (Ri+ R2)'8? 
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then one obtains from the dispersion relations for 


eee ie Fy 
av? & A,,(v 
Di? (%0) —D,,, (0) = 2 | a 
0 
; avi A, (v) dv 
pi® ee D 0 oe Pers gad FE 
2.3 (Vo) — VoDe,3 (0) = \ (tw? (6) 


where 


pee Re [R; ae R, + 2R; Sie 2R,!'* 
De = Re (R, — seer Dy Re F, (v); 
D, (0) =—e/M, D, 0)=— 2%, 

D; (0) =— 2 [p2 — (€/2M)*], D, (0) = — (e2/2M)A (2 + A), 


and where Aj(v,) stands for the imaginary part of 
the corresponding amplitude; p =e(1+A)/2M 
stands for the magnetic moment and pg for the 
anomalous magnetic moment of the nucleon. 

If the elements of the amplitude for the photo- 
production of pions in states with J <°/, in the 
barycentric frame are denoted by Ej, Eo, E3 
(electric transitions into 4-, *4+ and */- respec- 
tively), M,, M2, M3 (magnetic transitions into 
+, %- and *4+ respectively), then the unitarity 
relations lead to the equalities 


Im R, = ve{|EP + 2\E3? + +|E,/ cos 8 — 7|MoPt, 
Im R3 = ve {| Ex P + =|, |? cos 8 

— |E;/ +3|M, F-FRe (EsM;)\ , 
Im Rs = — ve{|Ea|? + Re (ExMs)} (7) 


which represent the generalization of the corre- 
sponding equalities in], The expressions for 

Im R, differ from those for Im R, by the exchange 
Ej = Mj. Analogously, the expression for Im Ry 
may be obtained from that for Im R, and for 

Im Rg from Im Rs. 

In Eq. (7) we mean by the modulus of the ampli- 
tude on the right side the sum of the contributions 
from photoproduction of 7* and 7? mesons. We 
note that if the mass differences between mesons 
and between nucleons are ignored then a cancellation 
in the interference terms, for example in | E70|? 
+ |Eq+ | 2. occurs as a consequence of isotopic 
symmetry in the pion photoproduction process. At 
that 


Ay (¥) = vor/4et =v {|E.P + | MiP 
+2\EsP+2|MsP+ 5 |MoP + ¢lEoP}, 
Aro) =*{{EsP+| MiP + 1 MaP + 12a? 


—|Ms+7EaP—|Es+ 3 Me), 
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As (Vv) = —v(w/M) {|E,P —|My /? 
Sep Mg oe Es Poe, = Mh}, 
A, (v) + (w — M) o;/4a 
= w{/E,P+ | MiP + 3] MaP + 3122? 


—|E;—+M,./'—|M,— 3 E(t. (8) 

4. As was shown by Goldberger, | the sum rule 
that follows from the nonsubtracted dispersion 
relations: 


Re(Ri + Re)» + xaa\ o¢ (0) dv > 0 (9) 


ME 


is in contradiction with the long wavelength limit 
Ri, +R. —e/M<A. (10) 


Consequently, nonsubtracted dispersion relations 
for the amplitude R,; + R, violate the requirements 
of relativistic and gauge invariance on which the 
long wavelength limit is based. 

Let us remark that possible sum rules involving 
the square of the magnetic moment are not in 
direct contradiction with the long wavelength limit 
when nonsubtracted dispersion relations are as- 
sumed for F,(v). As can be seen from Eqs. (6) 
and (8), of particular importance here is the con- 
tribution of the resonant state, proportional to 
|M;|?. The result is unchanged if one takes into 
account the (numerically important) contribution 


from photoproduction in S states, which decreases © 


the effective contribution of | Ms |’. 

The sum rule for the square of the magnetic 
moment is very sensitive to the ratio of the photo- 
production amplitudes E, and Mg. For certain 
ratios (for example for E, = Mg" ) one can arrive 
at a contradiction. At the present time, however, 
the analysis of photoproduction is not sufficiently 
precise to permit the assertion that the experi- 
mental data are in contradiction with the sum rule. 
An increase in the accuracy of the photoproduction 
analysis, aimed at obtaining information about the 
amplitudes E», M, and E3, would be most wel- 
come. 

The fact that unsubtracted dispersion relations 
give rise to definite sum rules may be of particu- 
lar interest in certain processes. Thus, in the 
case of m7 scattering analogous considerations 
(applied to dispersion relations at Q? = 0) lead to 
the conclusion that the S-state scattering lengths 
ay and a, are positive at low energies. The same 
holds for mK and KK scattering. 

5. If in addition to the functions introduced 
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previously one studies properties of the functions* 


Fs (vo) = (T2—T 4)’, (11) 
Fe (vo) = (To + Yarn ee (12) 
Fy (vo) = Te, (13) 


one concludes that F;,.(v) are odd functions of v 
and contain no poles, whereas F,(v) is an even 
function of v with a second order pole. As y—>o 


Figg Vas 
so that the dispersion relations for these functions 
need no subtractions. 
These dispersion relations may turn out to be 
useful since when photoproduction in states with 
J = */, is taken into account the angular dependence 


of the amplitudes Rj (v, Q’) in the barycentric 
frame takes the form (cf, (61 ) 


R, = ¢; — 6) +285 cos 9 + me + C (Sym), 
R, =m — m, + 2m, cos 9 + 5&2 +C (m,8,), 
R; =— 6, —C (mé;), Re = — tz —C (ésm,), 


(14) 


and is characterized by eight functions of energy 
81,2,3, t,2,3, C (@,m,) C (m3é.), which can be ex- 
pressed in terms of Ri(v, 0) and Rj(v, 0). 

It follows from Eq. (14) that if we restrict our- 
selves to contributions from states with J =< ¥, 


R, =R; = 28, (0 cos 0/0 Q) go. = — 46203/M2ve, 


R, =R, =— 4mwij/M%, Rs =R, =0, 
so that 
(R, + Ro)’ = (Ra + Ry)’ = IR, + Ry + 2 (R; + R,)l’ (15) 
In the long wavelength limit! 14] 
(R,; + Ro)’ = — 2e?/M*v + O (1), 


(Rs + Ra)’ =—e? [3 + 2 (1 + A)7]/2M? + O (v), 
(Ry + Ra + 2Rs + 2Re)’ : 


= — e? (202 — 2) — 1)/2M8 + O (y). (16) 


The fact that Eq. (15) is in contradiction with the 
long wavelength limit (16) means that the restric- 
tion to states with J = vA is not a good approxima- 
tion even in the low energy region. The crossing 
symmetry conditions introduce kinematic correc- 
tions of the order of v/M, which corresponds to 
inclusion of states with higher values of J. The 
carrying out of the analysis with this high a pre- 
cision requires the introduction of additional func- 
tions of energy and discussion of a larger number 


*The prime denotes differentiation with respect to Q? and 
subsequent passage to Q? = 0. 
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of dispersion relations. Introduction of the Low 
diagram does not resolve the indicated contradic- 
tion. All estimates of the amplitudes given here 
were obtained with the neglect of Rj(v, 0). 

6. The results of the calculations of the ampli- 
tudes R;(v)) at Q* = 0 are shown in the figures. 
The energy of the photons vy» is given in units of 
the threshold energy 1% = 150 Mey E. and the values 
of the amplitudes in units of e?/Mc?. 

For the calculation of the forward differential 
scattering cross section 


6 (0°) =|Ri+ Ref? +{Rs + Rat 2Rs + Ref? 


the amplitudes R,; + Ry and Rz + Ry + 2Rs + 2Rg are 
sufficient. 

To estimate D,(v)) use was made of the data 
on the total cross section for the interaction of 
photons with protons, including the second maxi- 
mum and the cross section for pion pair produc- 
tion. The dependence of A,(v,)) is shown in Fig. 1. 
Previously we have neglected contributions from 
the energy region above 500 Mev. The result of 
estimating the amplitude R, + R, is shown in Fig. 
2. The main difference between this and previous 
results appeared in the region 1 < 4) < 2, where 
as a consequence of a cancellation between the 
long wavelength limit and dispersion terms the 
value of D,(v)) is significantly decreased. Let us 
note that this is precisely the energy region that 
is sensitive to a change in A;(v)). The second 
maximum in A, (v)) corresponds to the second 
maximum in photoproduction. 


Im (R,*R2) 

e/Mc? 
S] 

Ls) 
i. 
1 

V V/V 

a ? 3 4 5 6 7 


05 10 15 20 25 30 40 ‘50 
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For estimating real parts of the amplitudes, 
other than R, + Ry, which require much more de- 
tailed experimental data on photoproduction, we 
limit ourselves to the energy region up to 300 Mev. 
For the amplitude R, + R, it turns out to be pos- 
sible to go much further, although with increasing 
energy the indeterminacy in the contribution from 
photoproduction of pairs (and larger numbers) of 
pions becomes appreciable. 

In a number of papers!» 16] the yp scattering 
at 300—800 Mev has been looked upon as a diffrac- 
tion process with Re Rj « Im Rj. The experi- 
mental study of yp scattering in the region of the 
second resonance is of interest as a sensitive 
method of investigation of the maximum itself. 

If, ignoring all Re Rj, we restrict ourselves to 
the imaginary parts of the amplitudes alone and 
consider only the contribution proportional to 


|E3|?, then we find immediately from Eq. (7) that 
R, — R= R= ea = 0, 
Ry= Im Ry = — 21m Ry =:2y,| Es {*; 


whereas the differential cross section is equal 
to 


o (9) = + Ri(7 + 3cos’) = + R3(7 + 3cos*6), (17) 


in agreement with the results of Minami."'*) The 
same result for the form of the angular distribu- 
tion remains valid if in Eq. (7) only M3(R; — Rp, 
R3 — Ry) is different from zero. If simultaneously 
E3 and M; (with Re R; = 0) are different from 
zero then we have 


6 (0) = —(R§3 + Ri) (7 + 3cos?6) + 10 RsRy cos 6. 


However, as our estimates indicate, the quantities 
Re(R, + R,) are large in the region of the second 
resonance and cannot be ignored. From this point 
of view the second resonance differs drastically 

from the */, ¥% resonance, in whose energy region 


Re (R; + R:) <Im (R; + R,). 


The results of the calculations for R3 + Ry, 
Rg + Ry + 2Rs + 2Rg and R; + Rg are shown in 
Figs. 2—4. In the evaluation of dispersion inte- 


(18) 
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grals |E,|*, |Ms;|? and |E3|? were assumed to be 
different from zero, and the ene "By dependence of 
|E, |? and | M;|? was taken from, whereas | E3 [2 
was assumed to be different from zero in the en- 
ergy region 3.1 < ») < 5.8. Let us remark that 
even in the absence of an imaginary part for Rs 

+ Rg the real part of this quantity differs from its 
long wavelength limit, since the dispersion rela- 
tions are satisfied by the invariant functions 
Teves). 

The values of o(0°) are shown in Fig. 5, where 
we give for comparison the results of Cini and 
Stroffolini®) for oc_g (0°) in the barycentric 
frame. A significant difference can be seen in the 
near-threshold region. 


7. For an estimate of Ri; — Ry and Rs — Ry the 
: oe Z 
(e?/Mc 6/0°) 
7 
6/1802 
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dispersion relations (6) are not sufficient. Let us 
consider the function 

F (v) = wg (v) = (M?v?/2w?) [(T1 + Ts)’ — v(T2 + T,)’l. 
(19) } 
As can be seen from B, Eq. (4), we have . 


(20) 


w 2Mv 
F (v) = aiRki- seep Rs — Ra)} . 
A study of the dispersion relation for F(v) 
makes it possible to estimate R; — Ry», if R3 — Ry 


is known. In the energy region under consideration 
the coefficient of (R3; — Ry) in Eq. (20) is of the 
order of v/M, however since the value of R3 — Ry 
is large (in comparison with R;, — R,), the second 
term in Eq. (20) cannot be ignored. The function 
gy(v) introduced in Eq. (19) is an analytic function 
of v witha cut along 44<v<, satisfying the 
crossing symmetry condition: 


g (v) =¢" (—V). (21) 


Thus, for v « 1 the function g(v) is a real func- 
tion and 


@ (v) =a + bv, (22) 
PW) = ap aae Sa! ap) how ewe» 9 (28) 


We see that the linear term in F(v) is fully de- 
termined by the first term in Eq. (22). It therefore 
follows from Eq. (20) that for small v 


R, — R, = — (e/M) (1 — 3v/M) + O (v?) 


and the linear term in Ry — Ry and in F(v) are 
fully determined by the requirement of crossing 
symmetry, as is discussed in detail in B. 

The function F(v) introduced in Eq. (19) is an 
analytic function of v with cuts along 4% <v<© 
and —o < py < —1 and a (kinematic) pole at 


w? = M?+ 2Mv = 0. 
The requirements of crossing symmetry lead to 
the relation 


F (—») = 54 Fy) 
and for small v 
F (v) = — (/M) (1 — 2v/M) + O (v?). 


Applying the Cauchy formula to F(»), for p— », 
along the contour shown in Fig. 6 and writing a 
dispersion relation with a subtraction we obtain 


Fo = 0-3) + th | = 5B) 
2 «© 
+ hel imei eee tle 
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Yo. Ee F (v — ig) 
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FIG. 6 
and 
2 4 F (M/2 
Re F (vo) = —%(1— Dies Rae (24) 
2 lee) 
K (ww) = | Im FW) [+ feo sce (25) 


v 


~ 


Since 
K (M/2) = 0, 


Re F(M/2) cannot be determined from Eq. (24), 
and this quantity enters as a free parameter, which 
must be determined starting from the experimental 
data. Under the restriction to photoproduction in 
the states with J < *4 only we get 


Im F () = v {5 (VE: P—| MiP) 


+2(\Es?—|Ms)) (1+ >"S") 


+ 4M (e.e—|M.i)(1+ 72S"). 


In Fig. 7 are shown the results of estimating 
Re (R, — R,) with the help of Eq. (24) when the 
contribution proportional to Re F(M/2) is ig- 
nored. 


(25’) 


Im(R,-R2) 
e2/Mc2 


FIG. 7 


For an estimate of R, — Rg at Q’ = 0, as can 
be seen from B, Eq. (4), it is sufficient to consider 


the function 


; W,\3 
T+ 2 (Ta + Tol’ = (GA) 


p (Vo) ==% 
x {2 (Rs — Re) + gag IRi — Ra — (Rs — Ro 


(26) 


for which the dispersion relation has the form 
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Ive eT 
Rep(vo) —p(0) = 2p | Ee, (27) 
0 
y 
where, according to B, Eq. (2), 
p (0) =— & (2 + 0)/2M, (28) 
Imp (v) = (w/M)? {w [| (|E2 |? — | M2) 
+ Re (E,M3 — M3Es) | 
+ Mv (M + wo) [3 (| Es |? — | Ma |?) 
+ 4 (\E2/’ —| Ma?) + Re(E:M,—MzEs)|!. (29) 
The results of estimating Re (R; — Rg) at @ 


= 0 for Re F(M/2) = 0 are shown in Fig. 4. Es- 
timates of the quantities R3 + Ry and Rs — Rg, 
which play a dominant role in the differential cross 
section for 4) 21, do not differ appreciably from 
those obtained previously.'* 

The results here obtained are of interest from 
the point of view of the study of the energy depend- 
ence of amplitudes near the threshold of a new re- 
action.““] In that case all estimates can be carried 
out to the end. Let us call attention to the depend- 
ence of the amplitude Re (R,; + R,), whose value 
continues to fall off also above threshold. This re- 
sult indicates that a sharp energy dependence of the 
imaginary parts of the amplitudes above threshold 
may also for other processes lead to a displace- 
ment of the near-threshold minimum (or maximum) 
of the cross section relative to the reaction 
threshold. 

In Figs. 5 and 8—11 are shown the results of 
the calculations, with the help of Rj(v, 0), of ang- 
ular distributions 
3 
yy B; cos! 6 
l=0 
for the angles 6 = 90, 135, 139 and 180°, and also 
of the total elastic scattering cross section 


6 (6) = 


94/4 = By + B,/2 


and of the polarization of recoil nucleons for 
6 = 90°. The experimental data are summarized 
int anglt, 


The coefficient 
B; (vo) =2 [| R;+ Re |>—| R;— Rg |?) 


is near to zero in the entire energy region Vp & 2. 
The experimental data, apparently, indicate 

that the quantity Re (Rs — Rg) is positive. We 

were not able to achieve this by introducing 

Re F(M/2) # 0. The requirement that Re (Rs —Rg) 

be positive leads to large (negative) values for 

Re F(M/2), which at the same time significantly 
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FIG. 8. Energy dependence of the coefficients in the an- 
gular distribution, The experimental points are from [2,10,17] 
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FIG. 10. Differential cross 
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increases the contribution of |R, — R,|* to the 
cross section and does not lead to an improvement 
in the agreement with the experimental data. 

It is necessary to remark that outside the re- 
gion 1 < » <1.3 a satisfactory agreement between 
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the dispersional analysis and experimental data is 
obtained. In the region 1 < vy) < 1.3, which is par- 
ticularly sensitive to dispersion effects, it is ap- 
parently necessary to take into account contribu- 
tions from higher states, for which it is necessary 
to have information on pion photoproduction in a 
larger energy region. 
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The hypothesis that a decreasing fraction of energy is transferred to pions as the primary- 
particle energy increases is shown to be inconsistent with experimental data on the altitude 
dependence of extensive air showers. It is also shown that the number of nuclear-active 

particles depends strongly on the relative number of baryons among all secondary particles 


produced in an elementary nuclear interaction. 


HARLIER calculations by Nikol’skii and the pres- 
ent author'!,2] on the development of extensive air 
showers are here continued. The results obtained 
int agreed with experimental findings regarding 
the altitude dependence of showers and the energy 
flux carried by the electron-photon component. 
The ratio of the mean energy of primary particles 
inducing showers with a given number of particles 
at the observation altitude, to the total number of 
shower particles, was consistent with the values 
usually assumed for the conversion coefficient 
from the number of particles to the primary-parti- 
cle energy. However, some of the calculated quan- 
tities did not agree with experiment. Thus, too 
large a number of nuclear-active particles was 
computed in extensive showers of N = 10° parti- 
cles at the given mountain altitude, compared with 
the experimental result./3! There was also a dis- 
crepancy regarding the energy flux carried by 
nuclear-active particles (Table I). It was pointed 
out in! that the principal causes of disagreement 
are first, the hypothesis of a decreased elasticity 
coefficient of nucleon interaction as the nucleon 
energy diminishes to the 10''—10° ev range, and, 
secondly, the large number of secondary particles, 
other than pions, identified as nucleons. 

The foregoing conclusions were taken into ac- 
count in the present calculation. Certain experi- 
mental results obtained in recent studies of ele- 
mentary interactions at high energies, 4-7] were 
also considered. The nuclear emulsion results 
collected in the review by Koba and Takagi"®) were 
taken into consideration while selecting a model 
for the elementary nuclear interaction event. It 
was also considered that nucleons, antinucleons, 
and pions are produced in interactions between 

-nuclear-active particles and the nuclei of air 
atoms. The principal assumptions on which the 


calculation is based can be summarized in the 
following manner. 


A. Interaction of a Nucleon with the Nucleus of an 
Air Atom 


1) All incoming nucleons retain 0.6 of the pri- 
mary energy Ep. 

2) The number of secondary pions as a function 
of E, is determined from the dashed line in Fig. 1. 
For Ey = 10'° ev the dependence of multiplicity on 
Ey) agrees with experiment!®,6! within error limits. 
For Ey > 10! ev, N ~ E)'/4 was assumed, in 
agreement with experiment'4! and with contempor- 
ary theory.!# 


10° 1" 0" 10" 10” 10” 10° 0° 
&. eV 


FIG, 1 


3) The fraction of secondary nucleons and anti- 
nucleons in the incoming-particle energy range 
10!9 ev = E, = 10’? ev was taken as ~10% of all 
secondary particles.* For Ey > 10!? ev the con- 
clusions in 1] were taken into account, regarding 
the decreased fraction of energy transferred to the 
pion component with increasing primary-particle 
energy Ey. We assumed that for Ey > 10'” ev the 
fraction of nucleons and antinucleons increases 
monotonically, reaching 27% of the total number of 


*We neglected the formation of secondary nucleons and 
antinucleons for E, < 10°° ev. 
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secondary particles at Ey = 10!5 ev (the continuous 
line in Fig. 1). 

4) The fraction A of energy transferred to 
pions when Ey = 10'° ev was taken to be 0.4.* At 


high energies we assumed, following the Bristol _ ie S 
group, that the energy fraction transferred to the 3 ie = 3 (et + 
pion component diminishes monotonically as Ey E | tl & ae 8 
increases; but we assumed a slower rate of de- 4 ee he z 
crease compared with that int (Fig. 2). It was a a ag ral < 
assumed that 30% of A is carried away by a single i 7 sa. = 
pion (a 7° meson, with probability ',), and that z sa] 8 & = . 
70% is divided equally among the remaining pions. Pepe) MOS ge GH S | 8 S 
When E, < 10 Bev the energy is divided equally os 8 lo ge 
among all pions. 2 o a fe 
ae ae by | BERS 
@ 
a2 g 9 é Be = | 
0, . | + me Re Iie tea 8 
a — ww i 
410 10" 10" 107 107 10 0% 109" a f Ey a | 
ev a 2 $8) 1118 
FIG. 2 2) ga) = = 2 (5% 
sesal hie Sia: B: 

5) Secondary nucleons and antinucleons carry Es & | x B 
away the energy Ey q = (0.4—A)Ep, which is dis- “ “4 2 oa a = 
tributed equally among all particles of this type. = 25 S s @ au 

Bee Sees as eee 

B. Interaction of 7* Mesons with the Nuclei of = | t 2 ay 
Air Atoms 3 é eg g 
; a tf eee at aes Bel 111g 

1) The inelasticity coefficient was taken to be s yeti ad rs 2 
unity, but energy spectra of the secondary parti- 3 a w 
cles were assumed harder than in nucleon-induced a a a3 g ~ 
events. It was assumed that a m+ meson, (in % of 2] = |e Fl 23° +i 
the events) or a 7° meson (in 7, of the events) Ss cd omnes 2 
with energy 0.6 Ey is produced. iad lns Sae g=| 2,83 

2) The number and energy distribution of other F 7 O apse 
secondary particles is the same as in nucleon- Bx S S = 
é ° ¥ + 
induced events. EsBils otros ae SNES 

A. 
C. Antinucleon Collision Events assumed Similar , 
to Events Induced by 7+ Mesons que 3 @ 
1?) > ar 

The calculation was performed by the method ® 3 é a 0 2 ¢ 
of successive generations. The different parame- Sih aaleee tees 3] g3 . 
ters of extensive air showers were derived in ex- H a e : = Hy Be 3 
actly the same manner as in‘, The mean free in- 6 s 3 og aS HSE, q s 
teraction path of nuclear-active particles was 5 Z 8. 3 a - . ~ s g 2 
taken as Ay = 75 g/cm’, we considered nuclear in- ce 2 BS wv ge 8 2 
teractions with En, = 3.7 x 10° ev. The results gz52 8 2 ee 2 


are given in Tables I and II, where all quantities 
pertain to showers with the given numbers of par- 
ticles at the altitude of the Pamir (3860 m). We 


*This is close to the value A = 0,44 given in [5] for E 
= 9 Bev. 
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took into account the fluctuations in the depth of 
the first nuclear interaction participated in by the 
primary particles. 

Table I gives the intensity ratio Ip/Is of 
showers of a given number of particles at the 
mountain altitude (3860 m) and at sea level. The 
ratios obtained in the present calculation differ 
from experimental results regarding the altitude 
dependence of showers (as between the Pamir and 
Moscow), 4 10) whereas in‘! there was approximate 
agreement. The discrepancy is especially marked 
for showers having large numbers of particles. 
The anomalously small difference noted in the 
present work between shower intensity in the 
Pamir and Moscow, especially for showers with 
large numbers of particles, is associated with the 
weak absorption of cascades formed by high-energy 
particles. 

Electron-photon cascades calculated according 
to the nuclear-cascade scheme are shown in Fig. 3, 
compared with those in], With increasing pri- 
mary-particle energy cascade absorption is slower 
in the present work than in 2]. This results from 
the hypothesis, adopted in agreement with the 
Bristol group, that the energy fraction trans- 
ferred to the pion component decreases as the in- 
cident-nucleon energy increases while the energy 
fraction retained by the nucleon remains constant 
at 0.6 Ep. 

It was assumed in our calculations that an in- 
coming nucleon always retains the fraction 0.6 of 
its initial energy Ep), while the remaining fraction 
0.4 E, is distributed among secondary nucleons, 
antinucleons, and pions. We also accepted the con- 
clusion arrived at in‘ that the energy fraction 
transferred to pions (and therefore to 7 mesons) 
decreases as E, increases. This leads to a slower 


FIG. 3. No. of shower 
particles as a function of 
atmospheric depth for three 
values of E,. Continuous 
curves — present calcula- 
tion; dashed curves — from a 


0 300 600 900 x,¢/cm? 
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absorption of nuclear-active cascades and of the 
accompanying electron-photon component. In] it 
was calculated that the fraction of incident-nucleon 
energy transferred to pions remains practically 
unchanged beginning with Ey) = 10 ev. The energy 
expended by the nuclear-active cascade to produce 
y rays therefore depended only slightly on eer et 
particle energy. 

Thus, if we assume a decreasing transfer of 
energy to pions as the primary-nucleon energy in- 
creases while a constant fraction (> 0.5) of the 
energy is retained by the nucleon, without admit- 
ting any other important channels for energy trans- 
fer to the electron-photon component, our results 
disagree with the experimental altitude depen aay 
of showers. The same conclusion was reached in 

Reference!t 1) presents one possible version of var- 
iation inthe elementary event, which, while admitting 
a decrease of energy transfer to pions, brings the 
calculation into closer agreement with the experi- 
mental altitude dependence. It was there postulated 
that at primary energies = 10" ev an electron- 
photon component is produced, to which the frac- 
tion 0.63 of the primary-particle energy is trans- 
ferred, without involving pions. For the sake of 
simplicity") direct energy transfer to the electron- 
photon component was considered, although the 
same result can obviously be achieved by introduc- 
ing any rapidly decaying particles (see 12] for 
example). 

The large energy fraction retained by the pri- 
mary nucleon up to the very highest energies re- 
sults in an increased number of high-energy nu- 
clear-active baruele in showers (compare the 
present work with?! ). This can be seen from the 
integral spectra of nuclear-active particles in 
Fig. 4. It must be noted that the increasing frac- 
tion of high-energy nuclear-active particles is 
accompanied by an increased flux of energy carried 
by the nuclear-active particles. This augments the 
discrepancy between the calculated and experi- 
mental energy flux given in Table I (as compared 
with!)), 

The last line of Table II gives the numbers of 
nuclear-active particles in showers having differ- 
ent total numbers of particles. Our calculated 
number of nuclear-active par ciee is considerably 
smaller than that given in 2] In order to account 
for this reduction we checked the composition of 
the nuclear-active component at mountain altitude, 
i.e., we calculated separately the number of nu- 
cleons and the number of 7 mesons included 
among all nuclear-active particles in extensive 
air showers (Table II). 
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FIG. 4. Integral spectra of nuclear-active particles in ex- 
tensive air showers with different total numbers of particles: 
1—10°, 2—10°, 3—10* particles. Continuous curves — present 
calculation; dashed curves — from [2], 


Table II shows that nuclear-active particles at 
the mountain altitude are mainly nucleons,* and 
their number at the given altitude is apparently 
determined by the relative number of nucleons 
among all secondary particles created in an ele- 
mentary event. This is evident from a comparison 
with’) where the relative number of nucleons was 
taken to be constant at 0.27. The relative com- 
bined number of nucleons and antinucleons in the 
important energy range was 0.1 in the present 
work. 

Two additional calculations were performed as 
a check. In the first of these the model differed 
from that in!#! only by taking 0.08 instead of 0.27 
as the constant relative number of nucleons among 
all secondary particles produced in an elementary 
event. Table II gives the results of this check. 

The second checking calculation was based on 
postulates differing from those formulated at the 
beginning of the present article. All secondary 
nucleons and antinucleons were replaced with 
charged pions having the multiplicity and energy 
distribution that had been taken for the secondary 
nucleons and antinucleons. Thus in nucleon-in- 
duced events the secondary particles will include 
only one (‘‘primary’’) nucleon, while in events in- 
duced by 7+ mesons no nucleons will be formed. 
Recoil nucleons have energy E < 3.7 Bev and 
were disregarded in our calculations. For a shower 


*These results are also valid at sea level. 
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observed at the mountain altitude and induced by a 
primary particle having energy 8 x 10% ev, the 
relative number of nuclear-active particles (1* 
mesons) was found to be 0.002 instead of 0.0095 
according to Table I. 

The total number of nuclear-active particles at 
the given altitude therefore depends strongly on 
the relative number of nucleons (and hyperons) 
among the secondary particles produced in ele- 
mentary events of nuclear interaction between nu- 
cleons, or 7 mesons, and the nuclei of air atoms. 
We conclude from the foregoing that when reliable 
data are available for the number of nuclear-ac- 
tive particles in an extensive air shower, it be- 
comes possible to derive a mean value for the 
relative number of baryons among the secondary 
particles produced in elementary events when the 
energy of the colliding particles is 10/910? ev. 

The author is indebted to S. I. Nikol’skii for 
valuable comments and a discussion of the results, 
and also to G. T. Zatsepin and E. I. Tukish for 
discussions of the results. 
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The electrical conductivity tensor is calculated for an electron gas (plasma or semiconductor 
in the conduction band) situated in a magnetic field with a variable (harmonic) component par- 
allel to the constant component. If the electric field induced by the variable magnetic field is 
comparable to the characteristic ‘‘plasma field’’ (1), the analysis will be valid only under the 
condition pt 21 (p is the cyclic frequency of the variation of the variable component of the 
magnetic field, T is the effective mean time between electron collisions). It is shown that 
under these conditions the absorbing properties of the medium depend appreciably on the var- 
iable component of the magnetic field. Contrary to the opinion previously expressed“4’®! neg- 


ative absorption is impossible. 


Recentiy discussions have taken place of the 
problem of the utilization of cyclotron resonance 
in semiconductors in order to obtain systems with 
negative absorption when the magnetic field has a 
variable component parallel to the constant com- 
ponent. It was supposed that negative absorption at 
the cyclotron resonance frequency We = eH/mc can 
occur as a result of a parametric variation of the 
magnetic field at a frequency p close to the fre- 
quency 2w-/n(n =1, 2,...). 

In this paper we consider cyclotron (diamag- 
netic) resonance in a plasma or ina semiconductor 
in the case when the magnetic field H has a vari- 
able (harmonic) component parallel to the constant 
component. In this discussion we also take into 
account the electric field E, induced by the vari- 
able magnetic field. If the field E; is strong (cf., 
below), then the discussion is carried out subject 
to the condition (2) which is the condition under 
which separate maxima can be distinguished on 
the curve showing the absorption of energy in a 
weak external monochromatic field (E,). From 
subsequent discussion it follows that under these 
conditions the intensity of absorption (for E,) de- 
pends in an essential manner on the properties of 
the variable magnetic field (dependence on the 
properties of the field E, is not significant). In 
particular, at the cyclotron resonance frequency 
We this absorption can be reduced to zero. How- 
ever, negative absorption is impossible. 

We consider a certain volume of plasma or of 
a semiconductor situated in a homogeneous mag~- 
netic field H directed along the z axis 
(Hz = Hy — H, cos pt). Generally speaking, this 


volume will be simultaneously situated in a vari- 
able electric field E, of frequency p. The plasma 
(or the semiconductor) under consideration situated 
in the field H (and also in the field E;, induced by 
it) represents a certain medium. We shall be in- 
terested in the electrical conductivity of this me- 
dium, and in the absorption in this medium of en- 
ergy from a weak homogeneous electric field E, 

= Ey) cos wt (external with respect to the medium 
under consideration, and having a general orienta- 
tion with respect to the field H). The small con- 
tribution to the electrical conductivity (absorption) 
due to the heavy particles (molecules, ions) will 
not be taken into account, so that the given medium, 
in effect, represents an electron gas in the mag- 
netic field H (and in the electric field Ej). 

The properties of this gas (in particular, the 
electrical conductivity and the absorptive power) 
depend on the fields H and E;. The field E, must 
be regarded weak if its amplitude Ej) satisfies 
the inequality 


Ex) < En = V 3kT me? 8 (p? + 1/12, 


(1) 


where Ep is the characteristic ‘‘plasma field’’, 

e and m are the charge and the mass of the elec- 
tron, k is the Boltzmann constant, T is the abso- 
lute temperature in the absence of Ej, 6 is the 
average relative fraction of the energy transferred 
in the collision of an electron with a heavy particle, 
and 7) is the effective time between collisions in 
the absence of Ej. In this discussion the kinetic 
parameters of the electron gas under considera- 
tion (in particular T) do not differ from their 
values in the absence of E;. However, if Ej) 2 Ep, 
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then the field E, is strong, and this, in the general 
case, determines the dependence of T on Ey, (and 
consequently, on the time). However, if the fre- 
quency p Satisfies the condition 


(2) 


then the effective time between collisions T ‘‘does 
not have time’’ to follow the variations of Ey. In 
this case the quantity 7 is a function only of the 
amplitude Ey) [T = T(E j))] and is independent of 
the time.* 

In order to determine the properties of interest 
to us for the medium under consideration we shall 
assume that it is situated in a weak external mon- 
ochromatic field E, = Ey cos wt (we note right 
away that, in general, these properties can depend 
on the initial phase gy if the field E, is written in 
the form Ep, = Ey cos (wt + gy); however, in the 
present case this dependence is absent, as can be 
verified by a direct solution of the problem), and 
we shall utilize the equation for the average elec- 
tron velocity't-3] 


pt Fl, 


m (dv/dt + v/t) =e(E +c [vH)), (3)T 


where E = E; + Ep. In future we shall consider 
only those cases when the quantity 7 does not de- 
pend on the time. This is possible under the con- 
dition (2) if the field E, is strong, and for any ar- 
bitrary frequency p if the field E; is weak. 

Since Eq. (3) is linear the total current density 
J(J = Nev, N is the electron density) is the sum 
J, + J) of the currents corresponding to E; and E, 
[in both cases we have T =T (E,,))]. It can be 
easily seen that in the steady state the time aver- 
age of the energy of the total electric field E ab- 
sorbed per unit time per unit volume of the medium 
can be decomposed into components which deter- 
mine the absorption respectively for E; and Ep. 

In particular, for E, this absorption is given by 
the expression 


1 le 
P= Mim 7\ J,E, dt. (4) 


The electrical conductivity tensor ojk(w) for 
the medium under consideration determines in the 
usual manner the relation between the components 
of the harmonic component J», (of frequency w) 
of the current J» and the components of the field 
E,. At the same time 


*Strictly speaking, the condition for T to be constant has 
the forml! a] p > 5/T, where 5—the mean relative fraction of 
the energy lost by an electron in a collision with a heavy 
particle—is always much smaller than unity. 


t[vH] = vx H. 
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hs — . (Re oxy (o) SE = Re Oyy (o) Lea Reo,, (w) E3. 0): 

(5) | 

Thus, the problem reduces to finding the peri- 
odic solution of the equation for Jy: 


m (dJ2/dt + Je/t (Ew)) = e (Ne Ex + c™} [J2H)). (6) 


From this equation it follows immediately that in 
the coordinate system which we have selected 

Ozx = Oxz, = Czy = Cyz = 0, and that the usual ex- 
pression holds for oz, in the absence of a magne- 
tic field.4.2) In order to determine the remaining 
components of the electrical conductivity tensor, 
we shall assume that the field E, is directed per- 
pendicular to the z axis. We obtain 


dT TOUAT, 


2x 


dt aA 


Ne? 
(Ho — Hi cos pt) Joy + = 2x0 cos wf, 


e 
2 ene: 


dn dp 


N 2 
ef he — (Hy — H, cos pt) Jox + —— Eny coset. 


(7) 
It can be easily shown that the fundamental sys- 
tem of solutions of (7) (for Epox) = Eeyp = 0) has 
the form 
sin (w,¢ — A sin pf) 
cos (@,¢ — A sin pt) ) % 


— cos (wf — Asin a 


Yneen ts ( 


ier er (8) 


sin (w,¢ — A sin pt) 
Here we =eH)/mc, A = eH;/pmc. On the basis of 
(8) we can easily find the desired solution of (7) in 
the presence of the field E,. As a final result we 
obtain 


_ Ne <ihg i A/t 
Reta (0)= Gq 2s Ja (8) Vo pop aa pie 


Tisch un peal 
nid (@ —@, + np)? + 4/0" [? 
Ne? ~ 
‘2m 


2 @-+ @,— np 
3 AG) epee 


n=—oo 


Imo,, (0) = 


®—,-+ np 
2% a 


Ne2 ae ®—@,-+ np 
Rey. (0)= 7, 2 Jn(A) |e ie 


m 
n=—0o 
@ + ®,— np 
a (o+ @, — np)* + 1/1? | ’ 
wees . 2 1/t 
im oho) ae AO a eee 


nm=—oo 


13 1/t 
(@ — @, + np)? + 1/1? |’ 
Oyy = Oxx. (9) 
Here Jp, (A) is a Bessel function of the n-th order.. 
From the equations obtained above it can be 


seen that the components of the electrical conduc- 
tivity tensor depend both on the variable magnetic 


Oc, Oyxy 
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field (or 4), and also on the electric field E,. The 
dependence on E, consists of the fact that the ef- 
fective time between collisions T is a function of 
the amplitude Ej). If the field E, is strong, then 
expressions (9) are valid under the condition (2) 
(in a weak field E, they hold for any arbitrary 
value of p). In this case the intensity of absorption 
I, is determined by (5), from which it can be seen 
that only the absorption of energy of the component 
of the electric field E, perpendicular to H depends 
on the variable magnetic field H,, and that this ab- 
sorption, in turn, is determined by the quantity 
Re oxx (w). 

Equation (2) for the applicability of expressions 
(9) in a strong field E, means in the case of 
Re 0xx(w) that this function has separate maxima 
in the neighborhood of the frequencies + we + kp 
Mmo= 0) 1, 2, %,...\). 

The dependence of the absorption curve on E, 
is unimportant in the sense that it leads only toa 
change in the shape of these maxima, but does not 
qualitatively alter the absorption picture. However, 
the dependence of Re oxx(w) on the variable com- 
ponent of the magnetic field (or on A) is essen- 
tial, and for all A the quantity Re oxy (w) > 0. 

For H; = 0 only J)(0) =1 is different from 
zero, and this gives the well-known expression 
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for cyclotron resonance.'!-3] As H; increases the 
number of noticeable maxima increases. More- 
over, from the properties of Bessel functions it 
follows that the height of each fixed maximum 
periodically falls to zero and increases again. In 
particular, the principal maximum (at the fre- 
quency wc) disappears after the field H, is in- 
troduced when A coincides with the first zero of 
Jo (A). 

The author is deeply grateful to F. V. Bunkin 
for useful comments and discussion. 
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A general theory is presented of the shape and width of nuclear magnetic resonance lines in 
paramagnetic media. The interaction between nuclear and electron spins in the system is due 
to dipole-dipole and contact forces. Precession, relaxation and exchange motions in the elec- 
tron spin system and thermal motion of the particles of the medium were taken into account. 
Formulas have been obtained for the half-width Aw, and for the shift 6 of the nuclear reso- 
nance line in the limiting cases of fast and slow thermal motion in the medium. 


1. INTRODUCTION 


‘Tae influence of paramagnetic atoms of a sub- 
stance on nuclear resonance manifests itself in the 
decrease in the relaxation times Tj; and T, of the 
longitudinal and the transverse components (with 
respect to the external field) of the nuclear mag- 
netization M, and also in the shift 6 of the nuclear 
resonance frequency wy. These effects are due to 
the action of the magnetic field of the paramagnetic 
atoms on the nuclear moments, anaction that varies 
in time (as a result of free precession, electron- 
spin relaxation processes, and exchange and 
thermal motions). In a number of theoretical 
papers Li-3] these effects were studied in the case 


Under these conditions the relation Til, TT ~ Ns 
must break down. 

The present paper contains a theory of the 
shape and of the width (of the relaxation time T7) 
of the resonance line due to nuclei in paramagnetic 
media, with account of the exchange interactions 
between the paramagnetic atoms, which are in turn 
modulated by the thermal motion in the system. 
The last circumstance is particularly important in 
the discussion of this phenomenon in liquids. The 
results of this paper show that changes in the line 
width and in the shift 6 of the resonance frequency 
of nuclei in paramagnetic media can turn out to be 
a direct method for studying exchange interactions 
which are important in the physics of magnetic 
phenomena. The calculations are carried out 


of substances with a low concentration of paramag- utilizing the method of Kubo and Tomita [61 


netic ions and without taking the interaction between ~ 


them into account; a consequence of this was the 
derivation of the theory of additivity of effects of 
paramagnetic atoms on the relaxation times T, 
and T,: Tj’, Tj! ~ Ng (Ng is the concentration of 
the paramagnetic atoms). Experiments carried 
out at low concentrations of the paramagnetic sub- 
stance have confirmed this conclusion |4:5] 

At a high concentration of paramagnetic atoms 
exchange interactions between them can arise 
which result in exchange of electron spin orienta- 
tions; this process will give rise to changes in the 
internal fields simultaneous with changes due to 
precession, electron spin relaxation and thermal 
motion. As a result of this, the internal fields 
must average out to a greater degree than in the 
absence of exchange, and this must manifest itself 
in a decrease in the effectiveness of the influence 
on the relaxation times T, and T, of additional 
paramagnetic atoms newly added to the substance. 


We note here in addition to '!*] some theoreti- 
cal papers preceding the present paper and close 

to it in content. Moriya has considered the effect 
of exchange on nuclear relaxation both of diamag- 
netic! and of paramagnetic!®] atoms in antiferro- 
magnetic crystals. The relaxation studied by 
Moriya consists of the transfer of energy from 
nuclear spins to spin waves (at low temperatures ) 
and to the exchange system (at high temperatures ). 
On the other hand, one of the present authors!9] 

has made a study of the relaxation of nuclei of 
paramagnetic atoms in magnetically dilute crystals 
due to the hyperfine interaction between nuclear 
and electron spins; in this case the dominant 
process is the lattice relaxation of electron spin. 
The object of these papers was to investigate the 
possibility of observing nuclear resonance for 
nuclei of paramagnetic atoms. Some of the conclu- 
sions reached in [1-9] and also in “'-5] are contained 
in the present paper as special cases. 
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In Sec. 2 we evaluate the autocorrelation func- 


tion for the component My of the nuclear magneti- 


zation; in Secs. 3 and 4 we have calculated the half- 
width and the shift of the resonance line due to 
nuclei in a liquid and a solid paramagnetic medium 
respectively. 


2. THE AUTOCORRELATION FUNCTION FOR 
THE NUCLEAR MAGNETIZATION 


We consider a substance which contains per 
unit volume Ny identical magnetic nuclei whose 
resonance is being studied, and Ng paramagnetic 
atoms. The shape of the absorption line I(w) is 
given by the Fourier transform of the autocorrela- 
tion function G(t) of the component of the mag- 
netic moment parallel to the direction (x) of the 
variable magnetic field'®), 


eyed \ G (t) et dt, 


5 (1) 
G (t) =<{M, (t) Mx (0)}>. 


(2) 


The angle brackets in (2) denote averaging of the 
symmetrized product {Mx (t)Mx(0)} utilizing 
the density matrix p; since the gaps between the 
magnetic sublevels are small (fiw « kT), we can 
assume 


Peer ty st 1) (2a) 
and finally obtain 
M, (t) = exp (it #/R) Mz exp (— it #/h), (3) 


where # is the Hamiltonian for the system without 
the variable field which includes in our case the 
Zeeman energies 

pag Mpayes ys = 7H) )Si 

Rk l 

of the nuclear and the electronic moments in a con- 
stant magnetic field Hy (Hy Il z, yI = gI@N, YS = 88), 
the energy of interaction of nuclear and electronic 
moments 


His = Xs D> ree (he S: — rev? (eres) (Sira)) +h ey AnileSs, 
Rol hol 


the energy of the exchange interaction of electron 
spins among themselves 
He = he Y Jy (ry) SS), 
i>j 

the kinetic energy of the system HK and the energy 
KH sk of interaction of the electron spin system with 
HK. ; 

We separate the Hamiltonian 4 into three parts: 


Ks = #3, St, = HS + Hout Hut He : eae 
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(#’ is the perturbation), which satisfy the commu- 


tation relations 
[H1,. Hel = (He, Me] = 0. (5) 


On substituting into (2) the solution of the Heisen- 
berg equation 


UM erie Oecne Hes Rant le (6) 
we obtain the first terms of the series G(t) 
= Gy (t) (G,(t) = 0): 
Go (t) = Nil (I +1) le" + ¢. 0.1, (7) 
Gof) = —4N pl (I +1) ler’ 
t 
x Jot (drt— ne f, (2) + c.c.], (8) 
~ = 
where 
oF = h? (MP, #, (0) 2/<| ML, (9) 
MD = tie ELLs 
k 
fie D=N MY, # (1) (4. (0), MD, (10) 
H’ (0) = Yel (x) 
(11) 


= Ser exp (itdHe/h) H, exp (— itHs/h). 
; 


Here oy is the contribution to the second moment 
of the resonance line (in frequency units) due to 
dy (the contributions of the individual terms in 
the perturbation 4g to the second moment are 
additive); fy ( aa is the correlation function for 

the quantities #, (7) which vary in time under 
the influence of #, [modulation of the perturbation 
by ‘‘motion’’ (in the broad sense of this word)]; N 
is a formal operator defined by the relation 


NA (t) =A Q@/A (0). 


We note that Gy (t) describes the unperturbed 
motion of the nuclear magnetization—the free 
precession. 

In order to obtain fy (7) of the form (10) we 
have to evaluate 
oe, (x) = exp liht (HS + Hx + Hu + He)! 


; ; Te Se (12) 
x. He exp (— int (H2 + Hse + Hx + He)I- 
+ eXp 


The presence of #§ gives in (12) time factors of 
the form exp (iSweT ), B = 0, +1. Hk describes 
relaxation processes for the components of the 
electron spin, so that in them we can take” for 


fy (7) 


1A review of papers on the relaxation of electron spins 
in liquids is available in the book by S. A. Al’tshuler and 
B. M. Kozyrevl*); c.f., alsol*#], 
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(Sp (t) $5 > =exp(—|t|/7), Ta ={p, goa 
(13) 


Further, we assume that the time variations of 
the exchange energy 


He (t) = exp (itH#/h) He exp (— itHx/h) 


under the influence of thermal motion in the system 
HA are characterized by the correlation time Te: 


N <Hte (t) He (0)> = exp (—|t| /%). (14) 


On taking into account the fact that usually 
<|He)?> « <|#KP>, we expand (12) into a 
series in powers of Ste; in this case it turns out 
that the effect of #e on the correlation function 
for the perturbation fy (7) will manifest itself in 
the term in the expansion quadratic in KH e (the 
term linear in He gives zero on averaging ). 

Taking into account what we have just said with 
respect to Hey (7) and fy (7), and after simple 
but “esi! ee calculations we can obtain 


CMP, 5, (O)I|2> Fe (x) 
ig ie Pa Best iM, 5€43,0(0)I|2> frp,a (t) 


x (1 — ot, F (t)) exp (—|'t//7 5); (15) 
fxa.1 (t) = N Dy exp (ih 1H x) OL 
k>l 
x exp (— ih-t #,) D7" = 
or KOPP (1) Or” ~* (0), (16) 
fra,2(t) = N ps <exp (tht Hx) AL? (rau) 
x aaa THe) An * (rii)> 
= N >\<A® (1) An” ~* 0); 
RE 
F(x) = \ (x — v’) dx’ exp (— | t|/%), (17) 
0 
Oevaa = <[[He (M2, Hipall > /h<|(MP, F480] |2>.(18) 


Here Lee are the terms in the expansion of the 
energy of interaction between nuclear and electron 
spins in terms of the Zeeman frequencies of nu- 
clear and electron spins (cf. the table): 

KH’ = His = XY (Hab + H8,2) 


7,8 


=D [3 He. OF + Deve. Att, 
8 -k>L 
The subscript a distinguishes quantities which 
refer to the dipole (a@ = 1) and the hyperfine 
(a = 2) interactions. 
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We shall be interested in the shape of the reso- 
nance line out to distances from the center of the 
line of the order of its width. Information with re- 
spect to this part of the line will be ita if we 

Se ae out the integration in (8) up to t ~ Ti» where | 
te is the transverse relaxation time of the nuclei 
in the absence of motion{®] It can be easily shown | 
that F(T) = T/2 for Tl «Te and F(T ) 

=|7|7@ for T} > Te. Then, following [6] and 
denoting u% eyB,a = we (cf. the table), we can write | 


1 — 2,6 F (t) = exp [— 2 F(1)] 


1 <r, 
Th) = Si 


exp (= T°w?/2), 


(19.1) 
(19.2) 


exp (— |t| 7,2), 


The quantity weyp (18) has the meaning and the 
dimensions of the square of the exchange frequency. 

For the correlation function (16) for the coordi- 
nate part of the perturbation #38 , which varies 
under the influence of the thermal classical motion | 
of HK we can take as usual!!] 

fva.a (t) = exp (—|t|/11). (20.1) 

With respect to the hyperfine interaction energy 
two cases must be distinguished. If we have in 
mind the interaction of the electron and nuclear 
spins belonging to different particles moving inde- 
pendently then we can set 


fra,2 (t) = exp (— |t|/T2), (20.2) 


where 7, stands for the lifetime of the diamagnetic 
particle in the solvate shell of the paramagnetic 
ion. Obviously in a solid we shall have rz = 0. 
But if we consider the isotropic interaction of the 
nuclear moment of the ion with its own electron 
moment (the anisotropic part is usually not very 
great and its effect is negligible), then we have 
= 0, and 
fraa =, (20.3) 

since this interaction is not modulated by thermal 
motion. 

Now on substituting (15) into (8) and taking into 
account (19) and (20) we obtain for Gy (t) + Gy (t) 
the expression (omitting a constant factor ) 


fort) S| 3 ta a (t — 


t) ef (to; +Bag)= 


a=1,2 v,8 (21) 
x exp [—| t| ta'—| t| Tp —o@F (1)] b+ C.c., 
which can be approximately represented in the 
form } 
exp {ict co >» 33 Ore, > \ dt (t ps. rel ror t Bes): 
a=1,2 y,B 0 
x exp [—|t| 2’ —| «| Ts' — oF (x)]} 4 olet Mga} 
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00 p2st 1 — 3cos%4,, p28? Ant + 8 (S +4) 3%, 4 S(S+4)¢A2) 
01 Pes — + sin 947 COS 9,7 EXP (EPp/) 0 0 + S(S +1) 675 0 
o—1 i253 — + sin Sy, COS Spy EXP (— EPpy) 0 0 +. S(S + 1) 67, 0 
10 lee — + sin 9), cos 94, exp (iy,)) 0 0 +S (S$ tyo% 0 
14 Pes? — 2 sin? 9, exp (2i@p)) 0 0 + S(S +1) 0%, 0 
14 ts 2. ip St 1—3.c0s? Op) se Any 4S (S +1) 0%, +S (S + 1) (A?) 
—10 Tring — sin 9,1, COS 9), XP (— 1Ppz) 0 0 0 0 
—41 | ——7t8; 1 — 3. cos? Oy) Pea Ant 0 0 
—i—1 irs) — = sin? S,, exp (— 2i@,,) 0 () 
Here 


P nus i Siar ae 
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for an isotropic distribution (powders, glasses and liquids), 


2_ & ,a2 = 
=e tS 2 (rut’) 


\1 
(Az) =N7? 2 | Ape 2. 


zat 
with AP, =A, 028, = 2 = +) S(S +1) =FNs 2 ss (S +4). 
us] 
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We now carry out calculations of the line shape 
for two limiting cases—fast motion (liquids) and 
slow motion (viscous liquids, solids) of the mole- 
cules of the system. 


3. FAST THERMAL MOTION: Tl > Te 


In order to find the line shape I (w) near its 
maximum one should in the case Ti > Te evaluate 
the Fourier transform (1) of the autocorrelation 
function (22) making use of (19.2); in this case we 
obtain a Lorentz line of half-width Aw, and with 
its center at the frequency” wI + 6: 


gy 1 Ka 1 Ko 
Aoy, =S (S + 1)o7s ake +o kp Fete? 
Agel Ky a Ka 
2 KE + (esto) 1? Ky t (;— os) 
+45 (8 +1) <4 [Kt eo hue 20) 
3 K+ (0; — os) 


2)The shift 5 must be measured from the frequency w1+A, 
where A is a line shift of the Knight type (cf. [5], which is 
proportional to the magnetization of the system in the field 
H,. In the approximation for the density matrix p utilized by 
us [Eq. (2a)] the constant magnetization of the system, and 
consequently also A, are both equal to zero (p = (21 + |) Wai 
x (28 + 1)-Ns presupposes all the magnetic energy sublevels 
to be equally populated), 


@; + Os 


dat sMpaansseet 
2 Keto} 2 Ki, + (@; + as) 
+t. OjimeaOS \ 


de Ke + (@; —@s)? j 


LFS SHEN 


OT = Ys 


K2 + (@; — 9)" 
Kise _ figs - it oe Eps; ay = my Gi ton ts Tee. 
(25) 


We discuss formulas (23) — (25) briefly. First, 
it follows from the definition of Kya, Ki‘ in (25) 
that the half-width and the shift of the resonance 
line due to nuclear spins are determined by the 
velocities of thermal motion, by the electron re- 
laxation or by the electron exchange motion depend- 
ing on which process proceeds at the greatest rate: 
a TR or T ewe. For paramagnetic ions of the 
type Cu’*, VO"* ete. Tj!, Tz! ~ 10° sec™!; for other 
paramagnetic ions ( Ti’*+, Fe’t, Co’* from the 
iron group, the rare earth ions) the relaxation 
times are very short, and, apparently, one can 
take!!9] T7! > 10! sec. 

In nonviscous liquids 7 ~ 10!! sec". One can 
suppose that the values of Té will be somewhat 
greater than the values of Tj in view of the 
greater sensitivity of the exchange energy to the 


+4 S(S +1) <A» (24) 


“fl 
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variations in the distances between the paramag- 
netic atoms. For rough calculations one can as- 
sume that t@ ~ 77!. The lifetime of a particle in 
the solvate shell of the ion T,, as a rule, will be 
greater than the relaxation times T, and T); in 
these cases the effect of thermal motion on the 
hyperfine interaction will become unobservable. 
Moreover, in concentrated solutions, Os Atl 
since the internal field amounts to ~ 103 oe, while 
|A | ~ 10—10? oe. In concentrated solutions we 
can attain values of 10!°—10!! sec™. 

These estimates show that very different situa- 
tions can be realized in practice. The case appears 
to be of interest when the dominant terms in K} 
are the terms wate + 77. It is realized in solu- 
tions of relatively high concentrations of paramag- 
netic particles with not too short relaxation times 
T;, T,. Then 


Kg, ies T/(1 = TT 03) 


and for Ka > w], wS we obtain from (23) the 
following expression for the half-width 


Awy, =2 S (S + 1) ojsti/(1 + tat08) 


+ 2S (S + 1)<A®> te /(1 + tot09). (26) 


For large values of wy we obtain on neglecting in 
the denominators of (26) unity in comparison with 


TaT ews 


Aw, = S (S + 1) [Rois + = <A] /t2. (26.1) 


Since ojg, wa, <A?> ~Ng (we are considering 
the hyperfine interaction with an electron spin 
belonging to a different ion), then it follows from 
(26.1) that in this range the dependence of Au, PR 
concentration will be due to the variations in Te 
which increases as the concentration is increased; 
therefore, Aw;, will decrease. Further, in ac- 
cordance with (23), the line width will gradually 
diminish as the external field increases. In weak 
fields ( aS <1) the epserved width is given 
by (26). RE fields Ke a8 > 1 (but 
Ke at < 1) we have 


(Ay) = 2S (S + 1) 035 Ke,1 + LS (S + 1) <A® Kao. 


on 


In the absence of exchange (low concentration 
of paramagnetic ions), (23) together with (25) be- 
ee similar to the well known formulas from 

3,12 

Of some interest are the investigations of the 
line shift —6 [formula (24) gives the shift in units 
of rad/sec ]. In order of magnitude the value of 
—6 is close to the line width. As can be seen 
from (24), —6 passes through a maximum (as the 
external field is varied) at wy = Kj} and wg + wI 


Ru. vkhy sPIMEROV; ands Kz As VALLEY 


= = Kee At the same time the shift diminishes as 
the PES of the motion K@ q increases. 


4, SLOW THERMAL MOTION: T{ < Te 


The condition a <«K Te, Tj, T, corresponds toa 
slow modulation of the exchange, hyperfine and 
dipole interactions with the thermal motion. The 
nature of the phenomenon is in this case deter- 
mined by the exchange and the relaxation motions 
in the electron spin system. The nuclear absorp- 
tion line near its maximum has a Lorentz shape, 
since the approximate autocorrelation function as- 
sumes the following form for Ti <«< Te [cf. (19.1) ]: 


exp {ie it —t>) of, | exp [— [Ts — i (ya; + Bos)] 
¥, B 0 


— 02/2] dx} + ¢.¢., 


Ox = O48, 1+ Org, 2° (27) 


The factor multiplying it in the exponent of the 
exponential determines the position of maximum 
intensity wr + 6 (cf. footnote”), while the factor 
multiplying —t Oe Ee the half width Awy,: 


Ao, = Vac 45 > Ore ReL (2g), (28) 
y=0 B=—1 
— 4 iL. 1 
0 +6 =0,-YV ZA) Y atglmL ps 29) 
TTL lel 0 
(30) 


Zye = (yo, + Bos— iT )/o, V 2, 


W (2) e-*\ onde (BY) 


0 


L (2) =e-* — i2W (2)/V x, 


We present a brief analysis of formulas (28) 
— (31). Ina number of cases (Mn?*, Cr**, Vo?* ) 
the electron relaxation times Tg = T;, T, are 
comparatively long, ~ 107-’—107 sec (cf., the 
discussion in Sec. 3), so that T#' « wg = 0; there- 
fore in zg the imaginary part can be neglected if 
B # 0. Moreover, let Tgwe > 1. Then the formula 
for the half width of the line (28) assumes the fol- 
lowing form: 


doy,=V or | + 0%, 
(y@, + Bos)? 
+ Y > ois exp | — ale 


Y¥=0,1 P=+1 


(32) 


analogous to the well known formulas for the half- 
width of the electron resonance line !*] For the 
line shift 6 we obtain in the present case (Ty 
<«K |Bwe |, B # 0) 

sei§ te PIs, Dewy ow (Thee ). 


(33) 
Y=0,1 B= V2, 
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On taking into account the fact that ywt + Bws 
= Bws, we obtain from (33) the expression 


y 
Be 1%, S(S + 1) [2 0%5— + Aye" \erds, (34) 
0 
which reaches a maximum!'3] at y = wg/V2we 
= 0.925. 

Thus, by measuring the width (32) and the shift 
of the resonance frequency (34) one can find the 
exchange frequency We. 

In the opposite case Tg! > | yw + Bwg| ( weak 
fields) one can set 28 equal to —i/V2weTg. 
Then the shift 6 = 0, since in such an approxima- 
tion L(z,g) is real, while the half width of the 
line Aw, does not depend on the constant mag- 
netic field, but will vary strongly as the concentra- 
tion of the paramagnetic atoms is varied: 


A@:), = Vitis (S + 1) (pois + 2 <A») e 
pee RG ¢ 
eva \° dx) + (pois + 3 <A%)e 
) i ae 5 
Ra legea ti |}> 


u=UV2Tw, v0 =VV2 Too. (35) 


In the case of very strong exchange ‘nee Lig: 
< We expression (35) reduces to 


Aor, = Wy tits (S+1) Eu bys 2 a]. (J) 


In the case of weak exchange, when the exchange 
motion in the electron spin system is slower than 
the relaxation motions (Tj!, Ty! > we), formula 
(35) is inapplicable and we must repeat the calcu- 
lation, neglecting in (27) the quantity we? /2 in 
comparison with 7/ Tg; we do not reproduce here 
the formulas obtained in this case, since they 
coincide exactly with (23) and (24) with KB 

= T?. In the case we & T? one should utilize 
formula (35) and tables of functions [13] for esti- 
mating the line width. 

In conclusion we wish to make some remarks. 
As can be seen from a detailed discussion of the 
formulas obtained, systematic measurements of 
the width and the shift of nuclear magnetic reso- 
nance lines in paramagnetic media can serve as 
an important means of studying exchange and re- 
laxation motions in an electron spin system and 
thermal motion of the molecules of the medium. 
Preliminary measurements carried out in the 
laboratory of the Kazan’ Pedagogic Institute have 
demonstrated agreement between the conclusions 
of the present theory and experiment. 
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Note added in proof (October 15, 1961). In solids with a 
low concentration of paramagnetic particles (in the absence 
of exchange) the phenomenon of spin diffusion can exert an 
essential influence on the nonsecular part (Awy,)ns of the 
line width (the terms in the formulas for Aw, containing the 
frequency «,). In these cases (Aw1,)ns should be replaced by 
the expression (1/2T,), where T, has been evaluated taking 
spin diffusion [4] into account. 
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We investigate the formation and the properties of the bound state of a positive and negative 
muon (bimuonium). We discuss the probability of its observation. 


1. INTRODUCTION 


Wauen electron and positron beams moving in 
opposite directions collide, electromagnetic pair 
production may occur. In particular, these pairs 
may be produced in the bound state, or in the form 
of atomic systems such as (m*27~), (p*py7), 
(K*K~), etc. The electromagnetic decay time of 
such systems (i.e., the lifetime for decay into 
electron-positron pairs or into photons) is much 
shorter than the weak-interaction decay time for 
the same particles. The resulting decay of these 
systems will therefore lead to additional contribu- 
tions to the electron-positron scattering and anni- 
hilation cross sections. It will be shown below that 
these effects can be observed under certain condi- 
tions. 

The study of these bound states is not without 
importance, since it may lead to information on 
the interaction between the particles of which they 
are composed, especially for low energies. In 
particular, data on the (7*m ) and (K*K™~) sys- 
tems may give the S-phase shifts for mm (KK)- 
scattering. 

These bound states may be thought of as un- 
stable particles which one may treat by the appar- 
atus of quantum field theory. [12] It is easily shown 
that the density of final states can in this case be 
written in the form 


p (p?) d*p = Im G (p*) d* p, (1.1) 


where G (p?) is the Green’s function for the un- 
stable particle (which for us is the bound state). 
In this article we will investigate the (u*y7 ) 

system in detail; we shall call it bimuonium. This 
system has the lowest production threshold 

(103.5 Mev) and can be calculated exactly, since 
one may with good accuracy consider the muon- 
muon interaction to be purely electromagnetic." 


aZ-< 


FIG. 1 


2. BIMUONIUM DECAY 


Bimuonium decay is more complicated than the 
analogous positronium decay, since positron-elec- 
tron pairs can be produced as well as photons. * 

Let us find the probability for bimuonium decay 

into an electron-positron pair in the lowest order 
of perturbation theory. Figure 1 gives the Feyn- 
man diagram for this process. Here and hence- 
forth we shall use a cross-hatched rectangle to 
denote the bimuonium bound state, and double lines 
to denote free muons. In the ladder approximation 
the diagram of Fig. 1 is the sum of those in Fig. 
2. We sum the contributions from these diagrams 
by the method described by Alekseev [4] and obtain 
the following expression for the matrix element of 
the (u*u7 ) — e* +e7 process: 


M=é \ @" (X1, X29) T,C*D (x1 — %2) ICY, 14.6, Pose, (%3» Xa) 


x 6 (xy — X2) 6 (Xs — X4) d*x,d*x.d*x3d*x,. (2.1) 


Here y is the bimuonium wave function, a solution 
of the Bethe-Salpeter equation [5] in the ladder ap- 
proximation, g is the wave function of the free 
electron and the free positron, and C is the charge 
conjugation operator (we choose the representa- 
tion in which C = a,).T 

The Bethe-Salpeter equation does not include 
the virtual annihilation diagrams of bimuonium, 
since they form part of the radiative corrections, 
and we shall not include these in what follows. 


*Conversion of a free y*py- pair into an electron-positron 
pair has been studied also by Zel’dovich. [22] 

tWe choose the system of units in which i = c = 1, e” 
= 1/137; the metric is defined by ab = a- b—a,by. 
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Transforming (2.1) to the momentum represen- 
tation and going to the rest system of the bimuon- 
ium, we obtain 

epee 
M=—inis [Hp 7,2 (p,)| Sp \ Cr,tp (p) d*pd (P — p_—p,) 

= M,6(P — p_—p,). (2.2) 
Here P is the total momentum of the bimuonium, 

p is the relative momentum of the particles mak- 
ing up the bimuonium, and p_ and p, are the 
electron and positron momenta. In the photon 
Green’s function in (2.2) we have set Py = 2u — 6 

= 2u(6 =1.41 kev is the bimuonium binding energy, 
and p is the muon mass ). 

The integration over pp) can be carried out in 
(2.2), if one makes use of the identity 


\ "p (?) dpo = 2p (p, t = 0). (2.3) 
We proceed, carrying all calculations through 

to linear terms in the relative velocity v. To this 

accuracy the bimuonium wave function at time 

t = 0 is of the form 


Poo Por) __ f allo 
ee a ny eee 0 (p) 


where (p) is a solution of the nonrelativistic 
Schrédinger equation for bimuonium, and f is the 
two-component spin wave function of bimuonium. 
To the accuracy we are working with we have 


(2.4) 


\F (p) © (p) dp = (2n)' F (p = 0) (x= 0) 


= ==) 
meee cee 0) OW (x ) 


OD, Ox, (2.5) 


so that 
My = — in (2n)'e%- (uBo), (2.6) 
where 
By = (i/2p) Sp [o, (for + oxf) ye® (x = 0), 
B =— Sp (o.9f) ® (x = 9). (2.7) 


It follows from (2.7) that only the S state of 
bimuonium with a symmetric spin function 
(orthobimuonium) can decay into an electron-posi- 
tron pair, as one may have expected from consid- 
erations of charge parity conservation. With our 
approximations such decay cannot take place from 
states with higher orbital angular momenta. 

Summing over the spins of the final particles 
and averaging over the initial spin states, we ob- 
tain the expression 
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Da = eu /6n?; 
for the probability per unit time of bimuonium 
decay into an electron-positron pair from the nS 
state; for n=1 this gives 5.6 x 10" sec}, 

The two-photon and three-photon bimuonium 
decay rates can be obtained from the analogous 
expressions for positronium.” For the nS state 
we have 
Ty = 2 p/2n? = 1.66-10!2 n-$ sec™ (parabimuonium), (2.9) 


(2.8) 


ve _ (a? — 9) Poy = 1.5-10° 2? sec™ (orthobimuonium). 
(2.10) 
It is thus seen that orthobimuonium decays essen- 
tially only into an electron-positron pair. We 
shall henceforth neglect three-photon annihilation. 


38. NONRADIATIVE BIMUONIUM PRODUCTION 
IN ELECTRON-POSITRON COLLISIONS 


This process is the inverse of the decay proc- 
ess treated in Sec. 2. We can therefore use the 
matrix element of (2.6). Recalling (1.1), we see 
that the cross section may be written 


Gnon = + (2x) *4| M, 2 1m G (P2) dP. (3.1) 
In the c.m.s., we have 
G (P2) dtP = (2a) d®Pp (Po) dPo’ (3.2) 
where 
p(P)dPe= aap ape: C88) 


After summing over final spins and averaging over 
the spins of the initial particles, we obtain* 


r 
Aime : aM (3.4) 
non” 875 [Po — (2u — 6)? + 17/4 


where E is the initial energy of the electron (or 
positron). At resonance (i.e., when E =p — 6/2), 
we find the cross section given by 


(n) — 3/n3p? = 0,33- 107° nem? (3.5) 


Snon= 


As is well known, when high-energy electrons 
and positrons interact, the radiative corrections 
become important, and the most important contri- 
bution comes from the so-called doubly logarith- 
mic terms.°] The radiative corrections to bi- 
muonium production can be calculated in the way 
it was done by Kheifets with one of the present 
authors.-# Assuming that the maximum energy 
the photons can carry off is of the order of the 
level width, we obtain 


*The transformation of an electron-positron pair into a 
+y- pair was first discussed by Berestetskii and Pomeran- 


chuk. 13 ] 
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non 


met Pog PV 
ol) = ofdexp (— In Int) = 0.27 ol. (3.8) 
where m is the electron mass. 


4, RADIATIVE BIMUONIUM PRODUCTION IN 
ELECTRON-POSITRON COLLISIONS 


Also of interest is bimuonium production ac- 
companied by emission photons. It is clear that 
this process can be of interest only in the neigh- 
borhood of the threshold, and we therefore need 
consider only soft gamma radiation for which 


ojp<l. 


The photon emission process may take place in 
such a way that one of the photons carries more 
energy than all the others. This process can be 
treated by perturbation theory, the criterion for 
the validity of which is of the form!10] 

e2 
ent <1, mnt in* <1. 


min 


(4.1) 


(4. 2) 


This equation shows that we may set wmin dy ald 
equal to the width of the 1S state of bimuonium, 8,2 


namely 


Omin = Ta 4-104 ev (4.3) 


and thus that we may use perturbation theory to 
treat the region of maximum interest, in which 


T<o<up. (4.4) 


The case of softer gamma emission was treated 
in Sec. 3. 

Diagrams for this process are shown in Figs. 
3 and 4. For nonrelativistic bimuonium energies, 
the diagrams of Fig. 3 correspond to orthobimuon- 
ium production, while the diagrams of Fig. 4 cor- 
respond to parabimuonium. There is thus no in- 
terference between the corresponding matrix 
elements. Simple calculations show that parabi- 
muonium production is less likely by a factor of 
(w/p)*? than orthobimuonium production. There- 
fore we shall henceforth restrict our considera- 
tions to the diagrams of Fig. 3. In the c.m.s. the 
matrix element for these diagrams can be written 


: on 4m ~ fr i Dae — a 
M =— ie ent y/ 2 4 a Bm Ae N 
+e Se BY | ud (P +k— p_— P,), (4.5) 


> = 


FIG. 3 
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where 


BO = Sp | Crp (p) dtp. (4.6) 


7] 


In order to calculate B‘'’, one must know the 
bimuonium wave function in the electron-positron 
c.m.s. Following Alekseev [6] and making use of 
(4.1), one easily arrives at the conclusion that up 
to factors linear in | P|/u = w/p and v, and at 
time t = 0 


Po Wor) __ f fo? (P — p)/2p 
a ot a” iD (P+ p) f/2p 0 ) @(p). (4.7) 


Recalling (2.3) and (2.5), averaging over the spins 
of the initial particles and summing over final 
spins, one finds that the differential cross section 
for radiative production of orthobimuonium in the 
nS state may be written* 


4 e¥ (ep_)” 


2nd 2 (Eo — p_ky? ’ en 


dorea = 
where 
@ = 2E — (2n — 4). 


After summing over the photon polarizations 
and integrating over the angle of emission, one 
finds the total cross section to bet 


var ae ae pare ye 
= a a (2int —1)4, (4.9) 
Grea = DO, = 3.60 -10-* # cm’, (4.10) 


As for bimuonium states with higher angular 
momenta, to -the accuracy with which we are work- 
ing they do not occur. 


5. PROBABILITY OF OBSERVING BIMUONIUM 


Since electrons and positrons in accelerator 
beams have some spread in energy, all the expres- 
sions obtained must be averaged over their energy 
spectra. If the energy distribution function of the 
electrons is p;(E,), while that of the positrons is 
P2(E,) and the cross section for the process is 
o(E,, E,), the averaged cross section becomes 


*This same equation can be obtained by an elementary 
calculation in which the final muons are described by plane 
waves and the production of the bound state is accounted 
for by including the factor |®(0)|?. [1] 

tOne need not take into account the instability of the 
final state due to (1.1). 
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<6) = (6 (Ex, Es) px (Es) P2 (Ex) dE, dE. (5.1) 


Assuming for simplicity that the electrons and 
positrons are uniformly distributed in energy over 
some interval AE close to threshold, we obtain 


(Grea) = 3.60-10* 4 (In“=—1)em?, (5.2) 
<p) = 0.16 x2 iE (5.3) 


AE 


It is seen from this that measurable cross sections 
(of the order of 10~*! em?) can be obtained only 
with narrow energy distributions in the beam 

(AE ~ 1 kev), which is quite difficult to do with 
modern equipment. 

As orthobimuonium decays into an electron- 
positron pair, its existence will manifest itself as 
an essentially isotropic supplementary contribu- 
tion to the cross section for ordinary elastic elec- 
tron-positron scattering, namely 


dS sup my <Sp>? at AGeaa? i (5.4) 

dQ An 

setting AE = 1 kev, we obtain 
dosup/dQ = 1.6-10-? cm/sr; (5.5) 


for comparison we mention that for @ = 90°, the 
elastic scattering cross section in the neighborhood 
of the threshold for bimuonium production is 
1.1 x 107° em’sr. 

We note that the energy gap corresponding to 
Av = 4.2 x 10'? cycles between the orthobimuonium 
and parabimuonium ground states makes it possi- 
ble to induce transitions between them by means of 
electromagnetic radiation of this frequency, and 
thus to attenuate decay from the orthobimuonium 
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state (parabimuonium decays into two photons). 
Calculations show that the decay rate of the order 
of 10!! sec"! requires a radiation density of about 
1 erg/cm*-cycle. 
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A kinetic equation for magnetic resonance in solids is deduced from the quantum equation for 
the density matrix. With the aid of this equation, equations describing the variation of the ab- 
sorption and dispersion signals with increasing high-frequency field amplitude H, are de- 
rived. According to these equations, the absorption and dispersion lines become narrower, 
and x”(w, H;,) decreases at a faster rate than x’(w, H,) with increasing H,, in agreement 


with previous experimental observations. 


Tae fundamental equation of the theory of magne- 
tic resonance in solids is given by Bloembergen, 
Purcell, and Pound [i], 


dn (t)/dt = — y*Hing (A) n(t) + (m —n(t))/Ty. (1) 


Here n(t) is the difference in the populations of 
the two levels between which the high-frequency 
field induces transitions, np is the equilibrium 
population difference of the two levels, A = w — wy, 
y=p/h, w and H, are the frequency and ampli- 
tude of the high-frequency field, w) = wH)/f, sp is 
is the magnetic moment of the particle, H) is the 
dc magnetic field, and T, is the spin-lattice re- 
laxation time. 

This equation was deduced from qualitative con- 
siderations. While in principle it provides a cor- 
rect description of the phenomena observed in the 
region of weak saturation, this equation disagrees 
strongly with experiment in the region of strong 
saturation.'3] For example, as H; is increased 
the absorption line first broadens but with further 
increase in H,, it becomes narrow again and ac- 
quires a Lorentz shape. Such narrowing cannot be 
deduced from Eq. (1). According to Eq. (1) the 
absorption line shape has the form 


fio e(A)no 


ee male ee PTV 


e(A)=7?Hing(A). (2) 
It can be immediately seen from this expression 
that the absorption line should widen with increas- 
ing H, for all values of Hy. 

Our problem is to obtain a kinetic equation from 
the rigorous equation for the density matrix and 
to derive the magnetic resonance equations from 
this kinetic equation. The equation for the density 
matrix has in our case the form 


{ eS Hy ,3 io re ; 
oS |— hol, + + (elt + Peet) 


+ Ha, p(t) |, 


S s/s (s, Tp) (s T zp) 
Hap = CD ( = —3 tee |. (3) 


i>k \ lik Tip 


Here Le ly, e are the projection operators of 
the total spin on the coordinates axes, T*! 
+ ily, sj is the spin operator situated on the i-th 
crystal lattice site, and rj, is a vector connecting 
the i-th and k-th crystal lattice sites. For sim- 
plicity we have neglected here all interactions 
other than the magnetic dipole-dipole interaction. 

To make clear the nature of the physical proc- 
esses occurring in the spin system under the ac- 
tion of the high-frequency field, it is convenient to 
transform to a rotating coordinate system. As is 
well known, this is done with the aid of the trans- 
formation!?.4] 


=i, 


e (t) =exp (iol.t) p’ (t) exp (— iw/,d), (4) 


where p’(t) is the density matrix in the rotating 
coordinate system. Substituting (4) into (3), we 
obtain 


OP = [nal + (P+) 
+2 
de SI Va ee p’ (t) | ‘ (5) 
m=—2 

Here H® is the secular part of the dipole-dipole 
interaction, which commutes with i Rapidly os- 
cillating terms of the type HMeimt can be neg- 
lected, since they can give a significant contribu- 
tion only in the satellites.” 

The initial conditions in the rotating coordinate 
system will have the form 
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; exp {(A@ol , — H)/kTo} 


: Sp exp {(A4@ol , — H°)/kT 0} (6) 


(In the usual system of coordinates we assume 
statistical equilibrium at the initial moment of 
time.) 

From Eq. (5) it is easy to see that 


Sp p(t) (A + 4A (71+ I) = const; 
A = hal, + A. (7) 


Below, we shall find this relation necessary for 
the selection of the correct solution of Eq. (5). 

Going over in Eq. (5) to the interaction repre- 
sentation 


pais e—ifitihyt (t) eihtih (8) 
we obtain for p”(t) 
do” (H/at = — ih [V @), p” (1, (9) 


V(t) = 2 pHs eff + fry eu, (10) 


To derive the kinetic equation we use Zwanzig’s 
method, |*! the gist of which is the application of 
the projection operator P. Let us divide the den- 
sity matrix p”(t) into two parts: 

o (t) =p: (t) + 2), 91) = Pp” @, 
p2 (t) = (1 — P) p” 

where P is the projection operator which extracts 
from the density matrix p”(t) the part that is 
diagonal in the representation in which Iz and H° 
are simultaneously diagonal. (In what follows we 
shall always be using this representation.) | Multi- 
plying Eq. (9) from the left by P and 1 — P, we 
obtain respectively 

dp, ()/dt = — ih PL @) p2 @), (11) 
dp. (at = — ihL (¥) p, (t) — ih (1 — P)L © pal), 

(12) 

where the operator L(t) is defined by the relation 


L@ =V@,e Ol. 


In Eq. (11) we have omitted the term 
PL(t)p,(t), which is equal to zero because the 
diagonal matrix elements of the operator 
[V(t), p,(t)] are equal to zero [see the defini- 
tion (10)]. For the same reason the factor 1-P 
is omitted from the first term of the right member 
of Eq. (12). 

Multiplying Eq. (12) on the left by an operator 
A(t) satisfying the operator equation 


aA Hat = in AH U—P)LO, (13) 


we obtain 
ft 


oat) = 4210 (es) \ae AVEC) 8 


0 


IN CRYSTALS 1127 


Here the operator A-1(t) is defined by the re- 
lation A-!(t) A(t) =1. In virtue of the relations 
(6) and (8), we can write p,(0) = 0. Substituting 
Eq. (14) in Eq. (11), we find 

rt ie 
1 ” *Dr wy A- my A pay ge , 
pr ) = — 4g lat" \ ae PL AMA CLO) ©) 
0 0 
+ pi (0). 
: If we now expand the operators A-1 (t) and 
A(t) in this equation in a series in the small 
quantity L ( t) and discard all terms except those 
quadratic in L(t), then we arrive at the equation 
for the diagonal part of the density matrix 
Fo i 
N 41 uw , tr a , / 
ps (t) = — rae” | ae’ PL LW) m2 ©) + pr 0). (16) 
og 

With the aid of this equation we shall now cal- 
culate the difference p,(t +7) — p4(t) for 
fi/Hloc « TK fi/wH;, where Hioc =/d*, and d 
is the separation between neighboring magnetic 
moments in the crystal lattice: 


p, (¢ + t) — p, (2) 


(15) 


t+ t” j 
—— \ at’ \ dt’ P IV (t") V @’), pr @)U- (17) 
t 0 


Expressing the operators occurring in V (t) as 
Fourier integrals, |® 


’ “+90 
[= (é) = exp ¢ Het) 7 exp (— + At) == \ do THe, 
rhe fi i 
Role — for Bog pel avi Cee 
fet ah | dte-tt exp (5 APt)i* exp (— = AM), 
i (18) 
we obtain, upon taking 
exp (iA/,t) 1+ exp (— iA/,t) = 1 exp (+ iAd), 
into account 


p, (¢ + t) — p, (2) 


Ai Het rt i iad ) 2 Say ih eee 
= —(57) \ ai" at’ | do | do’ exp (io’t” + io’t’) 
t 0 —00 —oo 


x (P [ft 7, pr ¢’)Il exp (iA (¢" —#’)) 

+P list Uo, er 1) exp (— iA (¢"—#'))}. 

In the right member of this equality we have 
omitted the vanishing terms 
B (72 (¢’) (7? @), ps CDI. 

If it is now recalled that p; (t’) is a diagonal 
operator, and the operator i has, by virtue of 
Eq. (18), nonvanishing matrix elements only for 
transitions with an energy change fiw, then it is 
easy to see that 


Pret eo. C1 


= 8 (0" +0’) PY (fae (for, pr EU. (19) 
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[ The operator P’, besides separating out the 
diagonal parts of the operators that follow, also 
eliminates the singular functions 6(0) contained 
in the ciagoual pene elements of the operators 
its and To" “« by definition (18).] Consequently, 


(¢ + t) — Pp, (2) 


Lae Di adie egg aie 
¢ yal a | do” (P’ Lf Aor 


—co 


Be 5) Pi (?’ y 


cox [i (ol recA) (Eat hee Lhe ee. oad hi 

xexp [— i(— wo” + A) @” —?)]}. 

Changing now the variable of integration in the 
second component in the curly brackets of this 


equation from w” to —w” and using the easily 
verified relation 


P' [Pha oh opr (YI = Po [Paks de pr (C's 


we obtain, after integrating over t’, 


pi ¢ + t) — 1 &) 


t-Lr 
—-3(BY fae Ke 


» Sin[(@” + A)?2’] 4, 
OP orcas a. 


i= 
jiate » P1 


SLE (1). 
We have replaced here p;(t’) by p;,(t) in the in- 
tegration over t’. This change is completely justi- 
fied in our case, for when H; «K Hjigc, p,(t) 
changes markedly in the time interval fi/yHj, 


whereas 

-+-eo 

\ dw" cos [(w” + A) (t” — 

is a rapidly changing function of t” — t’, which 
differs from zero only in the region | t” — t’ | 
<H/pHjoc, since the spectral width of the opera- 
tors It} is ~uHjoc/h. For the same reason we 
can replace p,(t + 7) — py(t) by tdp;,(t)/dt when 
Ue SSS fi/pH,;. 

The integration over w” in Eq. (21) is easily 
accomplished, for when fi/uHioc « t” the function 
sin [(w” + A)t”]/(w” +A) can be replaced by 
TO ( w” + ce This comes about because the func- 
tion P| Ibn [ Iq”, p,(t’)]] changes with frequency 
much more slowly than sin [(w” +A)t”]/(w” + A) 
when t” >fi/yHjoc. With this in mind, we find 


d t) of H , 
a —F(HAYP AUS, 2 OU. (22) 


We shall now show that this equation corresponds 
to the conservation law 


Sp {pi () A} = 0. (23) 


(This relation derives from Eq. (7) under the con- 
dition H; K Hjoc-) In fact, after making use of 
Eq. (22), we obtain 


PT Pell ae A ee ee) 


BN) (PROV OT ORO 


Sp {or ) Hy 
= —+( nay Sp (P’ (A, 71a] 727, 1 O} 


We note further that the commutator [ fi, ih Al 
vanishes, since it is easy to obtain from definition 
(18) the relations 


(A®, 74,4] = —fnala, 


[7,, Ta] Ls phan (24) 


From this we obtain the desired Eq. (23). 

Because of Eq. (24), any function of the opera- 
tor H will commute with the operator Tie Hence 
the stationary solution of Eq. (22) will be an arbi- 
trary function pgt = f(A). In order to find the ac- 
tual solution it is necessary to require that the 
solution pgt = f(A) possess, by virtue of the 
homogeneity of our macroscopic system, the 
property of quasi-independence of the separate 
parts of the system f(H) = = f(H,)£(H.). Here Hy 
and H, refer to any two arbitrarily chosen parts 
of the system for which H, + Hy ¥ H. The only 
normalized solution of this type would be 


Pet = exp (— A/RT*)/Sp exp (— A/RT"). 


(25) 


The quantity T* can be defined by making use of 
Eq. (23): 

A? -+ Sp (H°)?/Sp 12 
© oA + Sp (H%2/Sp f2- 


[eta 


= (26) 
(In deriving this relation it has been assumed that 
fiw)/kT) and HhA/kT* are small in magnitude. ) 

As a consequence of the definitions (4) and (8) 
it is possible to substitute p”(t) in place of p(t) 
in the calculation of | the mean values of Hi? (t) 
= Sp [Hp (t)] and 1,(t) = = Sp [i (t)]. Taking 
Pst from Eq. (27) and py from Eq. (6), we obtain 
when A =0 

Sp (H°p,) = Sp (Apg.), Sp (Laps) = 0, 
because fiw)/kT) and hA/kT* are small and be- 
cause Sp (i,H)) = = 0, as can be verified by direct 
calculation. This means that the average value of 
the energy of the dipole-dipole interaction in the 
case A = 0 is not changed after the high-frequency 
field is turned on, and the average value of the 
projection of the total spin I, (t) tends to zero in 
accordance with Eq. (1). 

A completely different situation arises in the 
case A # 0. In this case the absorption of each 
quantum of the high frequency field is accompanied 
by a change of hA in the dipole-dipole energy. 
This process leads to a limitation of the absorbing 
capability of the spin system. As a consequence 
Iz (t) no longer approaches zero, but 

hwo TaN 


ee 27 
ATo A? + Sp (H°)?/Sp 12 a 
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Here Sp ( fi )/Sp 1,” S<w*>, where <w*> is 
the second moment of the absorption line. Hence, 
for resonant frequencies within the absorption 
line, Iz gt can attain values ~I,)/2, whereas Eq. 
(1) gives zero for Iz st under these conditions. 
This contradiction is not accidental, because Eq. 
(1) does not take into account changes in the en- 
ergy of the dipole-dipole interaction in the satura- 
tion process, which leads to a cessation of absorp- 
tion of high-frequency quanta at values of Iz that 
are different from zero. 

A comparison of the stationary solution, Eq. 
(25), with the initial value of the density matrix, 
Eq. (6), shows that the application of a sufficiently 
weak high-frequency field leads only to a change 
in the exponents of the coefficients for the opera- 
tors I, and H’. This change in p;(t) is due to 
the strong disordering influence of the dipole- 
dipole interaction. Before the application of the 
high-frequency field the magnetic dipoles of the 
spin system precess incoherently about the con- 
stant magnetic field. Consequently the components 
of transverse magnetization equal zero. 

The influence of the high-frequency field is 
manifest in the emergence of coherent precession 
of the magnetic moments, i.e., in the appearance 
of transverse components of magnetization Mx 
and My. The dipole-dipole interaction, on the 
other hand, tends to bring the spin system to a 
state of equilibrium with Mx = My = 0. Lowe and 
Norberg (7) measured directly the decay time of 
the transverse magnetization. It turned out to be 
equal to ~fi/yHjoc¢. Therefore in the case of suf- 
ficiently weak high frequency fields we can con- 
sider, with an accuracy of ~Hj;/Hjoc, that the 
spin system will be characterized at every instant 
of time by an equilibrium partition function. The 
most general form of the equilibrium partition 
function is“ : 

o, (t) = exp (a (t) Ze + 8 (¢) A%)/Sp expla. (t) 2 + Bt) H°). 

(28) 

All of the foregoing has pertained to the case in 
which there is no contact between the spin system 
and the lattice. However it is obvious that all the 
above reasoning is appropriate also for the case 
fi/uH}oc K T; (T; is the spin-lattice relaxation 
time). Since this condition is fulfilled almost al- 
ways in solids, we shall consider Eq. (28) as valid 
in solids even when spin-lattice interaction is 
present. 

It is easily seen that the form of the solution 
(28) incorporates solutions corresponding to the 
BPP equation as a special case. In fact, in the 
two-level BPP model it is assumed that the levels 
corresponding to the same projections Iz have the 
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same populations in the saturation process. Such 
a population distribution is obtained if B(t) is set 
equal to zero in Eq. (28). Then, from the equations 
introduced below [ see (36) and (37)], it is seen 
that for a value of I,(t) proportional to the popu- 
lation difference of the levels, an equation of the 
BPP type is obtained. 

It is interesting to note that a density matrix of 
the form 


px (t) = C exp (2 (t) 1.) 


cannot, generally speaking, be a solution of Eq. 
(22) because the exact conservation law (23) is not 
obeyed when p;(t) is in the form (29). In fact, 
noting that the normalization condition Sp p;(t) 
=1 gives C = (2s + 1)-N, where s is the spin of 
an individual particle and N is the total number 
of particles in the sample [a(t) and 6(t) canbe 
considered small if the initial temperatures are 
not too low], we obtain 


2 Sp (pif) A) = a (f) RA (28 + 1)™™ Sp Ti. 


(29) 


(30) 


From the equality obtained it is obvious that the 
rigorous conservation law (23) is compatible with 
the form of the solution (29) and with the BPP 
equation corresponding to it only if A = 0. Conse- 
quently the BPP equation can be considered correct 
only when A= 0. This explains why the spin-lat- 
tice relaxation times measured by Redfield in the 
course of using the BPP equation for the analysis 
of his experiment were found to be correct, in 
spite of the fact that the absorption line observed 
under strong saturation failed to coincide with the 
theoretical curve. The point is that the saturation 
curve was taken by Redfield precisely at A =0, 
where the BPP equation can be considered correct. 
But measuring the shape of the absorption line, 
associated with a transition in the region A ~ 0 
in the strong saturation case, led Redfield per- 
fectly naturally to results that were incompatible 
with the BPP equation. 

In order to determine a(t) and B(t) we shall 
calculate with the aid of Eq. (22) the derivative 


™ 


4 Hy \2 = 
“sp pf) fe = — Z (4+) Cs + 1)” 


x Sp (PP, [Ths 757, exp @ O12 + 3O H)}}. (81) 
Using the equalities 
fe, a= nala, th, fal=— Ja’, 
it is easy to verify the relation 
fexp @ @) /. +8 @ A, Py) 
— exp (a) f, + 8 @) AY) Ta" (1 — exp (— 2 @) 


+ AB ())). 
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Considering the easily verified equality 


Spe i, (ea. A a= Sp (Pay ht A), , (82) 
we further find 
dI,(t 
ae — (HEV 5 + 1" @ @ — ABO) 
x Sp (PPL ai at exp (@ df, + BA). (33) 


We note that in the right-hand member of this 
equation it is now possible to replace the exponen- 
tial by unity, because of the smallness of a(t) 
and 6(t)H°. For the same reason we obtain for 
the average values of I, (t) and H°(t) 


I, (t) = 0 (t) (2s + 1)-"Spf2 = +a () Ns (s + 1), 
H, (t) = 8B @) (2s + 1)” Sp (A). (34) 


Substitution of a(t) and B(t) from these expres- 
sions into Eq. (33) yields 


dl, (t)/dt = — (uAi/h)? ng (A) Uz ) — y 2), 
ea as ETD? 


Sop dnl oy 


2Ns (s+ 1) 2s-+1)*/3 (35) 


g (A) = 


The expression for dy/dt is easily obtained, 
using the conservation law, Eq. (23): 


dH, (t)/dt = — hAdI, (t)/dt, 
dy (t)/dt = (h®A?/H) ng (A) Uz (t) — y @). 


If we now take into account the spin-lattice relaxa- 
tion in the manner of Bloembergen, Purcell, and 


Pound, “4! we arrive at the following system of 
equations: 
dl, (t)/dt = — (uH,/h) ng (A) (I. @) 

—y (@)) + (oz — Iz @))/T1, (36) 
dy (t)/dé = (h?A2/H}) (uHy/h)? mg (A) (Ie ©) 

—y t)) + G—y O)/Tr (37) 


Here I), and yp are the initial values of I, (t) and 
y(t), while T, and Tj are the times for the spin- 
lattice relaxation of Iz(t) and H)(t). 

For the energy absorbed per unit time in steady 
state we find, with the aid of these equations (in 
our case yy XIpz), 


Pp (A, Ay) Ta (A) ho (2st — 
hae (A) Iy, 


Geet A) teh RA2T,/ HT) 


Yst) 
(38) 


In the case of strong saturation, when € (A) T, 
>> 1, we can neglect the ones in the denominator 
of Eq. (38), after which we obtain a relatively 
narrow Lorentz eed 2 line 


isp 
P (A, Hy) = 


Rane were : (39) 
2 + HTT, 
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In order of magnitude H? equals (uHjgc )”. 

Redfield 2) has investigated nuclear magnetic 
resonance absorption in metals. Even with H, 
= 0.4 oe he was able to observe the appearance of 
the narrow Lorentz absorption line. If, following"2! 
we take for aluminum T, = 4 X 1073 sec and 
27g (0) =10~4 sec, then we find for the saturation 
parameter €(A)T;,~ 10. In other words, the field 
value H, = 0.4 oe corresponds to the region of 
strong saturation and consequently the absorption 
line shape in correspondence to our Eq. (39) 
should be Lorentzian, just as Redfield observed. 

In order to investigate the behavior of the dis- 
persion signal it is necessary to determine the 
non-diagonal part of the density matrix p»(t). In 
order to determine p,(t) we make use of Eq. (14). 
Although this equation was obtained for the case 
in which there is no contact between the spin sys- 
tem and the lattice, it can be used also for the 
case h/uH}9g « T;. The point is that the inclusion 
of such a weak spin-lattice interaction cannot have 
a significant influence on the rate of change of the 
off-diagonal matrix elements (p2(t))nm> equal to 
~ pH}o¢/f. [The rate of change with time of the 
diagonal matrix elements (p;,(t))nyn for Hy « Higce 
is very small, ~H?/fiHjo¢, aS can be seen from 
Eq. (22), hence it is impossible to neglect the spin- 
lattice interaction in the determination of the 
change with time of the function p, (t).] 

If we carry out in Eq. (14) a power series ex- 
pansion in the small quantity L( t), as has already 
been done in the derivation of Eq. (22), and keep 
only the terms of lowest order in L,(t), then we 
arrive at We Spe 


ps) = —z\e V (), pr WI. 


The function p(t) ie determined by Eqs. (36), 
(37), (34), and (28). Hence Eq. (40) gives the de- 
sired non-diagonal part of the density matrix. To 
calculate the average values of Ix;y(t) in the 
rotating coordinate system it is now necessary to 
determine the non-diagonal part of the density 
matrix p(t) in the same system of coordinates. 
Using the rule for transforming to rotating co- 
ordinates, Eq. (8), and the fact that p,(t) is 
diagonal, we obtain 


t 
p(t) = —;,\ ae’ IV ¢—?’), o: @)I. 


0 
Using further the expansions (18), we find 


-++co t 
Leal eee ao \ do \ ae’ Sp (PIL, 
—oo 0 


x {exp [t (o — A) G— 7) 
+ exp [i — (o — A) ¢ —?))}. 


(40) 


(41) 


| » Pi (?’ )} 


(42) 
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In the derivation of this relation use was made of 
the easily verified relations 


Boe a ati ae oy (0) = = Sp iPro as 9, €)h. 


Note that the function p,(t) changes significantly 
only in the time interval HHjg¢/pH}, and the func- 
tion 

-+oo 
\ do Sp (P'I*.. 1s", p, (t’))} exp [i (a — A) (¢ — #’))] 
—oo 
differs from zero only in the region |t — t’ | 
< f/pHjoc [ cf. derivation of Eq. (21)]. Hence in 
the integration over the time in the right member 
of Eq. (42) p,(t’ ) can be considered a constant, 
equal to p;(t), and the integration over t’ ex- 
tended to +. Changing further the variable of 
integration t’ to t — t’ and using the well known 
relation") 
eo) : 
\ dre’e* = nd (0) + P— 


0 


(43) 


(the symbol P means that the integrals over w 
are to be taken in the sense of the principal value ), 


we obtain 
--oo 
\ do Sp (P’iL, Us", pr OD 


—oco 


x tertYs {(#8 (o— A) + Pace) 


pity 


Te, yt) = 


+ (ad (@ — A)— pl. (44) 


@— A/} 


Substitution of p;(t) from Eqs. (36), (37), (34), 
and (28) leads to 


I, (€) = — (wHy/h) Te © J, (A) + (PRY) J, (A), (45) 
Ty (t) = (WHy/h) mg (A) (Iz ) — 9 (); 


-CO 


4 
J, (A) =P \ E26 (9) (46) 


7 Se OE Jo (A) = 1+ AJ; (A) 

[the derivation of these equations is completely 

analogous to the derivation of Eq. (35).] 
Determining Iz gt and yst from (36) and (37) 


we obtain for xgt and xst the expressions 


» _ Meet Bo, (1 + (A) ThA? /H5) Ja (A) 
= 2A, 2h |(4+2(A)T1(1 + WA? ey 7%) 
@ (A) T, (A/HG) Je (A) | ve 
1-2 (A)Ti(t-+ WAT{/HGTs) )” 
e pl, st wr PI 92 = wg (A) he ‘ (4 8) 
st 2H, ah 4 + Tye (A) (1+ WAT / H?74) 


As expected, Eq. (48) agrees with the expression 
for energy absorbed per unit time calculated 
earlier [see (38)]. In strong saturation at small 
values of A the greatest term in the right mem- 
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ber of Eq. (47) is the second. Because of the 
presence of the additional factor (1 + h7A?T,/H?T,) ! 
this term will lead to a more narrow dispersion 

line relative to the dispersion line in the absence 
of saturation. Such a narrowing of the dispersion 


line was actually observed by Redfield. 
It is to be noted that for €(A)T,; «1 Eq. (47) 


goes over into the well known formula 


Ket (A) = — Lows (A)/2h. (49) 


For a comparison with the experimental data 
and theory of Redfield!® we calculate (d;/d) =o. 
Differentiating Eq. (47), we obtain for €(4)T, >1 

dst Hoe h 


dA |, a7 (50) 


— ar) 


gy Lio yo4ens Ae 


in view of the equality dJ,(A)/dA = 0. Comparison 
of this formula with Eq. (41) of Redfield’s paper 2 
shows that our Eq. (50) transforms into Redfield’s 
formula, which agrees well with experiment, when 
H? « H? = 6H’, if, in correspondence with Redfield, 
it is assumed that the quantity y(t), quadratic in 
spin, relaxes under the influence of the lattice 
twice as fast as I, (t). (Redfield’s theory is valid 
only in cases of very strong saturation.) 

In conclusion, the author thanks N. D. Sokolov 
for his interest in the work, and also V. L. Ginz- 
burg, S. V. Tyablikov, and D. N. Zubarev for dis- 
cussions of the results. 
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oscillations of the thermodynamic quantities of a metal in a magnetic field. It is shown that 
the periods of the oscillations can be calculated by the usual scheme of I. Lifshitz and 
Kosevich. Deviations from the usual results appear in the amplitudes of the oscillations and 
are due to the change of the effective magneton of an excitation owing to the interaction be- 


tween the electrons. 


1, INTRODUCTION 


Ta theory of the oscillations of the magnetic 
susceptibility in metals, which was first con- 
structed in a paper by I. Lifshitz and Kosevich,-1 
is based on definite ideas about the structure of the 
energy devels of a metal in a magnetic field. It is 
assumed that these levels can be constructed on 

the basis of a quantization of the levels of individual 
excitations treated as an ideal Fermi gas. However, 
the electrons in a metal are a sort of Fermi liquid. 
The theory of the Fermi liquid, constructed by 
Landau?) in its application to liquid He’, shows 
that in such a system effects of the interaction be- 
tween the excitations play a large role. The corre- 
lations that thus arise are of the order of inter- 
atomic distances. The question arises as to how 
the presence of these interactions between the ex- 
citations affects the various quantum phenomena in 
the theory of metals in magnetic fields. 

We shall here treat the de Haas-van Alphen 
effect for the electrons in a metal on the model of 
the isotropic Fermi liquid. Generally speaking, 
the situation in the case of electrons is complicated 
by specific features of the Coulomb interaction. 

We shall assume that the long-range part of the 
Coulomb interaction is already screened off. The 
final formulas obtained below contain only the 
characteristics of the free-electron spectra (with- 
out a field), and therefore, in our opinion, cannot de- 
pend on this assumption. The same arguments also 
apply to the question of the effects of anisotropy. 

The results obtained in this paper show that when 
the spin susceptibility is not taken into account the 
expression for the oscillating part of the magnetic 


moment can be obtained on the basis of the usual 
concept of a system of electrons as a gas of quasi- 
particles. This same result has been obtained in 
a paper by Luttinger 41 which has recently appeared. 
In that paper, however, the analysis of the Green’s 
functions of the electrons in the magnetic field 
was made only in perturbation theory to terms of 
first order in the interaction, i.e., terms that give 
only a trivial renormalization of the chemical 
potential. Also Luttinger did not investigate the 
question of the effect of the paramagnetic suscep- 
tibility. The whole difference from previously 
known formulas arises in including the paramag- 
netic susceptibility, which, as is well known, 2] 
depends strongly on the Fermi-liquid properties 
of the system. 

Our further study will be made by the methods 
of quantum theory. We shall be interested only in 
the quantum oscillations of all quantities. The 
value of the susceptibility in a weak magnetic 
field cannot be expressed in terms of the charac- 
teristics of the spectrum, since its diamagnetic 
part depends also on electrons that are located 
‘‘deep’’ below the Fermi surface. For simplicity 
we shall confine ourselves to the temperature 
absolute zero. 


2. THE ENERGY SPECTRUM 


We shall begin with a study of the properties of 
the Green’s functions of electrons in a magnetic 
field. As usual,{?] the Green’s function G (x, x’) 
is defined as an average over the ground state of 
the system: 


G(r, 1" 27) 6.0 = — 1¢ Ta, t) ve (et 
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The particle field operators pg (x), vB (x’) in- 
clude the dependence on the magnetic field H; we 
choose the vector potential A(r) of the field in 
the form 


A (rt) = {— Hy, 0, 0}. (2) 


The dependence of the Green’s function (1) on 
the coordinates can be represented in the following 
way: 

G (x, x‘) = exp {— i (eH/2c) (y + y’) (x — x’)} 

Pe rs PEAY"). (3) 
This follows from gauge invariance, since when we 
make a displacement of the origin of coordinates, 
y —yt b, the operators »(x) and ~* (x) trans- 
form according to the law 


ap > pe teHbx/e, ap* —> ptefetore, (4) 
We shall be dealing with G(r, r’;€), the 
Fourier component of (1) with respect to the time 


difference t—t’. In the absence of a magnetic 
field 


‘ fu xt : ; 
G(r — 1; &) = oe \G° (p, 8) et dp. 
For small ¢€ the function Gg! ( P; €) has a pole near 
the Fermi surface of the form!*1 


G (p, 8) = al(e — v (p — po) + 16 (2). (5) 


The value of € = v(p—p,)) determines the spec- 
trum of the Fermi liquid. 

In a magnetic field the form of the Green’s 
function near the Fermi surface is decidedly al- 
tered owing to the quantization of the levels. We 
shall show, however, that the energy spectrum of 
the electrons in the magnetic field can be obtained 
from the expression (5) by the usual rules of quasi- 
classical quantization, as was also suggested in the 
paper by I. Lifshitz and Kosevich.2 

To prove this assertion we write the Dyson 
equation satisfied by the Green’s function 
G(r, r’; €) in coordinate space: 


peng Mea yews 
os \ = (r, r’; 2) G(r", t’; 2) Br’ = 6 (r.—26'). (6) 


Here f = —io/ar,p is the chemical potential of 
the electrons in the magnetic field, and 2 (r, r”; €) 
is the so-called self-energy part arising from the 
interactions between the particles in the Fermi 
liquid. We shall not specify concrete forms for 
these interactions. The spectrum of the system is 
determined by the eigenvalues of the operator 
which appears in square brackets in Eq. (6). 
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In the notation of second quantization the Hamil- 
tonian for the interaction of the electrons with the 
magnetic field (2) takes the form 
Hint = \ We (r')| 2 (B — P')s + Spar Hy (9) Br, (7) 


2m 2mec? 


where f, and py denote differentiation (Dx 

= —id/8x) with respect to the corresponding ar- 
guments in the limit r—r’. We shall now investi- 
gate the dependence of the self-energy part 

= (r, r’; €) on the magnitude of the magnetic field. 
According to Eq. (7) an increment of the magnetic 
field, H— H+ 6H, is equivalent to an additional 
interaction Hamiltonian: 


Hint = 0H \y* (r') [> a 


— | yp (r) dr. 
(75) 


(P= Px + 
Using the usual diagram technique to calculate 
from Eq. (7’) the change 62 (r, Yr; €) 

= (9>/8H) 6H, we can assign to this quantity the 
diagram shown in Fig. 1. The cross denotes the 
operator in square brackets in the integrand in 
Eq. (7’); the circle denotes the complete vertex 
part in the magnetic field, [gg yo (£1. 25 &3) &4)- 


X: 


FIG. 1 


The vertex part is defined as usual by the rela- 
tion 


<I (tha (Ex) Ya Eo) Pt Es) PS Ga))> = Gay Er, Es) Gos Eo Sa) 
— Gas Ex» &s) Gor Ga» Bo) + §\ Gow Ex»81) Goer Go, B2) 
x Tarera's" Eis &23 5) G4) Grrr Es Es) Gos Ear Ga) 
x HEME MEME, 


In the absence of the magnetic field 
Top,y6 (&1- 23 &3, 4) has Fourier components of 


the form (20)* Tog v6 (Pj, Pes Ps, Pa) 
x6 (py + Pp — P3 — Pa). As is well known,-31 the 
vertex part plays an important role in the theory 
of the Fermi liquid. 

The diagram of Fig. 1 gives the following result 
for the derivative 8x/98H: 
bop eri ®) — FL do’ | @ryd?radl [ase (P — Pv, 

e?H 
Tmt 


KiGurs I’s.0')s 


v [lu Taras (r, &; 1, @'; T2, 0’; r’, &) G (I, m5 @’) 


ppakiney tee (8) 


It is convenient to make a transformation of 
this expression. To do so we note that under the 
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infinitesimal transformation (4) = (r, 15 €) 
changes by the quantity 
— i (eH/c) 8b (x — x’) 2 (r, 1’; 2). 


At the same time, under the displacement of the 
origin, y — y + 5b, the Hamiltonian (7) receives 
the increment 


’ x Ny 2H 
SH ing = 06 \ (0) | a= (B= Be + Sar] (0) ar. 


Then, in analogy with Eq. (8), we get 


uation SBE Pht 2) 


= \ do’ \ dr,d?rpd°l | z 


2me 


(p — P’):, ae ae L, | 
Slaves Selin@ pis, OTe) 
XG (I, 13 0’) G (re, 1’; @’). 
Combining this last relation with Eq. (8), we find 
02,9 (Fr, T’; 8) Ati 


Ge jaik “eee Das (r, 1’; &) 
+ Mas (F, ¥’, 8), (9) 
Mag (t,t; ) = az \do'| d*r,d°r,d51 Ee (p as P’)i, 
el 
a mat Uy Ds; y ae y’)/2] G (I, r,;0’) G (Fo, ats o’) 


Mel oe oP, £301) @ 5 T9037 1,2). (10) 


We shall show below that the terms in 
Log (r, 1’; €) that come from Mogg (Tr, r; €) are 
of the order H®” in the magnetic field, whereas 
for our purposes it is enough to know the spectrum 
of the system correct to terms of the order H. 
Neglecting the last term in Eq. (9), we get 


Bap (r, 4°; e) = exp{—t ieHe (x—x') (y ty’) } 
b.p 5° (r — rv’; 8), (11) 


where 5° (r—r’; €) is the self-energy part in the 
absence of the magnetic field. 

The expression (11) for 2(r, r’) can be 
written symbolically in the form 


d (r, r’) = 2° (p — eAlc). 


In fact, let us apply the ‘‘Hamiltonian’’ 

A 1 A e 2 a a é 

Bieag Page h lt Ba ef) 
to an arbitrary function ~ (r) and go over to the 
p representation. As Zil’berman!*1 has shown, in 
the momentum representation the operator h can 
be written in the following form: 

2 4 P 

} + 5 (py + pi) 


mee fit -eH d 
fie= Jom (Pet i ape 
+\>° (s; &) exp i i(ps + ea e Sy — ipySy 


= 1p.s, | ds li. (12) 
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The expression (12) contains definite prescriptions 
as to the order of the operators Py and d/dpy (the 
requirement of complete symmetry of the Hamil- 
tonian!5] ). In the isotropic model of the Fermi 
liquid, which we are using in this paper, the self- 
energy part D°(p, <) is a function of |p|? only. 
At the same time it is obvious that under the con- 
dition that =°(p—eA/c) is to remain Hermitian 
different requirements as to the order of the oper- 
ators py and d/dpy in =° (p—eA/c) lead to 
Hamiltonians (12) which differ by terms of order 
in the energy eigenvalues not lower than H’?. For 
this reason it is more convenient to choose 
=°(p—eA/c) in the form Z° (p—eA/c) | 
= 5°(|p—eA/c|*). 

The exact eigenvalues and eigenfunctions of the 
operator 

(B—S) = (Bet Ba) eit a 


c é 


are well known:'61 
Go ins = [p2 as (2n + 1) eH /c) Yp,np 
‘bp.n = xP {— icpspy /eH — cpy/2eH}H,(p,V ciel), 


where Hy(x) are the Hermite polynomials. 
Therefore the Green’s function of a particle ina 
magnetic field can be written near the Fermi sur- 
face (in the p representation) in the following 
way: 


G (p, p’; ®) 
435) Pn (P) P (P ) d (Py — Px) 6 (Pz — Pa) 
— e-+p—(n-+4/2) eH /me—p2/2m—S9 (p2 + 2 (n+ Ya) eH /c) + i8 (e) 
(13) 
According to Eq. (5), when the magnetic field H 
= 0, 
0 ie Arts 6 (p — p’) 
OP, Ps )= sp pam — BPH, €) FOE) 
Bi aT AC dived WEIN, 
er es | ad 


Here a is a renormalization constant, and pp is 
the Fermi limiting momentum, which is determined 
from the equation 


p2/ 2m + B° (po, 0) = p. 


As is well known"! the electrons important for 
the de Haas-van Alphen effect are those near the 
Fermi surface i.e., the electrons in the region in 
which (2n + 1) eH/c + p%, © pj. Therefore if we 
introduce the notation m* for the ‘‘effective’’ 
mass (v = p)/m*), there follows directly from 
Eqs. (13) and (14) the following expression for the 
Green’s function of electrons in a magnetic field 
near the Fermi surface: 


THERMODYNAMIC QUANTITIES OF A METAL 


G (p, p's &) = >iYn(P) Pa (P) 4 (Px — Px) 5 (Vz—p.)Gu (pz, ®), 


Gn, (pz, &)=4 /(@ + po/ 2m" — (n + 472) @ — p2/2m*+ id(e)), 

(15) 
where w* = eH/m*c. As is shown below, the con- 
stants a, m*, and pp) depend on the field H only 
through terms of order HY, 

The Greens’ function far from the Fermi sur- 
face [|(2n+ 1)eH/c + p, — De | ~ p}] contains no 
sharp poles; this is due to the strong damping of 
the excitations in this region (for small € the 
damping 6(€) of the excitations in Eq. (15) in- 
creases like |< |¢/y.). Therefore the contributions 
to the various quantities from these distant regions 
give no oscillating singularities and can be expanded 
in powers of the field strength. 

Let us discuss the behavior of the Green’s 
function G(r, 1; €) in the coordinate representa- 
tion. In the absence of a magnetic field 

G(r — F's €) = ae |G (p) eer a%p, 
The Green’s function G(R, €) expresses the cor- 
relation of the electrons at different points of 
space. At distances large in comparison with 
atomic distances the only electrons that contribute 
are those moving like ‘‘free’’ electrons, i.e., those 
from the region near the Fermi surface. Electronic 
excitations far from the Fermi surface are strongly 
damped because of collisions with each other and 
contribute to the Green’s function G(r—V1; €) 
only at atomic distances. If in the function 
G(r—r;<€) we separate out the term (5) that has 
a singularity near the Fermi surface, 


a 
G° (p, &) opti oe 8) 


[so that g(p, €) has no singularities ], it is easy 
to see that for small € the behavior of the function 
G(R, €) at distances Rp) > 1 is given by 
am* (exp(ippR+ieR/v), e&>90 
ORR AES 2nR exp (—ipoR — ieR/v), <0. 

In the case of large € the function G’(R, €) is 
rapidly damped at distances Rpo ~ e*/p?. 

Returning to the Green’s function ina magnetic 
field, we conclude that its behavior at large dis- 
tances is also determined by the singular part of 
the expression (15). It is easy to verify that in the 
coordinate representation G(r, 1; €) (for |r—r| 
> 1/p)) can be written in the following form: 


G (r, r’; 2) = exp [— i (eH/2c) («—x)(yty’)] 


eH eHo*/4c eH 2 
Gare i C ; 


(16) 


x 
Tate nedp) 

eee ere ON, 
* _ Sree /2m* + id (2) 


= exp {— i (eH/2c) (x — x’) y¥ + y’)}G(R, 2), (7) 
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In (x) are the Laguerre polynomials. [Here and 
in what follows we use the notation p” 

= (x—x’)* + (y—y’)*]. As can be seen from 

Eq. (17), generally speaking the magnetic field 
causes a decided change in the character of the 
dependence of G(r, r’; €) on R. In the limit of 
weak magnetic field, w* « p#/2m*, for large n and 
p <K cp) /eH, 


eo Hetsc 1, (eH p?/2c) = J, (VV 2eHn/cp). 


By replacing the summation over n by an integra- 
tion, we would again arrive at the result (16). 

A special role is played in Eq. (17) by terms 
with values of (n + 14) w* close to p}/2m* (small 
pz). Let A < w* and py /2m* = A + wt (Ny + 1); 
then each such term in Eq. (17) contributes to 
G(R, €) a small quantity of the order 


aoe e—eHe?/acl_ N, ( 0 pga. relia 
This expression is exponentially damped for p 
>> cp) /eH and is a plane wave in its dependence on 
|z—z’|. This part of the G-function determines 
the oscillations of all the quantities in which we 
are interested. 

Coming now to an estimate of the term 
M(r, 1; €) dropped from Eq. (9), let us rewrite 
this term in a somewhat different form, by substi- 
tuting Green’s functions in the formula (3): 


Map (rt, 0’; &) = a \do \ @ryar4°I (ty a yee y’ 
xexp {— ft (eH/2c) (ry + ly) (tix — Lx) 
+ (Toy ne ly) (Ly Fate Tox) ]} Tavae (r, &; Ty, @; T,,@, ae &) 
x | (@H/2me?) G (1 — 1, ©) G (rz — 1, @) 


a fms ie 0G (I—f1, ®) 
x (ty — D) al 2mce Or, G (r2—1,@} 


I} 


This expression involves integrals containing 
G-functions of the differences of coordinates be- 
tween the various points of the diagram of Fig. 1. 
The region of integration in which these differ - 
ences are of the order of interatomic distances are 
of no interest, since their contribution to Eq. (18) 
is of the order H (and of order H’ in £). 

Let the distances |1—rj | be large in compari- 
son with atomic distances. In this region we can 
use for the Green’s functions the asymptotic ex- 
pression (17). In estimating the quantity (18) we 
shall assume that the magnetic field is weak, and 
set it equal to zero wherever possible. In particu- 
lar, for the vertex part we use the expression for 
zero field. Let us rewrite this expression in the 
following way: 


OG (rz — 1, @) 
Or oy 


moe CEN is Bie) (18) 
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1 0 ‘ F 
Dayixe (f 28) 10; F2,'0} 6’, 8) = aaye | Pars (Pi, &} Po, ; Po 


+ k,@; pi — k, e) exp lip, (rf — r’) + ips (t — fe) 
+ ik (r’ — r.)] d°p,d°p.d*k. (19) 


The Fourier component lay,yB (Py, Pos Ps, P,) in 
Eq. (19) involves momenta p of the order of the 
Fermi momentum and has important variations in 
this region only for changes Ap ~ pp. Besides this, 
in the region of integration over 1 in Eq. (18) where 
|1—r| is large the important values of k in 

Eq. (19) are small, and therefore we can neglect 
the dependence of the vertex part on k. 

Thus as a function of | ly — Tr; | and |r—r’| the 
expression (19) is rapidly oscillating at atomic 
distances. [Close to the Fermi surface lp, E 
| pp | ~ Py the Fourier components 
ay ay ,yB (Pi, Po; Po, Py) in Eq. (19) depend only on 
the angle between the vectors p,; and p,]. Conse- 
quently, for purposes of the integration over r, 
and r, in Eq. (18) for |1—r, | > 1/pp, for which 
values only the Fourier components with momenta 
close to the Fermi surface are important in the 
functions G(1—r,, w), the vertex part (19) is 
essentially a 6 function of r;—r, and r—r’. 

This fact is the expression of a fundamental physi- 
cal assumption of the theory of the Fermi liquid, [2] 
according to which the interaction between the par- 
ticles is a short-range one, and all of the correla- 
tions that arise between them fall off rapidly at 
atomic distances. (For the electrons in a metal 
the Coulomb interaction is also screened off at 
distances of the order of atomic distances. ) 
Nevertheless this assertion is not completely 
rigorous. 

As has been shown by Landau, (31 in a number of 
cases the vertex part can have a ‘‘long-range’’ 
part. Such singularities are due to the diagrams 
in the vertex part which are shown in Fig. 2, a. 

In this diagram the squares denote irreducible 
vertex parts which have no singularities in the 
direction 1—2. In fact, substituting in these dia- 
grams the expressions (16) for the Green’s func- 
tions and integrating over the frequencies of the 
internal lines, we get (Ry, > 1/po) 


2 
a’m ¢ 


\@ (Ry, ©) G (Ria @ — &) dw ~ (200 R12)? 


eftRu/d, 


where «€ is the small frequency transfer. Figure 2, 


b shows this same diagram in the momentum 
representation, and from it we can see that the 
slowly decreasing dependence in the vertex part 

is due to small frequency and momentum transfers 
in the Fourier component r? (Py, Po; Pg, Py). In 
Eq. (19) such a small transfer can correspond 


A. BYCHKOV and 


LS PY GOR*KOW 


1 4, p> 
2 
fy A fp 
a b 


FIG. 2 


either to a small value of k or to a small transfer 
|p; —p,| © |p, —p, | « po. Obviously in the latter 
case the contribution from these singularities in 
Eq. (19) is small, because of the smallness of the 
region of integration over p, and p,. As for the 
small values of k, the question of these singulari- 
ties arises owing to the fact that in Eq. (18) there 
is a factor ly — a ly rjy +1},—Ty, and the 
quantity | liy — ry | may not be small. It is easy 
to see, however, that in zeroth order in the field 
we have by considerations of symmetry 


| sy — 1) G(s — G (s — r) ds = 0 


and therefore in Eq. (18) the factor ly —(y + y’)/2 
can be replaced by ly —rjy. We shall not present 
the detailed proof that all of these assumptions 
correspond to dropping in M(r, r’) terms that 
are of higher order in the field strength H as 
compared with the estimate that we get on the 
assumption that the vertex part is equal to the ex- 
pression for this part in the absence of a magnetic 
field and is of short-range character. 
Accordingly, in Eq. (18) we now take | ty —T, | 
~|r,;—r|~ 1/pp. We can drop the exponential 
factors in Eq. (18). By considerations of sym- 
metry the term in the square brackets that con- 
tains derivatives of the Green’s functions is iden- 
tically zero. Therefore instead of Eq. (18) we get 


‘ 2 
Map (t, 0’) = pee \ do \ d®r,d°rpd3| (4 ae igs 


SOG Shir oo) Gees he). Peta 

x (r, (20) 
According to the foregoing the quantity M(r, r’) 
of Eq. (20) is determined by the region of integra- 
tion ll—r, | >> 1/py and w «<p. For small € and 
w we can neglect the frequency dependence of T° 
in Eq. (19). We shall denote the corresponding 


Fourier component by ley,yB (py, Pp). Thus it 
follows from Eq, (20) that 


yells MAHA tacep here Cid oe 
Mas (r, ry —— er |\anr (2m)8 ‘a(t er ay,vB (pi, p) | 


a ( G(R, @) p2d8R. 


Ti, 03.13, @; f’, €). 


(21) 


Proceeding to the calculation of this last inte- 
gral, we substitute in it the Green’s function (17): 
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G(R, o) e’d?R 


ee peers dp,do 
if) Sn)? ei \ ome; =F 16 (@)) (@ —E,, + 16 (0) 
x \ dc eHe* ‘acl (SE p2.) Lig (ob e*), 
0 
= (04-2) o* + p2 / 2m’ — pj 2m’, 
Emm = (m +42) @° + (p2— 9)? / 2m — p2 / 2m: (21’) 


In the expression for E,, we have introduced a 
small quantity q. The point is that the integral in 
question is not uniquely defined: the expression 


\ do \ G (R, ) G(R, © — @o) pe? aBR 


has different limits for wy), q— 0, depending on 
whether w,/q— 0 or q/w) ~ 0. For the case of 
no magnetic field the singularities of such integrals 
have been studied by Landau?) To give a meaning 
to the integral (21’) we must take the limit w/q 
— 0, which corresponds to the fact that M(r, 1; €) 
is being calculated in a field that is constant in 
time but weakly nonuniform along the z axis. 
Therefore, strictly speaking, the quantity given by 
Eq. (21) is a definite one of the two vertex parts 
Tk and © introduced by Landau, 4 namely rk, 
For our estimates this is of course unimportant. 

In calculating the integral of Laguerre poly- 
nomials in Eq. (21’) it is helpful to use the exact 
relation 


XL (x) = (2n + 1) Lp (x) — (n + 1) Lng (x) — bn (x). 
(22) 
Therefore m = ni1. Integrating Eq. (21’) over 


the frequencies w, we get 
— Fz \ doe? (R, o) p*d?R 

Ge NN dp, 

ane A \e =i 2 

(En > 0, Em < 0). Using Eq. (22) and performing 


the integration over pz, we find after simple 
manipulations 


( xLn (x) Lim (x) em*dx 


ih, PASE rary coil ails of aes 
ene (2m’) 72 Z [p2 /2m* — o* (n + 19)}'2 


in. 


The summation is taken over all values of n for 
which the radicand is positive. 

It is not hard to verify that this quantity can be 
“~Sdaiaeee in the following yar 


V2m* a Oa jJeH 
of = — o* Le SV. 


| 


wip Loner + “/2)f ; 
(23) 
| The sum in the curly brackets has been repeatedly 
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pee IX 


FIG. 3 


investigated in the literature [78] Using the ex- 
pression obtained by Sondheimer and Wilson, (®] 
which is accurate to terms of order H’, 


rate UVP OT) 


2m? ¢€ 


_ 3 far yy (AY fo) it 
eit ask a) 2 ra sin( 2nr a 


and substituting it in Eq. (23), we get finally 


ee a (< iG : €) ‘ 


w* 13 
where g (x) is a rapidly oscillating function. Thus 
in actual fact the terms that correspond to 
M(r, v; €) give in Eq. (14) a correction to the 
energy levels of the excitations of the order HY, 


i aR 
c 


8. THE OSCILLATING SINGULARITIES OF THE 
THERMODYNAMIC FUNCTIONS 


Let us now proceed to the derivation of the 
formula for the thermodynamic potential. In order 
to separate out the small terms that have an oscil- 
lating character, it is more convenient to start 
from the expression for the derivative 9N/dpy of 
the particle-number density with respect to the 
chemical potential of the system. The particle- 
number density is connected in a simple way with 
the Green’s function (1) of the system: 


N = — iGya (x, X') xx, +t+0- 


The expression for the derivative 9N/ oe a 
be obtained by the following arguments (ct. £ ory 
Let us place the system in a weak and slowly 
varying potential field 6U(r). Then the quantity 
u + 5U = py is conserved throughout the system. 
On the other hand, the interaction of the system 
with the field 6U(r) is described by the Hamil- 
tonian 


Hint =\ Wy" (x) 8U 4p (x) dr. 

According to the usual rules of the diagram tech- 
nique the change of the Green’s function in first 
order in 6U can be represented by the first dia- 
gram of Fig. 3. In the limit of a 6U independent 
of the coordinates, 6U = — dy, we get 

aN 


ro il Gay (x, 1) Gro (l, x) d*1— \ d*8 End *Eyd*E 1G, 
x (x3 Ex) Goa, oF Es) Gi,8 (3, l) Gan (E3,x’) 


X Payas, asc (Ei, Go S5)- Ea) 
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or, when we go over to Fourier components with 
respect to the difference of the time coordinates, 


ON x \do \ Gay (t, 1; ©) Gyo (I, 7; @) a1 


ue a8 nF \\ dodo’ | d35,°Sod?590?54071Gag, (F, $1; ©) Gage 


X (Sa, 15 ©) Vays, ayes (Sis 3 So, "5 Sg, "5 S4y ©) Goa, 

X (I, $3. 0’) Gag (Ss, 1; 0’). 

For simplicity let us first investigate the singu- 
larities of the first term in the right member of 
Eq. (24). These singularities are due to electrons 
near the Fermi surface, and therefore in this case 
it is sufficient to use the asymptotic expression 
(17) for the Green’s functions. Substituting this 
expression in the integral and carrying out the 
integration, we get 


7 \do \ Ga, (Fr, 1; ©) Gye (I, 1; @) a1 


2k eH\? dp, 

7 Gay is) Ds \do \ (o —E,, + 1 (@)) (o— E, + i6 (0)) 
(here in EX = w* (n+ 4) + (pz—q)?/2m* 
— p’/2m* we have introduced a small momentum; 
this corresponds to the fact that in deriving 
Eq. (24) we started from the condition for equili- 
brium of the system ina field 6U(r) constant in 
time but slowly varying in space). Integrating the 
resulting expression first over w, and then over 
Pz, we arrive at the expression 


whe a? >) iad —o* (n + hfe 


2m? \ ¢ 


(25) 


In the sum (25) a special role is played by the 

values of n for which the radicand is small. 
These terms give the nonanalytic part of the inte- 
gral under consideration. At the same time the 
main contribution as regards magnitude comes 
from values of n for which nw* ~ pa /2m*. Fora 
weak field the summation over the main region can 
be replaced by an integration, and from this we 
find 

a*m' p,/x*. (26) 


(A contribution to 8N/a of this same order of 
magnitude is given by the distant regions.) Let us 
again introduce the number Np, the integer part of 
p, /2m* in units w*: p}/2m* = (Ny + 4) wt 
+A(A> 0). The terms in the sum (25) for which 
(Ny —n) «< Np are of the order of 


(V 2m* | 2?) (eH /c) (a?/ V A) 


and remain small in comparison with (26) provided 
that Pe 
As>o'(o" / ate) : 


The condition (27) imposes a restriction on the 


(27) 


faxes 
1 


Yu. A. BYCHKOV and L. P. GOR’KOV 


study of the detailed structure of the oscillations 
in the immediate neighborhood of the Fermi sur- 
face. It must be remembered, however, that the 
actual region of interest for the de Haas-van 
Alphen effect just coincides with the condition (27), 
since in the magnetic fields that are obtainable up 
to the present time one begins to get a violation of 
the condition (27) only at the very lowest tempera- 
tures. Therefore in our later discussion of the 
quantum case we shall assume that the condition 
(27) is always satisfied. 

In order to separate out the irregular part of 
the expression (25) we substitute n — Ny — k. 
Subtracting from the new sum the terms that di- 
verge at the upper limit, we get 


ES AD ae sank a 
bea (=) a® |> (VA ai wk e eM VN, / Vo lee 
0 


c 


=F maVot(s, &), 


where ¢(s, x) is the generalized Riemann zeta 
function!1°, 


Srass 4 Calabi, 


20 Wes eae 


G(s, x) Ts 


lee) 


Thus apart from regular terms of higher orders 

in eH/cp%, the integration of the two G -functions 
in the loop of Fig. 4 a leads to the appearance of 
small terms which are rapidly oscillating functions 
of the ratio cp? /eH. 


! { 
a b 


FIG. 4 


Returning to Eq. (24), we see that singularities 
(28) in ON/dp arise in every loop (cf. Fig. 3) in 
which there are two horizontal lines (with their 
arrows in opposite directions ). Since these terms 
are small, we have to separate each such loop only 
once. In particular, the loop can belong to the dia- 
gram for a vertex part. As the result of the sepa- 
ration of the singular terms the situation arises 
which is shown graphically in Fig. 4b. The loop 
from which the singularity is separated out is 
marked with a vertical dashed line. Since these 
terms are small, we can set the magnetic field 
strength equal to zero in all the other parts of the 
diagram. 

In this connection we recall once again that the 
singularity (28) is due to the behavior at large 
distances r—1 of the Green’s function in the loop 
of Fig. 4a. Therefore, using the same procedure 


THERMODYNAMIC QUANTITIES OF A METAL 


_ with the vertex part as in the derivation of Eq. (21), 


we get instead of Eq. (24) the following result: 


ON V 2m* m* Ve ap A o 
dun ot (z or) 


© = ah + roel TM, vx (Pa Pa) G (P1,0) G (ps, «) at} 


(29) 
(the vector p; is taken on the Fermi surface). 
In accordance with what was said earlier, our 
choice between the two limits T°“ and Fr intro- 


_ duced by Landau!*1 must be to take the limit r°¥, 
_ which means that the potential field used in the 
_ derivation of Eq. (24) is strictly independent of the 


time. 

The connection of the renormalization factor ® 
with physical quantities has been established by 
Pitaevskii.'9] It turns out that in the absence of 
a magnetic field 


eters 


BOIHOEPD 
it aibes 


(29’) 


the o=0 


Substituting this result in the expression obtained 


earlier, we get 
=a Op, y ted ci 
vo (S) ch a): 


ONAS. & ied 
Op VW lm* 42 

We must calculate the thermodynamic quantities 
N and Q (the potential) in terms of the variables 
pw and V. According to Eqs. (14) and (23), apart 
from terms of the order H” the quantity py (py) 
which appears in Eq. (29) and also in Eq. (25) is a 
function of the chemical potential as defined on the 
Fermi surface in the absence of a magnetic field. 
Taking for the oscillating part of 2 only the double 
integral of the rapidly oscillating terms 
t (4, A/w*) = ~ (cp, /eH), we get 

4m? o* 3 iA 

1.s0= ae a S(— Zo) 


oo 


A 
=a ay ae 
2 r—lz cos (Qar a 


(30) 


m 3 leq *5 /e 
4x4 


that is, an expression which agrees with the re- 
sults of I. Lifshitz and Kosevich"'! (in the iso- 
tropic model). 


4, THE EFFECT OF THE SPIN ON THE 
OSCILLATIONS 


In the scheme that has been expounded it is 
easy to include also the interaction of the magnetic 


field with the spin magnetic moment of the electron. 


The paramagnetic susceptibility of a Fermi liquid 
has been calculated by Landau.[?] Ina metal, 
however, one cannot separate the paramagnetic 
part of the susceptibility from the diamagnetic 
part. At the same time the latter, as we have al- 
ready said, is due to all of the electrons, and not 
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just to those near the Fermi surface, and there- 
fore cannot be expressed in terms of the charac- 
teristics of the spectrum. Owing to this we shall 
concern ourselves here only with the effect of the 
spin susceptibility on the quantum oscillations of 
the thermodynamic quantities. 

Let us find how the Green’s function (15) changes 
its form when we include in the Hamiltonian (7) the 
additional term 


—B pt (r) (GH) 9p (1) ar. 


To do this we again consider the derivative 

dZqg(r, 1; €)/8H. Using the results obtained 

earlier, we get instead of Eq. (9) 

OXap (Fr, tr’; €)/OH = — (ie/2c)(x — x’) y + y’) Dap (Fr, 0’; €) 
= es B\ do\ dryd*ryd° IT a, co (l, ep tye @r, oy rere) 


X Gyo (I, 113 ©) Grx (Te, 1; @) (sn),a (31) 


(n is a vector in the direction of the field). It is 
not hard to verify that in the last term we can set 
H = 0 from the very beginning. Substituting here 
the expression (19), we get 


4 . ’ j 
(err d8py 5 \\dod®p.T 30,6 (Pay & Pa» @; Por ©; Pas €) 


(2x)* $ 


< G? (Po, ©) (6M)p-. 


Because the free functions are isotropic and 
because for momenta p, close to the Fermi sur- 
face the integral in brackets (sic) is a slowly 
varying function of | p,|, we can write the second 
term in the right member of Eq. (31) in the form 


A (sn)ae6 (r — 1’), (32) 

where A is a constant. It follows from Eqs. (31) 
and (32) that as before the Green’s function is of 
the form (15), but the energy of the excitations is 
compounded of the orbital part w* (n+ '4) 
+ p+,/2m* and the spin part — ¢o-H, where é is 
the ‘‘effective’’ magnetic moment of the electron 
spin: £ = a(B + A). The connection between ~ and 
the magnitude of the paramagnetic susceptibility is 
given by relations obtained by Landau 1 

We can now proceed to the calculation of 9N/dpu. 
Here the calculations are of a nature quite analo- 
gous to that of those done in the preceding section. 
We first concern ourselves with the calculation of 
the first term in the formula (24): 


=| dod Sp G (r, 1, 0) G (1, F; @) 
e 5 H 4 4 
= ip (eR epee — Bot + 5 
x Mo — E, + EH/2 + id) (@ — En — EH/2 + 18) 


x (o — E,, — §H/2 + id) (o —E, +H /2 + i8)}7. 
As before, we first integrate this expression over 


1140 et: 


dw. Here we note that the integral vanishes both 
in the case in which all of the poles of the inte- 
grand are on one side of the axis of w, and also 

in the case in which there are two poles above the 
axis and two below. The integral is different from 
zero only in the region of En = +£H/2. Defining 
the integral in a suitable way as a k-limit, we 
finally get for the first term 


Ona (Ha SY Ip3/ 2m" — 0" (n + Ys) — BHI" 


n 


2 


+[5% — 0 (2 +5) 


| 2m 


4 guia} (33) 
that is, the only difference from the formulas 
written before is that the single sum over n is 
replaced by the average of two terms with p /2m* 
— pi /2m* +£H/2. 

Let us now recall that in the second term of 
Eq. (24) the singularity (33) can be separated out 
in three ways, as shown in Fig. 4b. Since the 
terms involving the magnetic field are small, we 
can set the field equal to zero in all quantities ex- 
cept the two Green’s functions marked with the 
dashed line in the diagram. In the isotropic model 
the integral is 


\ Pap, 08 (P1,P23 Po, P1)G (Pz) G (p2)d*ps 
: : 
=> bap \ Vyo, ex (P1, P23 P2,P1) G? (p2) d*po. 


When this fact is used it is not hard to show that 
the sum of all of the loops of Fig. 4 b gives a 
singularity of the form (33) multiplied by the re- 
normalization factors (29). Thus instead of 

Eq. (30) we get as the final result for 8N/du 


a4) 2.2 J 
2 Sa uN a ceca gE ES Ra 


and for the oscillating part of the thermodynamic 
potential 

Ded tary Ai fk een Bade BHT 2 
aaa aes or ) 


SEH 2 
oe 
The oscillating parts of all the thermodynamic 

quantities are usually stated in the form of series 
of harmonics!!] For example, by going from 
Eq. (34) to the oscillating part of the free energy, 
we get for the areaet moment the expression 


* 5/, 


GQ osc = — 


(34) 


me Hy? E 
Mose= — uAai Pits: H See ~ cos eG ) 
x sin (ar <2, — wali 
where 8* = eh/m*c, and ~ can be connected with 


the paramagnetic susceptibility y and with the 
coefficient y in the linear term in the heat capacity 
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per unit volume c = yT, if we use the results ob- 
tained in Landau’s paper!?1 


E/3* = 4/388". (36) 


In this last formula B = ehifmc is the magnetic 
moment of the free electron. Although the factor 
with the cosine has indeed been written previously, | 
it was then assumed that the spin energy of the 
electron was equal to —fo°H; that is, the Fermi- 
liquid properties were not taken into account, and 
the result of this was that the argument of the 
cosine was written mrm*/n. 

We also mention that according to Landau’s 
results J 


= pa(C+ 


SSS 


By) b= ae \S(M) a2. 


¢ is the integral of the spin part of the function 
f2] of the Fermi liquid: 


fos (p, p = ma i (p, p ‘) ai C (p, p’) (o’) 


(all of the notations are taken from the paper of 
Abrikosov and Khalatnikov!!!J ). Therefore from 
this one could get an estimate of the size of the 
Fermi-liquid effects ina metal. In particular, the 
sign of ¢ is very interesting, since for ¢> 0 
there could exist in a metal spin oscillations of 
the type of zeroth sound 2-11] 

In conclusion the writers express their gratitude 
to Academician L. D. Landau for a discussion of 
the results of this work and for his comments. 
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EFFECT OF THE PION MASS DIFFERENCE ON THE Ky3 DECAY PROBABILITIES 


Vv. B. MANDEL’TSVEIG and V. V. SOLOV’EV 
Submitted to JETP editor May 31, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1606-1608 (November, 1961) 


We calculate the effect of the -meson mass difference on the relations between the proba- 
bilities for the different K7z3 decays. It is found that when the 7+ is replaced by the 7, the 
phase volume is increased by about 12%. The ratios of the statistical weights are given for 


these decays. 


| Ir is known!'~“! that the four 7 decays of the K 


mesons* 
Kt nt a7 + 2° (1%), 
Keo + a7 -+ 0" (um), 
Kt + n° + n° + x* (12), 
Ky > n° + n° +79 (13) 


satisfy the isotopic-spin relations 


(1) 
(2) 
(3) 


W (%)/W (%) = +> 
W (%)/W (u) ==, 


W (K3 > 3n)/W (K* — 3x) = 1. 


Relations (1) and (2) are easily obtained if one 
assumes that the 7 mesons produced are in the 


pure T =1 state. For this it is sufficient to as- 


sume the selection rule AT = y (we assume the 
m™meson state to be completely symmetric, since 
the energies liberated in the 7 decays are small). 
As for (3), it is a direct consequence of the AT 

= vf rule; therefore an experimental measurement 
of this ratio is a verification of this rule. 

The AT = ¥, rule is not exact, as follows, for 
instance, from the existence of the K* — no +1 
decay, which this rule would forbid. Nevertheless, 
we shall consider the relations obtained with its 
aid strictly correct, and shall calculate the effect 
of the mass difference between the 7* and the 1° 
only on the volume in phase space. Because of the 
low energies liberated in the K,3 decays, this will 
have a relatively large effect. 

The matrix element for a K7z3 decay is 


M, =/ 2PKP PsP 5: 


where yx is the K-meson wave function, 91, 92 
and g3 are the meson wave functions, and f; isa 
function depending on the energies of the ms and 

including the effect of isotopic spin on the branch- 
ing ratios for the possible reactions. (Since the 


*The T, and T, decays are often denoted by T and T’. 


energy liberated is small, one may consider f7 a 
constant.) For the decay probability we obtain 


li ( dk, dks dks 


W (t) = (211) 2m x 2E12E22Es 6? (Ry “Re + ks — k). 


By simple algebraic operations, this expression 
can be transformed to the form 


— 9 1 gE 
V0) = gy Veo) (Se 
seater a waits 


tm = (mx + 2m — p) (mx — 2m — p)/2mx, 

where ty is the maximum kinetic energy of a 7 
meson (yp is the mass of the unpaired meson, 
while m is the mass of the paired mesons). The 
integral can be calculated by expanding 
[(1 + ay)/(1 - Bay)]'” as a power series in 
a (note that a ~ 4). We have carried this expan- 
sion out to terms in a%. (Carrying it out to terms 
in a‘ would give a correction in the fourth decimal 
place. ) 

The final form for the probability then becomes 


| a es 
W(t) = ape t+ et $7 Gr— De 
+ = (107? — 6y + 1) oF}, 
r= 2(B-+ 1). 
[5] 


The following values were used for the masses 
(given in Mev): 


mz+ = 139,59+0.05, m,+ = 493,9+0.2, 
myo = 135.00+0,05, mx = 497.8+0.6. 


The uncertainties in the masses will lead to errors 
no greater than 0.002 in the ratios of the volumes 
in phase space. We give below the results of the 
calculations for W(7;)/W (7) (the numbers are 
the ratio of the statistical weight of the reaction 
designated in the column to the statistical weight 
of the reaction designated in the row): 


1141 


1142 
To Ty Te Ts; 
€ 1 0,822 0,803 0,675 
é, 4.247 { 0.977 0.822 
Ts 1.245 1.024 4 0.841 
ts 1.484 4.247 1.189 1 


It is easily seen that replacing a 7* by the 1° 
meson increases the volume in phase space by 
about 12%. Thus corrections for the mass differ- 
ences change the decay ratios for K73 decays in 
the following way: 


W (x2)/W (x,) = + 0.311% , 


4 
W (1)/W (ts) = > — 0.547, 
W (Ke — 3n)/W (K* > 3x) = 1 — 1.811. 

The relations between the decay probabilities 
were calculated also for the case in which the en- 
ergies do not appear in the denominator of the in- 
tegrand (noninvariant volume in phase space), i.e., 
for 


W., = g, \ dkidkadks6! (ky + hy + kg — fh). 
The calculations are carried through similarly as 
above, and the results obtained are very close to 


*Dalitz’ calculation of this ratiol’] gave 0,325. 
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those for the invariant volume in phase space (as 
might have been expected in view of the low energy] 
liberated). For this case one obtains 


p (To) : P (Tr) P (Ta): P (Ts) = 1: 1,248: 1.240: 1.526, 


where p is the statistical weight. 

The authors express their deep gratitude to 
L. B. Okun’ for suggesting the problem and for 
directing the work, and to I. Yu. Kobzarev for 
valuable advice. 
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The most rigid equation of state compatible with the requirements of relativity theory is 
p=€~n n’, D—c, where p is the pressure, € the volume density of energy, n the density 
of baryons, D the speed of sound, and c the speed of light. This differs from the previously 
proposed asymptotic behavior 3p = « ~ n*, D— 3-16. The case of interaction of the 
baryons through a vector field is considered and it is shown (both by considering the interac- 
tion of pairs of baryons and by using the stress tensor of the field) how in this case the equa- 
tion p=€~ n’? is realized and how the transition to the equation 3p = € occurs as the mass 


of the field quanta goes to zero. 


1. INTRODUCTION 


In connection with the problem of the last stage of 
the evolution of heavy stars—gravitational collapse 
—there is now intensified discussion of the ques- 
tion of the eee of state of matter at ultrahigh 
densities.''~4 Attempts are being made to perfect 
the idea of a neutron condensation, which was first 
put forward by Landau,"*! on one hand by taking 
into account the various elementary particles, and 
on the other by taking into account the nuclear in- 
teraction between nucleons (and other baryons). 
Here use is sometimes made of the approximation 
of a rigid repulsion of nucleons, which leads to an 
infinite pressure at a finite density. It is obvious 
that near such a state the speed of sound D would 
exceed the speed of light, D >c. The rigid repul- 
sion is in obvious contradiction with the theory of 
relativity, and its use in discussing the asymptotic 
behavior of the equation of state makes no sense, 
even in case the rigid-repulsion model does give 
satisfactory numerical agreement for the usual 
range of nuclear densities. What are the actual 
limitations imposed by relativity on the law of re- 
pulsion and on the asymptotic behavior of the equa- 
tion of state? 

It is generally assumed [6] that already from the 
special theory of relativity there follows the in- 
equality 3p = €, where p is the pressure and € 
the energy density, and € includes the rest masses 
of the particles. The grounds advanced for this are 
that for the electromagnetic field 3p = € and for 
free noninteracting particles with non-vanishing 
rest masses 3p < €. We shall construct below an 
example of a relativistically invariant theory in 


which 3p > € is possible and in the limit p = €. 
An example of this kind is a classical vector field 
with a mass, interacting with stationary classical 
point charges. 

In Sec. 2 the field equations are formulated and 
the interaction energy of the charges is found as a 
function of the density of the charges and of the 
pressure; then in the limit of large density p ~ € 
(Sec. 3). The same result is obtained in a more 
formal way by considering the stress tensor Tj, 
of the vector field (Sec. 4). 

If the energy density € has a power-law depend- 
ence on the charge density n (the density of the 
particles that are sources of the field), € = an’, 
then the energy and pressure of one particle are 


sp=yAn ia, p = —de,/d(1/n) = (v— 1) an’ = (v—l)e. 


Thus the asymptotic behavior 3p = € corresponds 
to v= ie whereas our asymptotic behavior p = € 
corresponds to v= 2, p=€= an’, 

Finally, the speed of sound is given by the for- 
mula (cf. 14) 


D? = c*dp/oe, 


so that for 3p = € we have D = 3712, whereas 
our asymptotic behavior gives in the limit D =c; 
from this it can be seen that the equation of state 
obtained from the model of the vector field is the 
most rigid one possible. A higher ratio p/e>1 
and a higher power v > 2 are impossible in prin- 
ciple, since a relativistic theory cannot give D>c. 
When the quantity that plays the role of the mass 
of the quanta of the vector field goes to zero one 
gets the well known result which holds for the 
electromagnetic field, 3p = € (Sec. 5). 
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The main purpose of the present work is to 
bring out the possibility in principle of a violation 
of the previously proposed relation 3p = €. 

The choice of the vector field with a mass has 
been influenced by a paper by Kobzarev and 
Okun’, /#] which develops the theory of the interac- 
tion of baryons through a field of heavy neutral 
vector mesons (vectons). If this theory is con- 
firmed, then at ultrahigh densities (exceeding by a 
large factor the density of nucleons in nuclei) the 
pressure will be mainly due to the repulsion of 
the baryons (p = an?) and not to their Fermi en- 
ergy (pr = Bn!/*) (Sec. 6). The question of which 
baryons, and how many kinds of baryons, are to 
be regarded as elementary particles [9] will then 
have no effect on the asymptotic behavior of the 
equation of state. 


2. THE FIELD EQUATIONS 


Let us take the Lagrangian density in the form 


ply big 
16% 


C= fp ee WAL, Sy aj Laee, (211) 


OA; / Ox, = 0, Fiz = OAz/ 0x; —OA;/ OXx. (2.2) 
We everywhere set c = 1; the metric used is 
Af = A? + Aj, Ay =iAy = ig. In the quantum theory 
the mass m of the field quanta is expressed in 
terms of the constant yw: m = pf. 

We must add to Sf the terms corresponding to 
the motion of the charges and their interaction 
with the field: 


Sip =— MS ds, Si= gi Ax dx, (2.3) 


where M is the mass of the charges (baryons) and 
g is their charge. 
Varying A, we get the field equations 


OF tk 
. = mB — 2 ° 4 
Ox R ys Ox ke ( ) 


2 A; oe Anji, 


and varying the trajectories of the particles we 
get the equations of motion of the particles. These 
latter do not differ from the equations of motion of 
particles of charge g in an electromagnetic field 
Fix. 

For a point charge at rest at the origin j, is 


Tastee LO (x), j —0 
and Eq. (2.4) has the solution 
p =ge'/ Tr, A.=0. (2.5) 
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3. THE INTERACTION OF THE CHARGES AND 
THE EQUATION OF STATE 


Two charges at rest repel each other with the 
force 


d 
| fio | = —g? ree cea Ty). (3.1) 
The interaction energy of the two charges is 
EPr, (72) = BP er" /Typ. (3.2) 


Here the action of its own potential on a given 
charge is obviously included in the mass M of the 
charge. 

In classical theory with quadratic L and linear 
equations there is no limitation on the application 
of the principle of superposition. Let us consider 
a system composed of a large number of charges. 
Its total energy is 

e es 
E= YM, + 2am) Bae wet, 
If the average density of charges is n and we as- 
sume that n7! < u-!, we find as the energy of one 
charge 


Fy = M +E leer 


(3.3) 


du 


do 27g? 1 
r 


* (3.4) 


ype 


From this we find the energy density 


e = nE, = Mn + 2ng?n?/p* (3.5) 


and the pressure 


p =— 0E,/d (1/n) = 2ng?n2/p?. (3.6) 


It can be seen from Eqs. (5) and (6) that in the 
limit of large n we indeed have p— €. 

The pressure could also have been found from 
the virial theorem 


3pV =S\ rs fs= >} rs fst =+ >) Usebse 


s+t sot 


g = 3 
Fie fst Sion ay Glerte Broiler 
s#t 


=nv &*\ 


emus 


(3.7) 


(1 + pr) do = 6ng?n?V/p?; 


Je 


the result naturally agrees with Eq. (3.6). 

The increase of E; with the density n and the 
law p ~ n? are due not to the decrease of the dis- 
tance to the nearest neighbor, but to the increase 
of the number of neighbors at a given constant 
distance ~1/y, which plays the most important 
part in the integrals (3.4) and (3.7). 

Let us assume that the mass of the vector 
meson is much smaller than that of the baryon, 
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_ and that the coupling constant is in a definite range 


of values: 
m<M, ic(m/M)?< g?< hc(M/m). (3.8) 


Then it is easy to verify that the state in which we 


are interested, with 3p > €, is attained at a density 


at which both the characteristic length 1/y and the 
distance to the nearest neighbor n-'3 are larger 
than the classical baryon radius g?/Mc? and larger 
than the baryon Compton wavelength f/Mc.* 

Consequently the conclusion that states with 
3p > € are possible is not due to the extrapolation 
of the theory to a region in which there are doubts 
as to its applicability (concerning the potential in 
the region in which we are interested see the end 
of Section 6). The interaction law (3.1), (3.2), 
which has led to the equation of state (3.5), (3.6), 
was not chosen arbitrarily, but comes from the 
relativistically invariant field theory with the 
Lagrangian (2.1). 

We remind the reader that the purpose of this 
paper is to settle the question of the logical pos- 
sibility of the inequality 3p > € in a relativistic 
theory; the question of the actual existence of the 
neutral vector field remains open. 


4. THE STRESS TENSOR 


The stress tensor, whose diagonal components 
Meee Ty Ty 177 =p. ,,p. 108), 
is obtained from L by the formula 


dA, OL 
ee ay AO Ay Ox, \i 


£ 


(4.1) 


As in the case of the electromagnetic field, to 
symmetrize this tensor we subtract from it the 


quantity 
40 
iat Ox; 


(A; Fi). 


According to the field equations (3.4), in the ab- 
sence of charges (cf. [6] p. 103) 

OF py 
Oy, 


OA; 
at page ae w?A; Ap. (4.2) 


tg} dA, 
ae (Ap Fre) =F x ai, 


vey) 


From this we finally get the following expressions: 


e =—T,, = [E2 + Kh? + p? (A? + @°)/80]/80, (4.3) 


3p a ae as T yy — Lf = (E Pr H?)/85t ie ye (39? wy A?)/80. 


(4.4) 


For a system of stationary charges distributed 
with uniform density n the field equations give 


— Ag ='— pp + 4agn, (4.5) 


+The inequalities (3.8) at the same time assure the valid- 
ity of the condition 1/p > n” 4, which is necessary for the 
replacement of the sum (3.3) by the integral (3.4). 
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from which we have for a system of large dimen- 
sions (| Ag| « po) 


p = 4ngn/p?, € = 27g*n?/u*, 3p = 6ng?n?/p?. (4.6) 


Adding to the field energy density the energy 
density coming from the rest mass of the charges, 
€> = Mn (the charges do not contribute to the 
pressure), we get again the expressions (3.5) and 
(3.6) and the result 


3p > & 


In (4.5) the system of point charges with the 
density 2g6(r — rj) has been replaced by a con- 
tinuous and uniform charge density. We have thus 
lost the singularities y ~ (r — rj)7', |E| 
~ (rv — rj)~? near-the individual charges. These 
singularities should indeed not be taken into ac- 
count, since the corresponding energy density has 
been included in the experimental rest mass of 
the particles (charges), and the contribution to the 
pressure is compensated by internal forces, which 
in classical theory secure the existence of ele- 
mentary charges. 

Let us consider the field in a region free from 
charges. From (4.3) and (4.4) we find 


¢ — 3p =p? (A? — @’)/4n. 


pe, for n> wW?M/4n¢?,9>M. 


(4.7) 


We try to find the potentials in the form of a com- 
bination of plane waves 


APO) Re Corn a On x, eae ep 
From the field equations we get the relation 
Oo =k + iy (4.9) 


and from the supplementary condition (2.2) the re- 
lation 


OnQr = ak, (4.10) 


from which it follows that | ~,| <|a,|, and con- 
sequently, according to Eq. (4.7), € > 3p for such 
a field. 

Thus the free vector field with a mass actually 
gives € > 3p, in accordance with the picture of 
heavy field quanta with spin 1, nonvanishing rest 
mass, and speed of motion less than c. But the 
relation € > 3p can be violated for a field of 
charges. What is the cause of this difference? 

It must be remembered that the Lagrangian of 
the vector field involves not three (the number 
2s +1 of components of the spin s = 1), but four 
components of the potential, so that the content of 
the theory is not exhausted by the concept of heavy 
particles with spin 1. The fourth component just 
describes the static repulsion. Electrodynamics 
also is not exhaustively described by the trans- 
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verse field quanta, but has also the longitudinal 
Coulomb field. In this connection we may remark 
that the present theory of the weak interaction can 
be formulated as the interaction of the fermion 
current with a vector meson field. Furthermore, 
the theory includes 0—0 transitions in B decay, 
which could not be understood from the point of 
view of the emission by the nucleus of a meson 
with spin 1 and subsequent decay of this meson 
into e and v. Here also the fourth component of 
the vector meson field comes into action.“ In 
electrodynamics €— 3p for €— ©, both for the 
free quanta and for the Coulomb interaction. In 
the theory we are now considering, with the term 
yA? in L for the free quanta, we naturally have 
€ > 3p, but for the analog of the Coulomb interac- 
tion € < 3p; we only have to remember that we 
cannot confine ourselves to the consideration of 
the free vector-field quanta alone. 


5. THE TRANSITION TO ELECTRODYNAMICS 


The transition to the case p = 0, i. e., to ordi- 
nary electrodynamics, is not entirely trivial, since 
the expressions for € and p, Eqs. (3.4)—(3.6) 
have the quantity yw? in the denominator. The solu- 
tion of the paradox is that these formulas are valid 
only for » > 1/R, where R is the dimensions of 
the system, and that the equations change their 
form before yp reaches zero. 

The physical peculiarity of the system in ques- 
tion is that the system is not neutral; there is a 
charge density, which is everywhere of the same 
sign. With the Coulomb interaction (yu = 0) the 
energy of such a system cannot be written as 
Ve(n). In an infinite system with a finite charge 
density the energy density diverges in the Coulomb 
case. Let us consider a finite system of charges. 
In such a system we must prescribe a pressure to 
retain the charges. According to the virial theo- 
rem we get [ the notation is as in Eq. (3.7) ] 


a 


3 \ pdo = SpV = Yin. f= +S re fa. (5.1) 
But for the Coulomb potential 
tig = e7/ Ts = Us, (5.2) 
so that 
3\ pdV = 3pV=Es= enV, | Sp= es, (5.3) 


where the index es denotes the electrostatic part 
of the energy (the energy density). Recalling also 
the contribution to € from the rest masses of the 
charges, we get for the Coulomb field 3p < €, in 
agreement with C6] 
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In the argument that led to Eq. (4.6) we cannot 
let » go to zero, since Eq. (4.5) for the potential 
has the solution (4.6) only so long as | Ag | 
«|p’y |. In order of magnitude, Ag = -o/R’, 
where R is the dimensions of the system. For 
u <1/R, the solution of Eq. (4.5) will be of the 
form 


p~R%gn,  & ~We ~pwRigin’, (5.4) 


where €,, is the contribution to € from the term 
po? [ef. Eq. (4.3) ]; Eg goes to zero as it should 
for » — 0, but only after p»p has become smaller 
than 1/R. On the other hand, for pp <1/R the con- 
tribution to € from E? becomes finite, whereas 
for p >>1/R this quantity was proportional to the 
surface, and not to the volume of the system. The 
term in E? occurs with the same coefficient in € 
and 3p in the forms (4.3) and (4.4), so that again 
for the field (electrodynamical) part € = 3p. 


6. ON THE PRACTICALITY OF THE 
STATIONARY-CHARGE MODEL 


Is the model we have considered, for which we 
can have € < 3p, a mechanically possible model, 
a stable one? What could be expected under the 
actual conditions of an ultradense gas, with quan- 
tum phenomena taken into account ? 

According to Eq. (3.6) the pressure is propor- 
tional to n*, and consequently ap/én > 0. This 
sign assures the stability of the system against 
macroscopic fluctuations of the density n fora 
prescribed n in the volume. On the microscopic 
scale, according to the field equations (2.4), at the 
point where the i-th particle is located the poten- 
tial gj) produced by all the other particles satis- 
fies the equation 


AQ.) a Wu (6.1) 


and since gj) > 0 and grad gj) = 0 by consider- 
ations of symmetry, gy j) has a minimum, which 

corresponds to stable equilibrium of the i-th par- 
ticle, if this particle is at a site of a regular lat- 

tice with all the other sites occupied by the other 
particles. 

As we know from Earnshaw’s theorem, in the 
case of the Coulomb interaction a system of 
charges does not have a stable configuration: the 
charges enclosed in a given volume will concen- 
trate themselves on the walls of the volume. This 
property of the system is changed, however, when 
Coulomb’s law is replaced by the potential e~HT/r. 

According to Kobzarev and Okun’,/®] we may 
take for quantum estimates 
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ein =1, (im =hp = M/2, (652) 


with g assumed the same for all three elementary 
baryons (n, p, A in the scheme of Sakata and 
Okun’ ). Then the value of the density at which 
3p = € is reached is 


ne =w?M/4ng? = M%c3/16nh', (6.3) 


which corresponds to the nearest-neighbor dis - 
tance 


Toik) = Ah/Mc = 2/p = 0,8 fermi (6.4) 


The value of ng is twenty times the nuclear den- 
sity that corresponds to the known expression 
R =1.2A!/ ¢ for the radius of a heavy nucleus. At 
n * ng, however, we can still not expect that the 
formulas will apply, because the density is not 
large enough for us to regard the nucleons as 
“‘crushed’”’ and quit giving separate consideration 
to other baryons and 7 and K mesons. 

The law 


e =—2aN + aN?, p = aN*, 


N =n/n, a =+n,Mc? = M*c*/100h° (6.4) 
at best applies for N > 10, i-e., just in the region 
which, in Salpeter’s opinion, 4] is impossible be- 
cause of the ‘‘incompressibility’’ of the hard cores 
of the nucleons. 

Let us estimate the quantum corrections. On 
the assumption of three types of independent par- 
ticles (cf. '%!) the energy of the free Fermi gas 
can be approximated by the expression 


NS, 


which replaces the term 2aN in the expression 
(6.4). The effect of the interaction on the quantum 
kinetic energy of ultradense matter can be esti- 
mated by considering the zero-point energy of the 
Debye spectrum of the matter with the speed of 
sound equal to c, the density e/c*, and 3n inde- 
pendent vibrations per unit volume. We get 


eg= 1.0 fen’? ~ 0.9 aN. 


e = 20N V1 + 0.2N%—>0.9aN™, (6.5) 


(6.6) 


Although in the region in which we are inter- 
ested, the potential gy exceeds the rest mass of 
the particles (charges), we may suppose that as 
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usual the vacuum polarization depends on the 
fields (E, H), and not on the potentials, since the 
equations for motion of particles and pair produc- 
tion are not changed by the addition of the term 
pA? to L. In the system considered the fields do 
not increase with increase of n. Finally, the quan- 
tum motion of the baryons, even with speeds ~c, 
does not change the charge density they produce, 
which is involved in the equation for gy. Thus on 
the assumptions of Kobzarev and Okun’ about the 
role of the vector meson field as the basis of the 
strong interaction we can evidently expect that the 
asymptotic behavior of the equation of state will be 
p=€nn. 

The present work was discussed in April 1961 
at the School of Physics in Nor-Amberd, organized 
by the Institute of Physics of the Academy of 
Sciences of the Armenian S.S.R. I take occasion 
to express my gratitude to the participants in the 
discussion, and particularly to G. S. Saakyan, for 
helpful comments. 
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It is assumed that the main contribution to the amplitude of a direct nuclear process comes 
from Feynman diagrams whose singularities are closest to the physical region of the vari- 
ables. Using energy dispersion relations, a singular integral equation is derived which 
takes account of interaction in the initial and final states. This equation admits of a simple 
iteration procedure, the first iteration yielding the distorted wave method. It is found that, 
apart from pole diagrams corresponding to the Butler mechanism and also to exchange 
stripping and heavy pick-up reactions, more complex diagrams can also give a significant 
contribution to the direct process mechanism. This result is illustrated by the reactions 
Be? (d, n) B’®, Be® (a, t) B’", and C® (d, p) C!8. The mechanism of some reactions of the 
(x, yz) type, and in particular, of reactions in which clusters are knocked out, is consid- 


ered from the same viewpoint. 
1. INTRODUCTION 


1. Formulation of the problem. A large amount 
of experimental data indicates that the direct 
reactions of the type 


(1a) 
(1b) 


are well described by Feynman diagrams with a 
small number of internal lines. The simplest 
pole diagram for deuteron stripping has been 
considered by Amado,!1] and corresponds to the 
Butler theory of stripping. The present paper 
is devoted to a further application of disper- 
sion relations to the theory of direct processes. 
We shall mainly be concerned with processes 
of the type (la). In this section we explain the 
notation and formulate the basic theorems of 
our work. 

2. Kinematical relations. Reaction (la) is 
characterized by two independent kinematic va- 
riables. These can be chosen as any two of the 
following three quantities: a) the kinetic energy 
E, of the colliding particles, b) the square of 
the momentum transfer, 


A+x—>B-+y, 
A+x 


> B-Piy se 2 


q’ = (Pp, —P,), (2) 


where px and py are the momenta of the par- 
ticles x and y, and c) the square of the sum 
of the momenta of particles x and y, 


p? = (p, + p,)?. | (3) 


In the center-of-mass system of the colliding 
particles, which will be used throughout the fol- 
lowing considerations, these three variables are 
connected through the simple relation 


q? + p? =4 (Mx as MyB) E tS Amyp Q. (4) 


Here mya and myp are the reduced masses of 
particles x and y, and Q is the energy released 
in the reaction, or its threshold: 


Q =m, +m —mg—m, (5) 


(we assume throughout h = c =1). 

The variables ge and E will be chosen most 
frequently as independent variables. However, in 
certain cases (exchange stripping, heavy pick-up) 
it is convenient to use p’ instead of ?. 


3. Unitarity and analyticity. The unitarity 


condition 


SS. oul (6) 
for the S matrix written in the form 
S =1+ i (2n)7; (7) 
P= BEA Fie Ni BieBs, (8) 
leads to the well known formula 
Ay = LST Ti. (9) 


The summation (integration) in (9) goes over all 
intermediate states n for which the transitions 
i—n, n— f are allowed by the conservation laws. 
The matrices T and .4 are of the form 
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Tr (q?, E) = Mu (q?, E) 52,2, 64 (l are my), (10) 
Ari (q?, E) ad Art (q?, iB) 8,2, 64 (J a m). (11) 


The arguments of the 6 functions in (10) and 
(11) are the momenta and energies of the states 
k and Ll; the index A denotes the set of discrete 
quantum numbers. The quantity A,j7 is the ab- 
sorptive part of the amplitude M,jz. The basic 
postulate of the theory of dispersion relations is 
the assumption that the amplitudes M,] (f, E) 
are analytic functions of their arguments. The 
amplitude M,;7 (q’, E) has singular points (poles 
or branch points) and is, therefore, in general a 
function defined on several sheets. In the theory 
of dispersion relations one is concerned with 
only one of these sheets, called the physical 
sheet. M,7 (z) satisfies the relation 


Mu (Z) = Mi (2), (12) 


where 
Ze Op ek: 


| 2, THE REACTION A+x—Bty 


1. Pole diagrams. The part of the sum (9) 
which corresponds to transitions f—n in which 
one particle b of those emitted in the transition 
i — n is absorbed, can be written in the form 


Ai; = 20m,6 (P} — 2mpEp) >» MiM3;- (13) 
Sh 
The summation in (13) goes over the spin vari- 
able sp of particle b; mp, Pp; and Ep are the 
mass, momertum, and energy of the intermediate 
particle b. Using (13), it is easy to show that 
the amplitude Mj, has a pole at 


pi, = 2m,E, 
and is near this pole of the form 
35,MjyM pp 


p?; — 2m,E, — in 


Mi = 2mp n> +0. (14) 


The pole amplitude (14) is described by a 
Feynman diagram with a single internal line. 
Figure 1a shows Amado’s diagram correspond- 
ing to the Butler theory of stripping. For ex- 
ample, in the reaction (d, p) we have b =n, 
in the reaction (He’, p), b=d, etc. The dia- 
gram of Fig. 1b corresponds to a pick-up 
process. For the reaction (p, d) we have b =n, 
for the reaction (n, a), b= He’, etc. 

Figure 1c shows a diagram corresponding to 
exchange stripping and heavy pick-up. For €x- 
ample, in the reaction B!!(d, n)C” we have 
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FIG. 1. a—pole diagram for the stripping reaction, 
b—pole diagram for the pick-up reaction, c— pole diagram 
for the exchange stripping and heavy pick-up reaction, 

d — quasi-compound process. 


b=B!. The diagram of Fig. 1d is reminiscent 
of the formation and decay of a compound nu- 
cleus, but the actual situation is somewhat more 
complicated. The point is that the compound 
nucleus is related to complex poles situated on 
the nonphysical sheet. The Feynman diagrams 
corresponding to the compound nucleus on the 
physical sheet are complicated and their singu- 
lar points are branch points, not poles. We 
emphasize in this connection that the poles of 
the diagrams of Fig. 1 a to d lie on the real 
axis and correspond to such states of the nuclei 
b which can not decay under emission of nuclear 
particles (8 decay or radiative transitions are 
not excluded). In this sense the diagram of 
Fig. 1d corresponds to a direct reaction which 
may be called a quasi-compound process. The 
diagrams of Fig. 1 a to d describe all possible 
pole terms in the amplitudes of direct reactions 
of the type (la). From formula (14), which 
corresponds to these diagrams, one can imme- 
diately derive a number of important features 
of direct processes of the type (1). 

For the ordinary stripping reaction (Fig. la) 
we have according to the energy and momentum 
conservation laws 


p2 — 2mpE» = q? + 2my [Py pean fi(Larh ieee 
+ (By — Bra) El: (15) 
Here 
et == Mg | My — My (16) 


is the binding energy of particles 6 and y in the 
nucleus a, and 


pan dy | thy. (17) 


If Mag © Mg; formula (15) goes over into the 
simple relation 


p2— 2mpE» = gq? + 2mpe%, « (18) 
It is seen from (15) and (18) that the amplitude 
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for the stripping reaction has a pole in the variable 
q’ for nonphysical values of this variable ( q? <0). 
It follows that the amplitude assumes its largest 
value at the smallest physically admissible value 
of q’. This occurs when the particles y are 
emitted in the same direction as that of the in- 
coming particles x. 

In the pick-up reaction (Fig. 1b) the pole also 
lies in the region of nonphysical values of q: 


g=— 2m, [B® Ss sh aces Up) em (Hy 4 a Hyp) E}. (19) 


The best approximation to the pole is given by the 
smallest physically possible values of q?. The 
angular distribution must have a maximum in the 
forward direction. 

In exchange stripping and heavy pick-up reac- 
tions (Fig. 1c), the pole occurs at nonphysical 
values of the variable p*: 

p* = — 2mp [(1 —Ppy) Ex + Payfye + (ya, — May) I. 
(20) 
ae, »Mp >My, My, then LBy < sgl ira toc 
an 


p? = — 2m,(E + 2%). (21) 


It follows from (20) and (21) that exchange 
stripping and heavy pick-up should be most im- 
portant in exothermal reactions, where E can 
be small. It is also clear that the angular dis- 
tribution should have a backward minimum. 

In the quasi-compound process (Fig. 1d) the 
pole occurs at negative values of the energy E: 


ee 
ee 8° 


(22) 
It follows that the angular distribution will be iso- 
tropic for the quasi-compound process. For this 
reason it is difficult to separate the contribution 
of the quasi-compound process from that of re- 
actions which go through the compound nucleus 
stage. 

The assertions made above on the angular dis- 
tributions would be exact if the amplitudes 
Mig (q?, E) had no other singular points besides 
the pole corresponding to the particle b [in this 
case the numerator of formula (14), as the resi- 
due of an analytic function, is a constant]. If 
there are other singular points, we can still write 
the amplitude in the form (14), but the numera- 
tor will not be a constant any more. It will bea 
slowly varying function of the variables q’ and 
E if the other singularities are much farther re- 
moved from the boundary of the physical region 
than the pole under consideration. In the oppo- 
site case the variation of the numerator of (14) 
with q? and E in the physical region can be just 
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as or even more important than the variation of 
the denominator. 

It should be emphasized here that we must 
consider not only the singular points on the 
physical sheet but also those on the other sheets 
(for example, if we are near a pole correspond- 
ing to a compound nucleus level, the amplitude 
of the reaction will be a sensitive function of E 
although the singular points on the physical sheet 
may lie far away from the considered region of 
values of E). Since the nucleus has a radius R, 
the point |q’?| = 1/R® is of special physical sig- 
nificance. In terms of the theory of dispersion 
relations, this means that the reaction amplitude 
has a singularity in this region of values of the 
variable qf. On the other hand, it is very diffi- 
cult to tell immediately which Feynman diagram 
corresponds to this singularity. This can be done 
only in the case of the deuteron. The dimensions 
of heavier nuclei are, apparently, determined by 
singularities in the variable of which lie on the 
nonphysical sheet.* We emphasize that this last 
assertion is to be regarded as a hypothesis. It 
is important mainly for the derivation of dis- 
persion relations in q’ on the basis of the dia- 
grams considered in part 3 of this section. In 
dealing with pole diagrams it is sufficient to have 
in mind, first, that the singularity which deter- 
mines the dimensions of the nucleus is not a pole 
on the physical sheet and, second, that the nu- 
merator of (14) must be regarded as a function 
of qR. This corresponds to the Butler theory, 
which is therefore described by the pole diagrams 
of Figs. la and 1b. 

Formula (14) can be rewritten appropriately 
by introducing the vertex parts I representing 
averages over the spin variable s}. Thus we 
write for the diagram of Fig. la, for example, 


MioMb; = xmis"Toy (GRx Sx) Sy) TB’ (GRa, Sa, $a). (28) 
The upper indices of I denote the variables of 
the particles coming into the vertex and the lower 
indices correspond to the particles coming out of 
the vertex. Ry and Rp are the effective radii of 
the vertices, and Sq, Sp, Sy, and Sy are the spin 
variables of the particles A, B, x, and y. 


*It was noted by V. N. Gribov that the singularity corres- 
ponding to the radius of the nucleus may be due to the finite 
range of the nucleon-nucleon forces. It is, therefore, possible 
that this singularity corresponds to complicated Feynman 
diagrams with internal 7-meson lines. The main motivation 
for this point of view comes from the fact that, contrary to the 
deuteron case, the nuclear three body problem has no solution 
inthe approximation of 5-function forces between the nu- 
cleons. 
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With the new notation, formula (14) for the di- 


agram of Fig. la takes the form 
Mi = 2a B’ To yl(G + %), (24) 


where the quantity KS is defined by formula (15). 
The differential cross section has the form 


ca.” (Sg +1) (25, +1) p, (TB? (Fi,P 
er er tyes. + 1) (Ewe (25) 
Here* 
(Mos)? = (Te)? = S} Tin), (26) 


Sa+Sg 
and dQy is the element of solid angle in the mo- 
mentum space of particle y. 

The values of the quantities | re ty 2 at the 
pole (i.e., for ¢ = —K}) are called the reduced 
vertex parts and are denoted by 6B: 

Tag = [ (Pee)? fate. 
The reduced vertex part Yap in deuteron stripping 
or pick-up reactions (b =p, n) is given in terms 
of the reduced width of the reaction and the re- 
duced vertex part yan represents the normaliza- 
tion factor of the internal deuteron wave function. 

Through the introduction of the reduced vertex 
parts we have achieved a uniform parametriza- 
tion of the theory of direct processes. What is 
important here is that the cross sections of the 
various processes can involve the same reduced 
vertex parts (for example, the cross sections for 
the reactions A(d, n)B and A(a, t)B contain 
the same reduced vertex part vB ). It is there- 
fore possible to establish a quantitative connec- 
tion between different types of direct nuclear re- 
actions. It should be emphasized, however, that 
it is not easy to carry through such a program, 
since the pole type mechanism of direct proc- 
esses is not the only and not even always the 
most important mechanism (see part 3 of this 
section). In cases where the pole diagram gives 
the dominating contribution to the reaction am- 
plitude, the reduced vertex parts can be deter- 
mined from the experimental data by extrapo- 
lating formula (25 ).f 


(27) 


* By definition 
B> 
To, CaS Wee 


tTo carry out the extrapolation, we must first ‘ ‘weaken’’ 
the dependence of the vertex parts on qR. Experience indi- 
cates then that one should divide do/dQy by [ji,(qRs) 
x j1,(aRx)l’. The order of the spherical Bessel functions ls 
and 1, and the radii Rg and R, are chosen such that the 
angular distribution is ‘‘smoothed out.”’ The extrapolation in- 
to the nonphysical region can then be carried out immediately 
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In formula (25) we have summed over the 
spin variables of the emitted particles y. It is, 
however, easy to convince oneself that the pola- 
rization of the particles y vanishes in the pole 
approximation if the beam of particles x and the 
target nucleus A are unpolarized and the pola- 
rization of the residual nuclei B is not fixed in 
the experiment. This result has a simple physi- 
cal interpretation. It is seen from (25) that the 
whole process can be regarded as consisting of 
two independent processes characterized by the 
two vertices. One of these vertices represents 
the decay of an unpolarized particle. There will 
thus be a correlation between the polarizations 
of the particles into which the decay takes place, 
and the summation over the spin variable of one 
of these particles (b) causes the vanishing of 
the polarization of the other particle (y or B). 

We note further that the effect of the inter- 
ference between different pole diagrams should 
be small as a rule, since the poles correspond- 
ing to interfering diagrams lie in different re- 
gions of the variables (an exception is the inter- 
ference between the diagrams of Figs. 1c and 1d). 

2. Interaction in the initial and final states. 
The interaction in the initial and final states is 
described by terms in the unitarity condition 
which correspond to the transitions 


imn=A+x-A4 2%, 
imn=A+x—B'+4+y’, 


n>f=A'+ x’ > B+ Y; 
n—>f= B+ y'—>B+y. 


The diagrams corresponding to these transitions 
are shown in Figs. 2a and b. In the first case the 
particle x is scattered by the nucleus A, after 
which the nuclear reaction takes place. In the 
second case (Fig. 2b) the first transition is the 
nuclear reaction, while the last transition is a 
scattering of particle y by nucleus B. In both 
cases the intermediate states contain two vir- 
tual particles. Integration over momenta and 
energy of the intermediate particles leads to 

the formula 


P, * Py ( ; 
Axy Ge \ ferxM ety AQ» + Fi \ Myxfu'y dQy, 


where Axy = Aif; Mxy = Mif; fy x and fy’y are 
the scattering amplitudes 


(28) 


with the help of (25). The guiding consideration in choosing 
Ry and R, is the circumstance that these quantities must 
be close to the radii of the nuclei B and x. The numbers Jp 
and 1, can be interpreted as the orbital angular momenta of 
the particle b in the nuclei B and x. We emphasize that 
this interpretation is essential for finding the angular momen 
ta and parities of the states of the nucleus B, but for the 
extrapolation procedure itself this identification only serves 
as a guiding principle in choosing the smoothing factor. 
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FIG. 2. General diagrams taking account of the inter- 
action in the initial (2a) and final (2b) states, c—inclusion 
of the initial and final state interactions for the simplest 
(pole type) reaction mechanism. 


m 
xA 
lex —S on M xx, 


Pi Vlttak, ac Pe V Qiigs (Be +)-Q); 


dQ, and dQ, are elements of solid angle in the 
momentum space of the intermediate particles x’ 
and y’. The integration sign in (28) also implies 
summation over the spins of the intermediate 
particles. 

If the inelastic process A+B2B+y gives a 
small contribution to the scattering amplitudes 
fx’x and fy’y, so that the latter can be regarded 
as independent quantities, the following relation 
holds: 


(29) 
(30) 


\fixMandQy =\ far Myx dQy. 


[Under these assumptions this equation is a con- 
sequence of the fact that one can interchange the 
positions of the matrices T and T* in formula 
(9)}. 

In order to construct the entire amplitude from 
the absorptive part of (28), we must know the 
position of the branch points of the amplitude 
Mxy( E) in the variable E. We shall assume that 
these branch points are determined by the sim- 
plest Feynman diagrams shown in Fig. 2c. The 
first diagram gives the branch point E =0, the 
second, E = —Q, and the third gives two branch 
points, E=0,and E = -—Q. It follows that for 
Q <0 the amplitude is analytic in the complex 
E plane with a cut along the real axis from 0 to ~. 
If Q >0, the cut will start at the point E = -Q. 
Taking this into account, we have the following 
dispersion relation in the variable E: 


(28a) 


{ co 

Myy (E) = MBy(E) + = \ 

E, 

Here Mxy (E) is the sum of the two pole terms 
and 


Ayy (E’) 


Boe oe 


(31) 


Byesed) oe BE e (32) 


Q, Q>0° 
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Formula (31) represents an integral equation 
for Mxy(E) whose kernel is given in terms of 
the scattering amplitudes fy’x and fy’y. The 
latter can be taken from experiment or calculated 
on the basis of the optical model. Equations of 
the type (31) have been considered by Omnes [2] 
who indicated methods for an exact solution. In 
order to establish the connection between Eq. (31) 
and the distorted wave method (DWM) usually 
employed in the theory of direct reactions, we 
must consider the iterations of this equation. The 
zeroth iteration, 


My SIM, (33) 
gives the Butler theory. The first iteration leads 
to terms which correspond to the distorted wave 
method: 


1¢e¢ dE’ dQ,, : : : 
MY) = MY, + ia \ \ ee eee ) Mey (EE ae) 
Ey 


p, (E') fy Mey (E’). ar 


In deriving (34) we have made use of the reality 
of the pole term Mxy in (28a). The reaction 
amplitude in the approximation of the DWM can 
be written in the form 
Mxy (DWM) =\"hu (P,, P,) Mv’ (PL, P,) ¥,,, P,) FP, PP, 

(35) 
where ?x and }y are the wave functions of the 
particles x and y. 

The identity of (34) with the corresponding 
terms of (35) is easily established by using 
4. Colbie PemPs) 


~, =5 (P, —P,) toa p2—pi—in ' 
Jo. wil oltPaa,) 
AS ODE OO Ith a er oie 


p2— pi + in 
Besides the terms contained in (34), the ampli- 
tude (35) also has a term in which the product of 
the scattering amplitudes f,,, and f,-, enters. 
This term is obtained from (31) in the second 
iteration. However, in this order still more terms 
appear which contain products of like amplitudes, 
fxx’fx’x” and fyy”fy”y, and correspond, there- 
fore, to ‘‘double scattering’’ of the particles x 
and y by the nuclei A and B. Since these terms 
do not appear in (35), it follows from our analy- 
sis that the account of the product fxy/fyry in the 
DWM is in excess of the accuracy of the approxi- 
mation. Reliable information on the accuracy of 
the DWM can be obtained by comparing the nu- 
merical solution of (31) with the amplitude (35). 
Let us restrict ourselves to the case where the 
iteration procedure converges rapidly (this con- 
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dition is probably too stringent). This means that 
k| f\(4e <1, (37) 


where k and f are certain effective values of the 
wave number and the scattering amplitude giving 
the most important contribution to the integrals 
in (31) and (34). Expressing |f| in terms of the 
scattering cross section 0g, we obtain the in- 
equality 

BV 6,/4n? <1. (38) 
For an estimate we set, in the case of neutrons, 
Og = TR, and find from (38) 


RR/4n”? <1, 


which is equivalent to the long wavelength approxi- 
mation. 

We can tell by looking at (31) and (28) under 
what conditions the initial and final state interac- 
tions do not appreciably distort the angular dis- 
tribution of the emitted particles. This will be 
the case when the scattering amplitudes fy, and 
fy'y are nearly 6 functions in the scattering 
angles, i.e., if the scattering goes mainly into 
small angles. This situation obtains approxi- 
mately in the case of nucleons with energies 
higher than 10 Mev. 

Of the experimentally observed quantities, the 
polarization of the emitted particles is the most 
sensitive to the inclusion of the initial and final 
state interactions. It should be kept in mind, 
however, that the interaction in the initial and 
final states is not the only source of the pola- 
rization in direct processes. A significant con- 
tribution to the polarization of the outgoing par- 
ticles may come from more complicated diagrams, 
which will be considered in part 3 of this section. 

3. Triangular singularities. The pole mecha- 
nism of direct processes considered in the pre- 
ceding discussion can predominate if the ampli- 
tude Mxy (q’) has, besides the poles, no other 
singular points lying close to the physical region 
or in the neighborhood of the poles. This situa- 
tion, however, is realized only seldom, so that 
the direct reaction mechanism can be quite dif- 
ferent from the pole mechanism and in particular, 
from the Butler mechanism. Let us consider here 
some Feynman diagrams which correspond to 
branch points in ge 

We restrict our considerations to diagrams 
with three internal lines. The general type of 
such diagrams is shown in Fig. 3. The direct 
mechanism corresponding to the diagram of Fig. 
3a, for example, consists in the following. The 


(38a) 
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nucleus A emits particle a, which collides with 
particle x. As a result of the reaction 


a+x->y-+ 6b. 


(39) 


the particle b is formed, which is then captured 
by the nucleus c with formation of the final nu- 
cleus B. The three line vertices in this diagram 
are functions of q’R (as in the case of pole dia- 
grams), where q’ are the momenta transferred 
in the vertex. The four line vertex is the ampli- 
tude for the process (39), which also depends in 
general on q?. 

The singularities of the diagram of Fig. 3 
considered below have nothing to do with the de- 
pendence of the vertices on q? and are determined 
only by the masses of the particles A, B, x, y, a, 
b, and c. The branch point closest to the physical 
region corresponding to the diagram of Fig. 3 is 
found by the general rules formulated by Landau? 
and developed in the paper of Okun’ and Rudik £41 
In our case these rules lead to the formula 


1 gD , 
“9 q ta (m, a) [Q ae, HpQ a= (HL, oz Ba) E| (40) 
a mm, (V eA /m,, re } ef, |My)” 
Here 
Q! = Mg My — My — My. (41) 


The analogous formula for the diagrams of the type 
of Fig. 3b is obtained from (40) by making the in- 
terchanges x == A, y=2 B. 

The singularity defined by (40) belongs to the 
class of the so-called ‘‘anomalous thresholds,”’ 
which were first considered by Karplus, Sommer- 
field, and Wichmann [5 J As is known, these sin- 
gularities occur in those cases where the follow- 
ing inequalities are satisfied for the vertices, e.g., 
the vertex A—-a +c: 


(42) 
(42a) 


te 1 
LA et ok oe 
a es Bye fol 2 
Uy RA owas Lie 


This is precisely the situation realized in nuclear 
reactions. The appearance of the branch points 
(40) is connected with the fact that for the values 
q? given by (40) the relation between the energy 
and the momentum of the intermediate particles 
is the same as for free particles. Since, on the 
other hand, the real decay A — a +c is impossi- 
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Singular points of the diagram of Fig. 3a with 
various virtual particles a, b for the 
reaction Be®(d, t) B” 


Seen RENTAL: 
| Bee 
—q?, Mev | 2306 : 62.8 299 her 432 
x a.m.U. 2 ( pole) | 


ble because of the inequality (42), the singular 
point (40) lies always in the region of nonphysical 
( negative ) values of q?. 

Let us now consider some examples of nuclear 
reactions on the basis of the foregoing discussion. 
In the table we have listed the values of —q? for 
the reaction Be®(a, t)B'*, computed according 
to (40) with E = 27.7 Mev. The first number in 
the table is the value of —q? at the pole [ Fig. 1a, 
formula (15), b =p]. The other numbers in the 
table give the branch points of the graph of Fig. 
3a for various virtual particles a, b, and c. All 
data in the table refer to the ground states of the 
nuclei A, B, and c (the singular points corre- 
sponding to excited states of the virtual nucleus 
ce lie in the region of higher values of —q?). 

The table shows that the branch point closest 
to the pole is given by the graph with a =n, b =d, 
and c = Be®, The presence of a branch point so 
close to the pole implies that the mechanism of 
the reaction Be’(a, t) B’® is certainly not of the 
pure Butler type. The graph of Fig. 3a will give 
a contribution to the reaction amplitude which is 
comparable with that of the pole diagram. Indeed, 
the boundary of the physical region lies at q? = 
16.8 Mev x a.m.u.* Thus the ratio of the square 
of the pole amplitude and the interference term 
due to the presence of the diagram of Fig. 3a can 
be of order unity, since the part of the amplitude 
corresponding to this diagram drops off roughly 
like 1/(q?+q?), where qi is the singular point 
determined by (40). 

The situation is similar in the case of the 
deuteron stripping reaction Be? (d, n)B??, Here 
the scattering amplitude has a pole at q? = —13.2 
Mev xX a.m.u. and the branch point corresponding 
to the diagram of Fig. 3a with a =n, b=d, and 
c = Be® lies at q? = —48.4 Mev xX a.m.u. There is 
hence no reason to expect that the Butler mecha- 
nism plays the most important role in the reaction 
Be®(d, n) B!’. In the light of our discussion, the 
results of Vlasov and co-workers §*1 now become 
perfectly understandable. These results are that 
the ratios of the reduced widths of the reactions 


*a.m.u. = atomic mass units 
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leading to the formation of the nucleus B’® in 
various states are different in the reactions 
Be®(d, t) B'® and Be®(d, n) BY. 

In a number of cases the closest branch points 
lie much farther away from the pole than in the 
case of the reactions Be’ (d, t)B” and 
Be®(d, n) B®, For example, in the reaction 
c!2(d, p) c'3 the pole lies at q? =~ —12 Mev x 
a.m.u. and the nearest branch point (diagram of 
Fig. 3a, a=b, b=d, c= Bi) lies at q? = — 200 
Mev x a.m.u. However, even in this case the 
relative importance of the pole diagram and the 
diagram of Fig. 3a can be estimated only if there 
are data on the reduced vertex parts and the 
amplitudes of the reaction (39). Thus the knowl- 
edge of the amplitudes of nuclear reactions with 
light nuclei is of prime importance for the under- 
standing of the direct interaction mechanism in 
complex nuclei. 

An essential factor in the investigation of the 
direct interaction mechanism is the measurement 
of the polarization of the reaction products. Con- 
trary to the situation in the pole type mechanism, 
we have now in the case of the diagram of the type 
of Fig. 3 that the polarization of the particle y is 
determined not only by the interaction in the ini- 
tial and final states, but also by the polarization 
due to the reaction (39). It should be emphasized 
that the angular distribution of the emitted par- 
ticles provides a less sensitive test of the direct 
reaction mechanism. 


3. ON THE REACTIONS A+x —B+y+z 


As in the case of the reactions (la), the sim- 
plest diagrams for the reactions (1b) are the pole 
type ones. These diagrams for the processes 
(x, dx), (m7, 2n), and (K, An) are shown in 
Fig. 4a and b. A number of experimental re- 
sults now available indicate that the pole type 
mechanism predominates, but the contributions 
from other diagrams cannot be excluded just on 
the basis of these data. Thus, for example, it 
was observed in the work of Ozaki and co- 
workers [7] that the neutrons in the reaction 
(m, 2n) are emitted preferably into opposite di- 
rections. This result corresponds to the pole 


K 


I 
8B nA‘) 
FIG. 4. a—pole diagram for the reaction (x, xd), b—pole 
diagram for the reactions (7—,2n) and (K-, A°n). 
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FIG. 5. The simplest non-pole- 
type diagram for the reactions 
(7-, 2n) and (K-, A°n). 
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diagram of Fig. 4b, but cannot be obtained from 
the diagram of Fig. 5, which involves the emis- 
sion of a neutron and a proton in a singlet state 
by the nucleus A. It follows that the interpre- 
tation of the reaction mechanism requires the 
comparison of data on different processes. 

If the pole diagrams are the most important, 
the cross sections for the processes corre- 
sponding to the diagrams of Figs. 4 a, b, and 5 
should agree numerically (if the reduced vertex 
parts vha are the same). It should be noted in 
this connection that the ‘*knocking-out’’ of deu- 
terons from nuclei is not surprising within the 
framework of dispersion theory, since there is 
no reason to believe that the reduced vertex parts 
va are equal to zero. The quantitative descrip- 
tion of this process requires, at least, the knowl- 
edge of the scattering cross section of the par- 
ticles x on a free deuteron in a wide region of 
energies and of the reduced vertex parts Vhs: 
For this it is necessary to compare with data 
on other processes (which are rather sparse at 
the present time ). 

What has been said above about the knocking 
out of deuterons applies equally well to other 
‘knock-out’? processes, i.e., processes of the 
type (x, xy). This provides us with a uniform ap- 
proach to the mechanism of the knocking out of 
different types of complex particles (‘‘clusters’’) 
from the nucleus. We shall not quote here the 
formulas for the cross sections of the processes 
of the type (2) in the pole approximation, since 
they can be found in the well-known paper of 
Chew and Low. #1 

In the case of reactions (2) the inclusion of 
diagrams more complicated than the diagrams of 
Figs. 4 and 5 is beset with a number of difficul- 
ties. This has to do with the fact that to each di- 
agram with five external lines there correspond 
five independent kinematic variables, and the po- 
sition of the singular points in one variable de- 
pends on the values of the other variables. Never- 
theless, the interactions in the initial and final 
states can be included for many processes with 
nonrelativistic energies in exactly the same man- 
ner as was done in Sec. 2. Of particular interest 
is the study of the reactions (7, pn) and (K , 
A%) with the help of this method. The simplest 
diagram for these reactions is shown in Fig. 6. 
The reaction amplitude corresponding to this di- 
agram satisfies the integral equation (31) with 
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fy'y replaced by the amplitude Mnp of the reac- 


‘tion c(n, p)B [using formula (29)]. However, to 


carry out this program we must require more 
complete experimental data than are available at 
the present time. 


4, CONCLUDING REMARKS 


The method discussed in this paper has a num- 
ber of attractive features: it is illustrative, does 
not make use of perturbation theory, and leads to 
formulas that are transparent in their physical 
content and relates amplitudes for various proc- 
esses to one another. This last circumstance 
leads to a definite experimental program for the 
verification of the original assumptions (namely, 
the possibility of a description of the direct proc- 
esses in terms of Feynman diagrams). The 
formalism developed is essentially a phenomeno- 
logical theory of direct processes which is com- 
pletely analogous to the Breit-Wigner theory of 
the compound nucleus. These two theories may 
be called twins in that they are both dealing with 
the singularities on different sheets of one and 
the same analytic function. Like the Breit-Wigner 
theory of the compound nucleus, our method does 
not pretend to a calculation of the reduced widths 
of the nuclear reactions but provides a uniform 
procedure for extracting such levels from the 
experimental data and establishes a quantitative 
relation between nuclear reactions which, at first 
glance, seem to be completely different. 

The author expresses his gratitude to L. D. 
Landau and K. A. Ter-Martirosyan for several 


valuable comments. 
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It is shown that the seemingly apparent smaller size of the neutron, compared with that of the 
free proton, observed in the experiments of Hofstadter on the Be® nucleus can be partially 
explained by the binding of the neutron in the given nucleus. The mean square radius of the 
neutron magnetic-moment distribution thus appears to be larger if the neutron motion is taken 


into account. 


‘i It has been shown in several recent papers that 
the curve for the cross section of scattering of fast 
electrons by a point-like proton does not. agree with 
the experimental data. The situation can be recti- 
fied by assuming that the charge and the magnetic 
moment of the proton are distributed in space. The 
best agreement with experiment is attained in this 
case when these distributions are approximated by 
an exponential or near-exponential model with a 
mean-square radius rp = 0.8 f. To study the struc- 
ture of the neutrons, we used H? and Be® nucleit, 2), 
which contain a weakly-bound neutron. We started 
from the fact that at large momentum transfers 
and at large scattering angles 6, one observes 
only incoherent scattering 3] (the momentum trans- 
ferred k is much greater than the reciprocal of 
the mean distance between nucleons), which can be 
represented as the sum of the cross sections of 
the scattering by individual nucleons of the nu- 
cleus. Under these conditions the main contribu- 
tion to the incoherent spectrum is made by scat- 
tering on the magnetic moment of the nucleon, 
while the scattering on the specific charge of the 
nucleon can be neglected. 

Starting with the foregoing, we used the ‘‘area 
method’? 1:2] to determine the magnetic form fac- 
tor, assuming the nucleons of the nucleus to be 
free and independent. Measurements made on H? 
and Be’ yielded values rp = 0.8 f and 0.53 f for 
the mean-square radius of the distribution of the 
neutron magnetic moment (in the exponential 
model). It was suggested that the apparent reduc- 
tion in the neutron dimensions in measurements 
on the Be’® nucleus is due to the greater role of 
the meson-exchange effects in this nucleus and 
also to the interaction between the emitted neutron 
and the nuclear remnant.'” since the neutron is 
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assumed free in the interpretation of the experi- 
mental data, it is of interest to ascertain whether 
an account of the neutron binding in the Be’ nu- 
cleus leads to an increase in ry. The present ar- 
ticle is devoted to this question. 

2. Since the electric form factor of the neutron 
is Fyn ~ 04) the energy of interaction between the 
electron and the neutron is determined by the in- 
teraction between the magnetic moment of the 
neutron with the magnetic field of the electron; 
therefore 


Hitee —\ MIVAjdr. (1) 


where 


eh 


IME bay ( (2) 


M.= ee ') 1 


fon is a structural function characterizing the dis- 
tribution of the magnetic moment, xy is the ano- 
malous magnetic moment of the neutron, and A is 
the Mgller potential. 4] 

To take into account the motion of the center of 
mass we can use the model of two bodies (core 
+ neutron), the interaction between which we de- 
scribe by a spherical symmetrical potential well 
of depth V, and width Ry = rjA‘’ f. 

The ground state, in accordance with the shell 
theory for light nuclei, is described by known 
spin-angle functions, and the final state can be 
determined with the aid of the Born approximation, 
if the energy of the free neutron is sufficiently 
large. Then, after several mathematical manipu- 
lations, we obtain for the cross section of electro- 
disintegration of a nucleus with mass number A, 
wherein an electron of energy qj is scattered 
within a solid angle d{ and has an energy in the 
interval dqy, the following expression 
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5, (9, q;) ae ds /dQdq, ae i (tn) ¥ (x, To) 7; (3) 


where Op) is the Rosenbluth cross section for the 
scattering of an electron by a point-like free neu- 
tron,'@! and Fon is the form factor of the neutron, 
the Fourier transform of the structural function; 
the remaining quantities, which take into account 


the binding of the neutron, are 
2 


sin?! } 


24; 
Me 


Aa ON. a REM 1, 
(2, 70) = gy a (a? + 0) 02 Roe ( 1 4 


x f (x) \ p (2, ro) dz, (4) 


where 
f (x) =(1 + x? — 2x cos 9) 


Pip {1 a al —x(1 + 2a,sin?-£.) | & 


os bi i,(@) ‘x silica is i, (2) Be 

a, =Gio, w=5 = M, x = qlqi, 

4 =lia@in@r, a=W, —«,), 

p= Vie, 22 =|AG* AR. + haRo], (5) 


M and py are the masses of the neutron and of the 
target nucleus, Ey, and ky are the binding energy 
and the wave vector of the neutron, while jz is a 
spherical Bessel function. 

In the derivation of (3), account must be taken 
of the energy and the momentum conservation 
laws, the use of which yields 
eg Vie, OW =4—G +a (l ee 
where Eq is the kinetic energy of the scattering 
nucleus and W the excitation energy transferred 
to the emitted neutron. 

Integrating (3) with respect to dqf we obtain 


5, (9) = dak (ro, Tn); (7) 


where the value of £, which is equal to 


x 


E (ro, rn) = F(a) 1 (%) 9) dx = Fan (QC (r), (8) 
can be connected with the experimentally-meas- 
ured value of R = 0p/op~~ by the relation 


R =4 (0, QE (To. tn) Fo; (9) 


with A(@, q)—ratio of the Rosenbluth cross sec- 
tions for the scattering of an electron by a point- 
like free neutron and proton. 

8. Let us apply these formulas to scattering on 
Be’, the incoherent electron spectrum of which 
was observed by Ehrenberg and Hofstadter,-~ who 
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140 200 300 Gy, Mev — 


obtained R =1.17 at qj = 500 Mev and @ =135°. 

Using these data, we obtain for Ff = 0.15 C2] 
0.65 

E (ros fn) = \ Fon (kn) % (X, 1) dx = 0,39, 

0,4 

where the integration limits were chosen in ac- 

cordance with the energy region for which R had 

been determined. 

It is known that the neutron in Be’ is ina p3/. 
state and its binding energy is &p = 1.67 Mev. Ob- 
viously, we can use in this case the Born approxi- 
mation, since the emitted neutron acquires an en- 
ergy not less 150 Mev. Calculations have shown 
that C( rp) =1.12 when rp =1 and increases to 
1.43 at rp = 2.4.. Thus, an account of the neutron 
binding can lead to an increase in ry. We assume 
ry = 2.4 because a value Ry = 5 f (Vp) = 12.17 Mev) 
yielded good agreement with experiment at low 
energies. : 

The figure shows the cross section on (9, qf) 
for a point-like neutron with rp) having values 1 
and 2.4 (curves 1 and 2), and also for a neutron 
with exponential distribution of the magnetic mo- 
ment at rp = 2.4 and ry = 0.6 f (curve 3). All the 
curves have a maximum at qf ~ 250 Mev, which 
agrees with the variation of the experimental 
cross section. It is possible to integrate in (10) 


(10) 


rn (=!) 


Fon (r) | ee OA 


eTeendt 0.85 0.68 
eS en 0.65 0.56 
ee 0.6 0:53 
re" 0.58 0.51 
rae" 0,57 0.50 
te 0.56 0.49 
ree” 0.54 0.47 
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from zero to infinity because the function oy (0, gg) 
assumes very small values when x < 0.4 and 
x >.0,65. 

Using formula (10) and also the table from 
Hofstadter’s paper, 4 we can find the mean-square 
radius for different neutron magnetic-moment 
distributions. The results of the calculations are 
listed in the table, which also contains the values 
of the mean-square radius obtained from (9) under 
the assumption that  =1 (free neutron). 

On the other hand, research on H? yields 
values rp = Tp = 0.8 f, which does not agree with 
the value of ry, listed in the table. The reason for 
this discrepancy may be, first, the inaccuracy of 
the experiment and second the fact that in the in- 
terpretation of the experimental data we neglected 
certain effects, an account of which can change rp. 
It has been assumed, in particular, that 1) the 
electrons are scattered by stationary free nucleons, 
2) the emitted nucleon does not interact with the 
remaining nucleons, and 3) the dimensions of the 
nucleon remain unchanged under the influence of 
the nuclear forces. 

One can think that the equality of the neutron and 
free-proton radii, obtained in the experiments on 
H? (assuming the charge independence hypothesis 
to be valid), corroborates the foregoing assump- 
tions made for the deuteron, in which the nucleons 
stay the greater part of the time outside the range 
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of the nuclear forces. This conclusion may not 
prove to be completely true for Be’. Indeed, as 
can be seen from the table, an account of the neu- 
tron bond leads to an increase in the mean-square 
radius. Regardless of how reliable the experi- 
mental data are, we can conclude therefore that in 
the interpretation of the experimental results ob- 
tained by the ‘‘area method”’ for nuclei such as 
Be?, c!3, or O!" the effect of the binding of the 
nucleons in the nucleus must be taken into account. 
In conclusion, the author is grateful to Prof. 
V. I. Mamasakhlisov for interest and attention to 
the work. 
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We consider acceleration of a plasma with its own magnetic field in the scattering of an inci- 
dent electron beam. Two ways of increasing the amount of energy extracted from the elec- 
trons are indicated: multiple scattering of the electron beam by the magnetized plasma, and 
application of induction inertia (‘‘increasing the weight’’) of electrons in a powerful current. 
It is noted that the effect can be employed in plasma accelerators and that it may occur in 


astronomical processes. 


We consider the mechanism whereby a cloud of 
ionized gas with its own magnetic field is acceler- 


ated when an electron beam is incident on the cloud. 


Its own magnetic field makes the plasma opaque to 
the electrons, and the strong scattering of the elec- 
trons is accompanied by an effective transfer of 
momentum to the plasma, in view of its connection 
between the plasma and the force lines of the fro- 
zen-in field which produces the scattering. This 
acceleration mechanism is the opposite of the 
Fermi mechanism for the acceleration of particles 
(by reflection from moving cosmic plasma clouds 
with ‘frozen-in’ magnetic fields), since it uses the 
reaction of the cloud. 

An incident nonrelativistic electron current J 
acts on a magneto-plasma cloud from which the 
electrons are strongly scattered or reflected, with 
an effective force F *mpved/e. For example, if 
J =10 amp and the electron velocity is v * 0.3c 
we obtain F © 10° dynes, which accelerate a 
plasma with mass M ® mj N * 10°" g (the total 
number of particles is N * 10!) to a velocity 
u © Ft/M & 10° cm/sec within t * 10 psec. 

To increase the acceleration force and to im- 
prove the utilization of the beam energy, the elec- 
trons can be multiply reflected from two magnet- 
ized clouds or from a cloud and a magnetic mirror 
(concentration of force lines of an external mag- 
netic field), with the electron beam injected along 
the mirror axis. In scattering and reflection from 
a magnetized plasma, the electron velocity direc- 
tion changes or a shift from the axis takes place, 
and the electrons remain locked for a long time 
between the mirror and the magnetized cloud. 

Another possible method of intensifying the 
action of the electrons on the plasma is based on 


an inductive increase of the electron mass. If the 
incoming beam has a noticeable inductance (i.e., 
NirpLy >> 1, where Ny is the running number of 
charges, ry their classical radius, and L, the 
running induct), then the momentum transferred 
by the beam can exceed the mechanical momentum 
of the beam particles in view of the inductive in- 
crease in the particle mass m’ = mp (1 + Nyroly) 
>> my. In this case the effective force is 


F = my {1+ Nitols} ved le = LiJ?/c?. 


For example, even when J © 10 kiloamp and L; 

~ 10 we obtain F ~ 10° dynes, i.e., high accelera- 
tion of the cloud is expected when a plasma cloud 
with frozen-in magnetic field is injected in a gas- 
discharge current. 

The limiting velocity umax which a magnetized 
cloud opaque to electrons and ions can acquire in 
a gas discharge can be readily determined by 
equating the pressures of the electron and ion 
beams in the coordinate system of the moving 
cloud: 


(ui + Umax)? = (Ye — Umax)? ™'/M:, 


where ve and yj are the ordered velocities of the 
electrons and ions. When vj « Umax “< Ve We ob- 
tain Uyax © m'va/mj, © c77J?L,/mjiNj.- 

We note that the process need not necessarily 
be nonstationary for an inductive mass increase 
to occur. Even in stationary scattering of the cur- 
rent by an obstacle or in stationary flow of cur- 
rent over the obstacle, the obstacle will be acted 
upon by a force determined by the value of the 
current and by the running inductance, in accord- 
ance with the formula given above (this can be 
readily verified by calculating directly the forces 
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of interaction between the unperturbed and per- 
turbed portions of the current). 

It is not difficult to produce special plasma- 
magnetic inhomogeneities: when a plasma is pro- 
duced in a magnetic field, partial capture of the 
field by the produced plasma takes place spon- 
taneously. If the plasma is produced in a gas dis- 
charge, the residual currents and fields are also 
retained in the plasma. 

The momentum can be transferred to the plasma 
not only by scattering of the electron beam on the 
plasma’s own field, but by scattering of the beam 
on the inhomogeneities that the plasma produces 
in the external magnetic field (on the bends 
of the force line and on the strengthened edge field 
crowded out by the plasma). 

In cosmic space this process can occur near 
stars, in the regions where currents circulate and 
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plasma-magnetic inhomogeneities—turbulences— 
exist. The large scales of the processes (large 
Ny and long acceleration paths, the long times of 
confinement of the self-magnetic fields and of 
equalization of the inhomogeneities) may cause 
these processes to produce bursts of accelerated 
cosmic particles. 

The reduction in the penetrating ability of a 
plasma with internal magnetic field can manifest 
itself also in the transfer of momentum of a mag- 
netized plasma stream incident on a layer of 
another plasma. Such a process is the apparent 
cause of the pressure that the solar plasma stream, 
which carries an internal magnetic field, exerts 
on the plasma of the tails of comets. 
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A study is made of the shape of the potential for the nuclear optical model with surface ab- 
sorption. For a polynomial potential, we choose a set of parameters which gives a good de- 
scription of the experimental data on scattering of 14 Mev neutrons. A comparison is made 


of various potentials. 
1. INTRODUCTION 


eo iervE use is made at present of the optical 
model with a potential whose real part has the 
form proposed by Woods and Saxon.'4] However, 
as we have shown previously, 1 from an investiga- 
tion of a polynomial potential with volume absorp- 
tion and not including spin-orbit interaction, the 
polynomial potential leads to similar results, other 
things being equal. Although the optical model with 
volume absorption and omitting spin-orbit inter- 
action gives the correct dependence of the integral 
cross sections (total cross section o;, elastic 
scattering og and absorption o,) on mass number 
A for medium and heavy nuclei and describes the 
qualitative features of the differential elastic scat- 
tering cross section for 6 < 90°, it nevertheless 
has various deficiencies. In the region of light 
nuclei, the cross section ratio og/or is too high 
compared with experiment, the computed differen- 
tial cross sections have deep minima which are 
not seen experimentally and the backward scatter- 
ing is too large. The work of Bjorklund and 
Fernbach!3] (which we abbreviate as BF) shows 
that this defect can be eliminated by using a poten- 
tial which includes spin-orbit interaction and which 
has a maximum of its imaginary part at the nuclear 
boundary (surface absorption). In the present 
work we have investigated the optical model with 
surface absorption and including effects of spin- 
orbit interaction, but in contrast to the work of BF, 
in which the real part was the Woods-Saxon poten- 
tial and the imaginary part was Gaussian, we de- 
scribe the potential by means of polynomials. 


2. THE POLYNOMIAL POTENTIAL 


We have found the parameter values which give 
agreement with the experimental data on scattering 


of 14-Mev neutrons for a nuclear potential of the 
following form* (cf. Fig. 1): 


me 2 ue (Ch 1 dp _,. 
V =Verp (1) + WVerq (r) —Vsr bes) F ar oh 
x 0<r<R—da, 
E-8(-a*) [F(a Ga] 
p (7) - 16 d, / 5 a, 2 i 
R—d,. are Re, 
0, DER +43 
(1) 
0 07s Rd, 
| r—R\2)2 
foes Z I R—d;<r<R+4;, 
0, r>R+d,, 


where R= (mA? + 6) and p is the 7 -meson 
rest mass. 

The determination of the phases and cross sec- 
tions was done by standard methods, by a numeri- 
cal solution of the Schrédinger equation with the 
potential (1) in the region R—d=r=R+d, 
where d = max{dy, dj}. The method was essen- 
tially the same as that described previously. J 
The pair of second-order differential equations 
corresponding to the two directions of the neutron 
spin was reduced to a system of first-order equa- 
tions, which was solved by the Runge-Kutta method. 
As initial conditions we chose the function and its 
first derivative at the point r = R —d, where 
their analytic expressions are known. 

It is a very difficult problem to vary simulta- 
neously all the parameters of the potential (VCR, 
Vop Vspr> dy dj, to and 6). However the solution 
is simplified by the fact that the range of parameter 


*After this work was completed, there appeared the paper 
of Green et al.|5J on a nonlocal optical model, in which the 
real part of the potential is also described by a fifth-degree 
polynomial. 
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FIG. 1. Real parts of the potentials. Solid curve-po- 
tential (1) with the parameters of (3); dashed curve — po- 
tential (4); dot-dashed curve — for potential (1) giving 
least squares fit to potential (4). 
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(r—R), fermi 


values and the behavior of the cross section as a 
function of certain of them has been studied fairly 
well. In particular this enables us beforehand to 
make a reasonable choice of the parameters VCR 
and VSR. Fixing VcR subject to the condition 
that the parameters ry and 6, which determine the 
nuclear radius, remain free, is entirely permissi- 
ble because of the well known ambiguity of the type 
VcR—R. Thus the value VcR = 44 Mev is defi- 
nitely acceptable, since it surely lies in the right 
range (it coincides with the value used in [3] ). 
The value VSR = 7.7 Mev was taken from the work 
of Levintov.*® Changing this parameter within 
reasonable limits has an insignificant effect on the 
cross sections (in particular on the integral cross 
sections ). Itmightbe improved by using data on the 
polarization of scattered neutrons, but unfortunately 
there areas yetno such data for 14 Mev neutrons. 
In choosing the other parameters, we used com- 
putations showing the variation of the cross section 
when each of the parameters dy, dj and Vc] was 
changed individually. Over a wide range of values, 
the dependence of the cross sections o¢ and oy on 
the parameters dr and dj is close to linear, 
which greatly simplifies the problem of choosing 
these parameters. To good accuracy, the cross 
sections o; and oy, as functions of dr with all 
other parameters fixed, can be represented as 


o =0) + ad, (2) 


The value of o™ is independent of dy; the coeffi- 
cient a is almost constant for medium and heavy 
nuclei (a ~ 33 fermi for oy, a ~ 40 fermi for o;), 
and is somewhat lower for the light nuclei 

(a ~ 15 fermi for oy, a ~ 30 fermi for ot). The 
closeness of the values of a for ot and oy in the 
first case indicates a weaker dependence of the 
integral elastic scattering on the parameter dry. 
But the shape of the angular distribution of the 
elastically scattered neutrons is extremely sensi- 
tive to changes of the parameter dy. With in- 
creasing dy, the oscillations in the diffraction pat- 
tern become less sharp, and the minima in the 
cross sections at angles @ > 90° are shifted some- 
what toward smaller angles (the shift being dif- 
ferent for different nuclei). The choice of the 
parameters dy, dj, Vcy, ro and 6 could be made 
by the method described previously, in which one 
considers a series of fixed values of one of the 
parameters, for example Vcy. It turned out, how- 
ever, that the value Vc] = 11 Mev, used by BF, 
enables us to find the range of values of the 
parameters dr, dj, ro and 6 for which the cross 
sections ot and or are in good agreement with 
experiment. We chose the following parameter 
values: 
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Ot, Or, barns 


Ver = 44Mev, Ver = 11 Mev, Vsr = 7.7 Mev, 
d, = 3.36 f, d; = 1.62 f, fi ee aks 
aay (3) 


The cross sections ot and oy calculated with 
these parameter values are shown together with 
the experimental data in Fig. 2. For comparison 
we also give the analogous curves from2J, The 
results demonstrate the considerable improvement 
in the agreement with experiment, especially for 
the light nuclei. 

Although the choice of parameters was made on 
the basis of the integral cross sections, the agree- 
ment of the differential elastic cross section with 
experiment is good on the whole (Fig. 3). This is 
an additional confirmation of the correct choice of 
the parameters. The absence of deep minima and 
strong backward scattering in the computed angular 


~ 


FIG. 2. Comparison of theoretical and 
experimental dependence of o¢ (upper curves) 
and o+ (lower curves) on mass number A. 

The solid lines are the theoretical cross 
sections calculated for the potential (1) 
with the parameter values (3); the dashed 
lines are theoretical cross sections from|?], 
The experimental data, indicated by the 
vertical dashes, are taken from [7,8] , 


A’ 


distributions shows that the defects cited in the 
introduction are eliminated by using the potential 
(1). The reduction of the cross section for elastic 
scattering at angles ~7 is associated with the 
spin-orbit interaction (Fig. 4).* The introduction 
of surface absorption reduces considerably the 
oscillations in the diffraction pattern and makes 
possible a good description of the experimental 
integral cross sections for nuclei over almost the 
whole periodic table, with parameters which are 
independent of mass number A. 

The agreement of the computed angular distri- 
butions with the experiments is not exact. But the 
optical model in its present form cannot pretend to 
give exact agreement, since it describes only the 


*A qualitative explanation of this effect is given by I. S. 
Shapiro. [21] 


1164 


a (0), barn/sr 
IR 


LUK’YANOV, ORLOV, 


and TUROVTSEV 


o(@), barn/sr 


0 20 40 60 80 100 120 140 160 180 
0, deg 


FIG. 3. Comparison of theoretical and experimental angular distributions of elastically scattered neutrons. The solid curves 
are the differential cross sections calculated with the potential (1) for the parameter values (3), for all nuclei except Mg, for 
which the computations were made with the potential (4) and the parameter a = 0.74 fermi, instead of a = 0.65 fermi (the value 
a= 0.74 fermi gives agreement with the experimental integral cross sections), The dashed curves are similar results from BF. 
The experimental data for Mg, Ca, Cd (En = 14.6 Mev) are taken from [>] those for Sn, Sb, Bi (En = 14 Mev) from [20] and those 
for Cu (En = 14 Mev) from BF. The computed values are for a neutron energy En = 14 Mev for all nuclei except Ca and Cd, for 
which E, = 14.6 Mev (the difference in the results for En = 14.6 and 14 Mev being negligible), The ordinate scales for the var- 


ious curves are shifted vertically. 


averaged properties of nuclei. For example, it is 
knownli2] that the differential cross section can 
change considerably from one isotope to another, 
i.e., for a change of A by one unit. At the same 
time, the optical model, in which the only depend- 
ence on A is via the nuclear radius (R = 1.25 AY 
fermi), can give only a smooth dependence on A 
and is incapable of explaining such variations. 
Increasing VsR from the Levintov value of 7.7 
Mev to 10.35 Mev practically does not change the 
agreement with experiment (BF used the value 
VSR = 8.3 Mev). This causes an essential reduc- 
tion only in the backward elastic scattering, for 
which there are unfortunately no data. .This de- 
pendence of the angular distributions on the spin- 
orbit coupling strength is demonstrated in Fig. 5, 
which shows the differential cross sections for 
different values of Vgpr. Thus our preliminary 


choice of the parameter Vgp is entirely reason- 
able, and could be improved only by using polariza- 
tion data. It is interesting to note that the computed 
cross sections, including the differential cross 
sections, are practically unchanged when we re- 
verse the sign of this parameter. 


The insensitivity to the sign of the spin-orbit 
interaction is not difficult to understand. The 
spin-orbit terms which appear in the equations 
corresponding to the two values of the total angular 
momentum of the neutron (j =1 + %) differ only 
in having the factors 1 and — (1+ 1), respectively. 
For large 1, we can neglect 1 compared to 1. Con- 
sequently the amplitudes of scattered waves calcu- 
lated from the solution of the equations with j = l 
+ % will be close to those calculated for the equa- 
tions with j = 1 + % in which we have changed the 
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FIG. 4. Influence of spin-orbit interaction on differential 

elastic scattering cross section: solid curve for Vspr = 8.28 


Mev, dashed curve for Vspr = 0. 


sign of Vsp. For large 1, the cross sections are 
symmetric under interchange of the amplitudes ob- 
tained from the equations corresponding to the two 


— o(@), barn/sr 


different values of the total angular momentum of 
the neutron. Therefore the corresponding partial 
waves are insensitive to a change in sign of VSR. 
For small 1 the change.in sign of VgR is unimpor- 
tant because the spin-orbit potential is small com- 
pared to the other terms in the equation. Thus the 
insensitivity of the cross sections to the change in 
sign of VsR is caused, on the one hand, by the 
smallness of the spin-orbit coupling, which in 
particular cases permits us to treat the spin-orbit 
term as a perturbation, and on the other hand by 
the smallness of the neutron spin compared to the 
orbital angular momentum when / is sufficiently 
large. For the same reasons, changing the polar- 
ization of the elastically scattered neutrons practi- 
cally reduces to just a change in sign. 

The picture is different when we consider bound 
states on the shell model, where the sign of the 
spin-orbit coupling constant is extremely impor- 
tant, since it determines the ordering of the levels 
with different values of j. As shown by experiment, 
the levels with j = 1 + 4 always lie below those 
for j =1 — \f, i.e., the potential should be deeper 
for the first case. This determines the sign of the 
spin-orbit interaction in the shell model. The 


FIG. 5. Dependence of angular distribution on 
strength of spin-orbit coupling: solid curve for 
Vspr = 10.35 Mev, dot-dash curve for Vsr = 8.3 
Mev, dashed curve for Vspr = 7.7 Mev. 
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computations in the present work were made with 
the sign which gives the correct ordering of levels. 


3. THE WOODS-SAXON POTENTIAL AND ITS 
COMPARISON WITH THE POLYNOMIAL 
POTENTIAL 


Except for the parameters d,; and Vgp, all the 
parameters of the potential (1), for which one can 
get a good description of the experimental cross 
sections, agree with those of BF. As was shown 
above, the difference in the values of the parameter 
Vsp (7.7 and 8.3 Mev) cannot be significant. But 
our value of dy (3.36 fermi) gives a value of the 
diffuseness A ® 3.44 fermi which is considerably 
different from the value A ® 2.84 which follows 
from BF. (A is the size of the region over which 
the absolute value of the real part of the potential 
drops from 0.9 to 0.1 of its maximum value.) In 
order to find the reason for this disagreement, 
calculations were made with a potential having the 
same parameters as BF: 


ite See ig We iemee 
p=[1ten(Z2]  am=en| (G2): 

a=0.65f, b6=0.98f, R=1.25A" ¢£,, 
Vcr = 44 Mev, Vc; = 11 Mev, Vsr = 8.3 Mev. 
(4) 


Computations were done with the potential (4) for 
Al and Cu. In both cases the computed integral 
cross sections were lower than the experimental 
values and, consequently also lower than the theo- 
retical cross sections of BF. The difference in 
the total cross sections reaches around ~ 6 — 8%. 
The results are given together with the experi- 
mental data in Table I. In the same table we give 
the results of computations for Cu using a poten- 
tial of the form (1), giving a least squares fit to 
potential (4) (so that the diffuseness is almost the 
same for both). The cross sections found for these 
two potentials differ relatively little; in particular 
the total cross sections differ by less than 2%. 
There is a somewhat larger difference between 
corresponding cross sections oy, apparently re- 
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sulting from the fact that the approximation of the 
Gaussian by a fourth-degree polynomial is not 
sufficiently accurate. 

A comparison of the corresponding differential 
cross sections is shown in Fig. 6. In the region of 
large angles, the angular distribution for the poly- 
nomial potential is shifted somewhat to the left 
relative to the analogous curve for the potential 
(4). A comparison of the results for potentials (1) 
and (4), giving a least-squares fit to one another, 
shows that potentials with the same diffuseness 
give almost equivalent results, irrespective of the 
analytic form of the functions describing the 
potential. 

In the computations with the potential (4), we 
again used the Runge-Kutta method for solving the 
Schrédinger equation. However in this case the 
solution at the initial point is not known analytically. 
We therefore found it by two different methods: 
either by representing the solution as a power 
series and determining the coefficients in the ex- 
pansion from the condition that the solution be 
finite at the origin, or by choosing the starting 
point r,; at some distance from the center of the 
nucleus, where the change in the potential can 
still be neglected and where, consequently, we can 
obtain a solution in analytic form. The computa- 
tions of the starting data must be carried to the 
required accuracy. In particular, when the solu- 
tion near the origin is represented in terms of 
spherical Bessel functions one should use the 
exact tables, {131 since the use of the usual recur- 
sion relations leads to a great loss of accuracy. 
The exactness of the solution of the equation also 
is determined by the choice of step in the Runge- 
Kutta method and by the joining radius, beyond 
which the nuclear potential is set equal to zero. 

Our values for these quantities are in good agree- 
ment with those of Buck et al''4] Table II illus- 
trates the dependence of the computational results 
on the position of the initial and final points, x, 

= kor; and x = kyr, for the case of Cu witha 


Table I 


Al 


Ot, b 


Cu Al | Cu 


Experiment [78] 

Theory, with potential and 
yet ht 
1.63 


parameters (3) 
Theory with potential (4) 
Theory with potential (1) 
approximating potential (4) — 
According to BFF = 


1,73+0.03 | 2.96+0.06 | 0.97+0.02 | 1,49+0,02 


2,96 1.01 1.49 
Pats 0.97 1.40 
2,69 — 1.33 
a 1.02 1.50 
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o(0), barn/sr Table II 
10 
ot | X2 Ot, b |dg, b Oy, b 
0.871 | 11.871 |2.736 |4,332 | 1.404 
10 0.874 | 13.871 [2.745 |1.337 | 1.408 
0.871 | 45.874 |2.746 |1,338 | 1.408 
0.874 | 17.874 |2,746 |1.338 | 1.408 
0.871 | 25,871 |2.746 [1,338 | 1.408 
0.4355 | 20.4355 |2.746 |1.338 | 1.408 
2.2454 | 20.2451 |2.747 |4.339 | 1.408 
af 3.2451 | 20.2451 |2.754 [4.344 | 1.408 
2.2451 | 141.2451 12.734 [4,335 | 1,396 


somewhat different from the results in their paper. 
In particular, the total cross sections calculated by 
us are less than the experimental values (witha 
difference which reaches ~ 6 — 8%). 

The authors express their sincere thanks to 
Prof. I. S. Shapiro for his interest in the work and 
discussion of the results; to Prof. A. N. Tikhonov, 
under whose direction the computational part of the 
work was done, and to V. M. Martynova, who did 
most of the programming and the computations on 
the ‘‘Strela’’ digital computer of Moscow State 
University. 
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FIG. 6. Comparison of differential cross sections for Cu, 
calculated using potential (4) (solid curve), and with a poten- 
tial (1) giving a least-squares fit to potential (4) (dashed 
curve). 
particular choice of parameters (ky = V2MVcR/®*). 
The results of the computation, using the two dif- 
ferent methods for determining the starting values, 
agree to sufficient accuracy. We give them, in 
barns: of 5s °, 
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4, CONCLUSIONS 
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independent of mass number A. 
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We consider the change in polarization resulting from scattering of polarized neutrons by 
ferromagnets and antiferromagnets. We show how one can determine the magnetic scattering 
cross section from measurements of the scattering cross section in a given direction and the 


polarization of the scattered neutrons. 


Recentiy one of the present authors showed!1] 
that by studying the polarization resulting from the 
scattering of unpolarized neutrons by ferromagnets 
one can, in certain cases, separate out from the 
scattering in a given direction a part which is due 
to inelastic magnetic scattering and a part which 

is due to magneto-vibrational scattering. It is ob- 
vious that polarization cannot result from the 
scattering of unpolarized neutrons by antiferro- 
magnets. This is related to the fact that the sys- 
tem as a whole (neutron + scatterer) is not char- 
acterized by any pseudovector along which the 
polarization of the scattered neutron might be 
directed. (The direction of magnetization of the 
sublattices does provide an axis for the system, 
but not a direction, since the sublattices are equiv- 
alent.) Nevertheless it is obvious that the polariza- 
tion vector can be rotated upon scattering of polar- 
ized neutrons in an antiferromagnet. Similarly, in 
the scattering of polarized neutrons by a ferromag- 
net, in addition to a change in the magnitude of the 
polarization vector there may also be a rotation of 
its direction. 

In this paper we show how, by studying the 
polarization after scattering, one can separate 
from the cross section for scattering in a given 
direction parts which are associated with inelastic 
magnetic scattering and with magneto-vibrational 
scattering. We start with the scattering by ferro- 
magnets. It is well known that the neutron polari- 
zation vector after scattering is given by the 
formula 


P = Sp f*ofp/Sp f*fp, (1) 
where ‘40 is the neutron spin and 
p =+(1 +oP,) (2) 


is the spin density matrix of the incident neutrons, 
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P, is the polarization of the beam before the scat- 
tering, and f is the scattering amplitude which, 
according to Halpern and Johnson, 2] is given by 
the formula 
4 gk; 4 

I = ahs [Ac + 2 Bilhe)| — FP 5 

X TroF (9g) (5 — (es) e, Sj). 
Here N is the total number of atoms in the system, 
R17 and A7 + YBIIy ao) are the coordinate and the 
nuclear scattering amplitude of the 7’th atom 
(where I7 is the spin of the nucleus of the /’th 
atom). The sum on 1 is extended over all atoms : 
in the system (where Ny is the number of mag- 
netic atoms ), Rj and S. are the coordinate and 
spin of the j’th magnetic atom (where the sum 
over j goes over all the magnetic atoms in the 
system )*, q = p—p’ is the momentum transferred 
by the neutron to the scatterer, e = q/q, F(q) is 
the magnetic form factor of the atom, y is the 
absolute value of the neutron magnetic moment in 
nuclear magnetons, and ro = e* (mc”)" is the 
classical radius of the electron. 

For simplicity, we shall assume that the ferro- 
magnet consists of atoms of one sort, i.e., Ny» 
= N and the sum over / coincides with the sum 
over j. Using (1) — (8), it is easy to calculate the 
polarization vector resulting from the nuclear scat- 
tering and the interference between nuclear and 
magnetic scattering (such interference being 
possible both for elastic scattering and for scatter- 
ing with emission or absorption of phonons ), and 
also the polarization vector resulting from mag- 
netic inelastic scattering; in doing this we shall 
assume that the nuclei are unpolarized. 

The polarization vector from incoherent nuclear 
scattering of neutrons has the form 


(3) 


*For ‘simplicity, we assume that all the magnetic atoms 
in the system are identical. 
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[A;P—| A, P33 (BoP TU, +4) 
Opreesererr ried a0) pe ofp ieee a ee Sy 
[AP —| Are + 4 1B,PT +) 
The bar denotes an average over the distribution 
of isotopes in the lattice. 

The polarization vector for neutrons which are 
scattered without a change in the magnetic state of 
the scatterer (i.e. without emission or absorption 
| of spin waves) is given by the formula 
Pam = {Po|Ar|? — 2yroF (gq) <S2> (Re AM + Im A;[MPo)) 

+ 12r3F? (q) <S2>12M (MP,) — P,M?)} {|A:/? 

— 2yroF (q) <S2> Re A: (MP,) + 1770 F? (q) <Sz> M*}"?, 

* 
where the vector M is 6) 


Pinc sa P. (4) 


M =m —em)e (6) 


(m is a unit vector along the direction of magneti- 
zation of the scatterer), and <Sz> and <S},> 
are the average values of the spin projection along 
the direction of magnetization and of its square; it 
is usually assumed that <Sz >? = <S%,>. In par- 
ticular, expression (5) gives the polarization of 
neutrons which are scattered in the directions of 
the Bragg peaks, since along these directions we 
can neglect the contribution to the total intensity 
from incoherent nuclear scattering and from 


inelastic scattering. 
The polarization vector Pf (or Pm) which 


results from scattering with emission (or absorp- 
tion) of one spin wave, or more precisely from a 
scattering process in which the total number of 
spin waves increases (or decreases) by unity, 
and in which phonons may be emitted or absorbed, 
has the form 


pt — F2e (em)-+ 2M, (M,P,) + 2M, (M,Po) — Po (My + Mi) (1) 

g 1 ++ (em)? + 2 (Pye) (em) 
The x and y coordinate axes are perpendicular to 
the direction of m. The vectors Mx,y = Dx,y 
— (e-nx,y)e, while nx and ny are unit vectors 
in the directions of the x and y axes. It is easily 
seen that the expression (7) is independent of rota- 
tion around the direction of the vector m. We 
shall show this when we discuss polarization from 
- antiferromagnets (see below). 

The average value of the polarization vector of 

the neutrons scattered in a given direction has the 
formt 


*[MP,] =M x P,; (MPo) =M: Po- 

tIn general there is also a polarization whose vector has 
the form P’ = 2(P M.)M/M? - Po, which is associated with 
the absorption or emission of an even number of spin waves. 
We shall neglect this polarization, since it can be shown that 
such processes are improbable; in any case it is easy to in- 


~ clude it if necessary. 


1169 


PincSine (9) + PrmFam (1 Po) -+ Pi,st (1, Po) + P,57 (1, Po) 


P = 
Ssne(™) + Sam (Mm, Po) + of, (1, Po) + 97, (1, Po) (8) 


Here n is the scattering direction, ojnce is the 
cross section for incoherent scattering, and 


Sian Wl Pa) pose ia — 2yroF (q) <S,> Re A/MP, + 12r2F? (q) <S2> M? 
6, (n) ® | A, 2 : 
: (9) 
OF; (N, Po) _ 1+ (em)? + 2 (Pee) (em) (10) 
ot (n) 4 + (em)? . 


where og, (n) is the cross section for nuclear 
scattering of unpolarized neutrons, and of, (n) is 
the cross section for magnetic scattering of unpo- 
larized neutrons in which the number of spin waves 
increases or decreases by unity. 

The quantity oy, (0, Po) is the cross section 
for coherent scattering of polarized neutrons (with 
no change in the magnetic state of the scatterer). 
It consists of the coherent nuclear scattering cross 
section, the cross section for magneto-vibrational 
scattering, and an interference term. The expres- 
sion on the right of formula (9) includes all three 
of these terms; of, (n, Py) is the cross section 
for magnetic scattering of polarized neutrons with 
increase or decrease of the number of spin waves 
by unity. Since neutrons which undergo scatterings 
of different types do not interfere, formula (8) is 
obtained by adding the vectors (4), (5), and (7) with 
weights corresponding to the relative intensities of 
the different scattering processes. 

Formula (8):describes the polarization of neu- 
trons scattered in a given direction. In writing it 
we have neglected the fact that the vector e de- 
pends on the energy of the scattered neutrons. We 
can do this because usually the intensity of neutrons 
from magnetic scattering is significantly different 
from zero only when q is approximately equal to 
+ (where T is any vector of the reciprocal lattice), 
but then e = qq‘ © T/T, so that it is independent 
of the energy. It is interesting to note the follow- 
ing. When djno(n) = 0 (which is the case for a 
lattice consisting of atoms of a single spinless 
isotope), the polarization vector of the neutrons 
scattered into a given direction is given by a linear 
combination of the three vectors Pmn, Pm and 
Pm, which in general are not coplanar. These 
vectors are defined by (5) and (7). From these 
equations, we see that we can calculate them be- 
forehand if we know the nuclear scattering ampli- 
tude, the vector e, F(q), Py and <S,>. Thus, 
having measured P, we can determine the coeffi- 
cients appearing in these three vectors. By meas- 
uring, in addition, the total cross section in the 
same direction, 
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6 (n, Po) =Omn (n, Py) + of (n, Po) + 9, (n, Po), 


we can obviously determine opp (D, Po), 
Om (n, Py) and of (n, Py) individually, and conse- 
quently find o, (n) and of, (n). 

Now let us go on to the scattering from antifer- 
romagnets. Since the chemical elementary cell of 
an antiferromagnet consists, as a rule, of atoms of 
different sorts, we cannot represent the incoherent 
nuclear scattering in the form (4). However, the 
essential point for us is that this polarization is 
proportional to the polarization vector of the inci- 
dent beam, and can therefore be written in the 
form 


Pinc = Po, (11) 


where the coefficient a@ has a quite complicated 
form which does not matter for our purposes. We 
give the expression only for the case of purely 
elastic scattering: 
4 SCRAPS ETT yy 
S414) +F1B PYG +h he! 


where the summation over i extends over all 
atoms in the chemical unit cell, and Wj is the 
Debye-Waller factor for the i’th atom of the cell. 

The polarization does not change in coherent 
nuclear scattering. The interference term between 
nuclear and magnetic scattering does not appear 
in the expression for the polarization. This is 
easily understood if we note that in the ferromag- 
netic case the interference term contained the 
spontaneous magnetization vector linearly. Since 
the spontaneous magnetization in an antiferromag- 
net is equal to zero and the sublattices are com- 
pletely equivalent, it is obvious that the inter- 
ference must go to zero. 

The polarization vector resulting from scatter- 
ing with no change in the magnetic state of the 
seatterer (or with a change in state for which the 
total number of spin waves changes by an even 
number) is easily calculated if we assume that 
the antiferromagnet consists of two sublattices. 

It has the form 


Pino = 2 (MPy) M/M? — Py, (13) 


where M= m — (e-m)e, and m is the direction 
of the magnetization vector of either sublattice. 

In particular, this formula describes the polar- 
ization of neutrons scattered into those Bragg 
peaks of the magnetic scattering which do not 
coincide with nuclear Bragg peaks, since in these 
directions we can neglect all scattering processes 
other than magnetic elastic scattering. It is not 
hard to show that the vector Py is equal to Py 
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in absolute value. Resolving the vector P) into 
two components, parallel and perpendicular to M, 
and substituting in (13), we can easily show that P 
is obtained from P) by a rotation about M through 
180°. 

Thus if P) is parallel to M, then the polariza- 
tion is not changed by the magnetic reflection, and 
this result is obviously valid for any Bragg peak. 
But if P) is perpendicular to M, then for magnetic 
Bragg peaks which do not coincide with nuclear 
peaks the polarization changes sign, while for 
magnetic Bragg peaks which coincide with nuclear 
peaks the polarization is equal to 


P = Po (Sauc— Smag)/ (Sauer Smag), (14) 


where Onyc 2nd omag are the cross sections for 
nuclear and magnetic scattering in the direction of 
the Bragg peak. From here on the cross sections 
for nuclear and magnetic scattering are taken for 
the total number of atoms in the scatterer. 

We still must find the formula for the polariza- 
tion vector from scattering in which the number of 
spin waves changes by one. Noting that such scat- 
tering is associated with the components of the 
atomic spin vectors which are perpendicular to the 
magnetization of the sublattices, we can get the 
formula 
M, (M,P,) + M, (M,P,) 


15 
ae (15) 


Pint se —P, 


(for more detail concen, inelastic scattering 
from antiferromagnets, cf. 47), This expression 
can be written in invariant form: 
6) (P,e) + e (em) (MP,) 


1+ (em)? (16) 


Pini = 2 Ro == Pa; 
where Py; and e, are the components of the 
vectors Py and e, perpendicular to the vector m. 
Thus, for example, Ppt = Py) —(Pm)m. It is 
natural that the scattering in an antiferromagnet 
with absorption or with emission of spin waves is 
the same, since the operators for creation and 
annihilation of spin waves enter symmetrically in 
the scattering amplitude if we disregard factors 
which are unimportant in calculating the polariza- 
tion (cf. C4]), Now using (11), (13) and (15), we 
can represent the average polarization of the 
neutrons scattered in a given direction in the form 


(17) 


AS ne (n) PB, “+ G0 (n) Po + Smit (n) ge 


ae Sn (N) + Sing (M) + Spy (0) 


Here o, (Mn) is the cross section for nuclear scat- 
tering in the direction of n, dmo(n) is the cross 
section for magnetic scattering in which the num- 
ber of spin waves does not change or changes by 
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an even number, and finally oy; (n) is the cross 1S. V. Maleev, JETP 40, 1224 (1961), Soviet 
section for scattering in which the number ofspin Phys. JETP 13, 860 (1961). 
waves changes by unity. With respect to the appli- 20. Halpern and M. H. Johnson, Phys. Rev. 55, 


- eability of this formula, the same remark applies 898 (1939). 


as was made concerning formula (8). Formula (17) 3S. V. Maleev, JETP 34, 1518 (1958), Soviet 
obviously allows us to determine a, om y(n) and Phys. JETP 7, 1048 (1958). 


- Omi (n) if we know the polarization Py and the 4v. G. Bar’yakhtar and S. V. Maleev, JETP 39, 
total cross section for scattering in the given 1430 (1960), Soviet Phys. JETP 12, 995 (1961). 
direction: 

3 (m) = 6p (NM) ++ Smo (M) + Sm (M1)» (18) 
It should be mentioned that (17), like formula (8), 
is valid only close to Bragg peaks, so that Translated by M. Hamermesh 
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The problem considered is that of the radiative propagation in a cold gas of heat originally 
confined in some finite region of the gas itself. It is assumed that the temperature of the hot 
gas is so high that the gas inside the region is transparent for the radiation. The expansion | 
of the heated region occurs on account of radiative heat exchange with the outer, nontrans- 

parent, layer adjacent to the cold gas, and the transfer of the energy of the radiation in this 

layer is assumed to be diffusive. The process of expansion is regarded as a quasi-stationary 
propagation of the boundary of the heated region in the form of a plane wave moving through 

the cold gas. A method is indicated for calculating the speed of propagation of the boundary, 

which takes into account the nonequilibrium state of the radiation in the internal, transparent 


part of the heated region in the gas. 


1. INTRODUCTION. STATEMENT OF THE 
PROBLEM 


Ar high temperatures, of the order of TOMS Ie 
and above, energy transfer in a gas occurs mainly 
by radiation, although the fractional part of the 
energy that is in the form of radiation may be 
small (in comparison with the energy of the 
matter ). 

The problem of the propagation of heat from a 
point source can be solved simply in the case in 
which the range of the radiation and the internal 
energy of the matter depend on the temperature 
according to a power law.!!-3] A characteristic 
feature of the solution is a broad ‘‘plateau’’ of 
the temperature in the middle of the heated region 
and a steep drop at its edge. It is easy to under- 
stand this behavior of the solution, since in the 
middle, where the thermal conductivity is larger, 
the temperature is more easily equalized; it is 
obvious that a strict power-law dependence of the 
thermal conductivity on the temperature is not 
necessary for this result. 

If the temperature dependence of the range of 
the radiation in the gas is strong enough, the solu- 
tion obtained in this way can lead to the following 
internal contradiction: the range of the radiation 
inside the hot region is comparable with, or even 
larger than, the size of the region itself. It is ob- 
vious that the mechanism of energy transfer can 
then not be described in terms of thermal conduc- 
tivity, whereas the basis of the solution in [1-3] 
was the thermal-conduction mechanism, i.e., the 


assumption of local thermodynamic equilibrium 
between the radiation and the matter. 

In the present paper we consider the case in 
which this assumption does not hold, as can happen 
at temperatures ~10°°K and higher. In this case 
(even after a number of simplifying assumptions ) 
a rigorous statement of the problem for the entire 
heated region is possible only by the use of the in- 
tegral equation of radiative transfer. If, however, 
the range varies strongly enough with the tempera- 
ture, the problem can be solved to good approxi- 
mation by a simpler method. 

Let the size of the hot region be R. Then the 
temperature Ty) at which the range is equal to R 
is given by the equation 

L(T,.) = R. (1) 
The definition of 1(T) will be given later. When 
Zl depends strongly on T, the dependence of the 
temperature Ty on R is weak. 

According to the definition (1) the whole heated 
region divides into two parts: an inner part which 
is transparent, and an outer part of small trans- 
parency bordering on the cold gas. Actually, on 
the low-temperature side the gas becomes trans- 
parent again at temperatures below ~ 10*°K. [4] 
Therefore there is a leakage of energy from the 
hot region ‘‘to infinity.’’ If, however, the temper- 
ature in the inside region is sufficiently high, we 
can neglect the effect of this leakage in the overall 
energy balance of the entire heated region. Ac- 
cordingly we assume that the temperature of the 
outer cold gas and the range of the radiation in it 
are equal to zero. 
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2. THE TRANSPARENT INNER REGION 


Let us now consider the state of the radiation 
in the transparent region. Since the range of the 
radiation in this region is large in comparison 
with its size, we must suppose that the energy 
_ density U, of the radiation inside the hot region 
is constant over its cross section (but varies with 
time). Furthermore U, is much smaller than the 
equilibrium energy density aT‘ of radiation at the 
temperature T of the matter inside the region 
(a = 7.55 x 107"® erg cm™* deg‘). It is obvious 
that everywhere inside the transparent region 
T >Tp>. The drop of the temperature to To near 
the boundary of the transparent region is not due 
to the radiation, but occurs in some other way 
(for example, by electronic thermal conductivity ). 
Since the temperature drop takes place in a dis- 
tance shorter than the range of the radiation, the 
energy density U of the radiation at the boundary 
of the transparent region is the same as inside 
the region, that is, it is equal to Uj. 

It is not hard to estimate the order of magni- 
tude of U,. Namely 


U,(T) = RaT*/I(T). (2) 


Thus here the range 1(T) characterizes the 
emissive power per unit volume of the hot gas, 
which is equal to caT*/1(T) (c is the speed of 
light). The quantity [1 (T)]~! is equal to the 
spectral absorption coefficient averaged over the 
Planck distribution with induced emission taken 
into account. [5] for our further work it is con- 
venient to introduce the effective temperature T, 
of the radiation by the formula U, = aTj, or 


Ti 7 (Rt. (3) 


In order for the heated region to expand by ra- 
diative energy transfer, it is necessary that each 
point of the nontransparent region receive radia- 
tion of a temperature T, somewhat higher than 
the local temperature of the matter. In our pres- 
ent problem the energy density of the radiation 
can considerably exceed the local equilibrium den- 
sity aT’ (in the approximation of radiative thermal 
conductivity this excess is regarded as infinitely 
small). In particular, at the boundary of the non- 
transparent region at T = Ty we must also have 
the inequality 


OS als: (4) 


Let us find the condition for this inequality to 
hold. By means of Eqs. (1) and (2) ratio U,/aT§ 
can be written in the form / (T))are/t(T) aT} 
= (T/ oN hae For a completely ionized gas the 
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power-law index n is ¥%.'58] In an incompletely 
ionized gas it is smaller than %; that is, the in- 
equality (4) is satisfied for T > Tp. 


3. THE NONTRANSPARENT OUTER LAYER 
AND ITS SPEED OF PROPAGATION 


The nontransparent region is that in which the 
temperature falls from Ty) to zero. The thickness 
of this region is much smaller than R, and there- 
fore as an approximation it can be treated as a 
plane layer. In other words, at each instant we 
can assume that the transparent region occupies 
a half-space, and the state of the radiation in it 
is characterized by the temperature T,. The 
boundary of the transparent region will then shift 
toward the colder gas at a constant speed v (Ty; Tg). 
Any point of the nontransparent layer will shift at 
the same speed, in accordance with the fact that 
its thickness is much smaller than R. 

Thus we have reduced the problem of the heat- 
ing of a gas by radiation to that of finding the 
quasi-stationary mode of propagation of a plane 
thermal wave into the cold gas (cf. (t]), The radial 
distributions of the temperatures T of the matter 
and T, of the radiation are shown qualitatively in 
Fig. 1. The dashed area corresponds to the non- 
transparent layer. 


FIG. 1 


Let us now write down the equation of radiative 
transfer of heat in the nontransparent region. For 
the energy density € of the matter and the energy 
flux S we obviously have the relation 


a(e +- U)/at + AS/dx = 0. (5) 


We shall neglect all types of energy transfer 
other than the radiative transfer. At the high tem- 
peratures we are dealing with here the energy 
transfer by radiation occurs so rapidly that the 
gas does not have time to react to the change of 
pressure and is not set in motion; in other words, 
we can neglect the hydrodynamic energy transfer. 
We assume that € =pcyT, where p is the density 
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of the gas and cy is the specific heat at constant 
volume, which we shall assume is independent of 
the temperature. Let us now write the energy- 
balance equation for the radiation alone: 


OU jot + 0S/dx = c(aT* — U)/L(T). (6) 
The right member of Eq. (6) expresses the balance 
between the emission and absorption of radiative 
energy. 

Since the range of the radiation decreases 
rapidly as the temperature falls, we can take it 
to be much smaller than the thickness of the re- 
gion. Then we can treat the radiative transfer of 
energy in the diffusive approximation, [4] so that 


(7) 


In the approximation of radiative thermal conduc- 
tivity one puts aT‘ instead of U in this equation. 
In the present problem this approximation is in- 
adequate, since it leads to a zero speed of propa- 
gation. The range l’ is not the same average over 
frequencies as the range /(T) used earlier, which 
characterizes the emissive power of the transpar- 
ent region of the hot gas. We shall, however, sup- 
pose for simplicity that in the nontransparent re- 
gion the 7 of Eq. (6) and the 7’ of Eq. (7) are equal 
of, te3)) 

The boundary conditions for the system (5)—(7) 
are as follows: at the boundary of the transparent 
region T= Ty, U=U;,; at the forward boundary of 
the heated gas T=0, S=0, U=0. 

Since we are looking for a stationary mode of 
propagation, we must assume that all quantities 
depend on the coordinates and the time only through 
the argument x—vt.* In addition, it is convenient 
to introduce the optical thickness 7, whose differ- 
ential is 


S = —=I'coU/ox. 


ae = axl (T) 


(the coordinate x is measured in the direction of 

decreasing temperature ), and go over to dimen- 

sionless quantities 

aT “ U ( x Is 
~ aT \V3p) ” 


= ne (za)* “= (n) (vR) ” 


Integration of Eq. (5) under the condition T=S 
=U=0 (or up=s=u=0) at the forward bound- 
ary of the heated gas at once leads to the equation 


_ V38s ae 
Oe care (Ze ; 


*We note that the solution of the form f(x —vt) for the 
equations of radiative heat transfer has also been consid- 
ered earlier by a number of authors. [+1910] 
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s = uj + V Spu. (9) 


By eliminating dt we can get instead of the two 
equations (6) and (7) one ordinary differential 
equation 


d ot ate ao, & ». (s—V3Bu)4 
Fd A a eevee nell AC) ss Darcie a tS 


which, along with Eq. (9), connects the quantities 
s, u, and @ (or the dimensional quantities 8, U, 
and v). For a given value of the pa.ameter P the © 
last equation can be integrated in a un ~ue way with 
the boundary condition s=0, u=0. At .>e boundary 
of the transparent region (with T= Tp), U- Uj, or 
Uy pg a= u,) this gives a quantity s (u,;B), 
which, according to Eq. (9), is to be equated to 


1/4 
UD 5 


foe fu,. From this one can determine the re- 


quired value of the speed 6 (uj, Up,) or v (Tj, To). 

Of course only those solutions for which B = v/c 
< 1 have physical meaning. In a number of cases 
a necessary condition for this is the inequality U 
<< €, which we shall take as a basis for our further 
calculations. 

The omission of U in Eq. (5) corresponds to the 
neglect of the second term in the right member of 
Eq. (9). Equation (10) can then be rewritten in the 
form 


£=V38+ 2—8, (11) 
with the initial condition s = 0 for u=0. 

The speed £ of the wave is determined from 
the condition U = U, for T= Tp) (or u=u, for 
Up = Up)» and the equation for the determination 
of 8 takes the form 


S (uy; B) 3 ule, (12) 


Through the singular (saddle) point u= 0, 
s = 0 only one integral curve (the separatrix) goes 
into the region of positive values of the quantities 
(Fig. 2, curve 1). We have shown in this same dia- 
gram the curve s = u!/4, which corresponds to 
Eq. (9) without the second term in the right mem- 
ber; this is curve 2 of Fig. 2 (i.e., curve 2 corre- 
sponds to equilibrium values of the energy density 
of the radiation, u = Up). To the prescribed val- 
ues u, and Up (i.e., Ty and T)) there corre- 
spond the points I and IJ on curves 1 and 2. It is 
obvious that Eq. (12) will be satisfied if the points 
I and II have the same ordinate, and from this it 
is clear that the speed £ can be found in a unique 
way. 

It can be seen from Fig. 2 that the actual en- 
ergy density of the radiation is always larger than 
the equilibrium value Up; as has been remarked, 
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FIG. 2 


this is necessary for the propagation of the ther- 
mal wave. 


4, SOME SPECIAL CASES 


In the general case Eq. (11) cannot be integrated 
in terms of known functions. Therefore we shall 
consider limiting cases. 

1) (T,;-—Ty)/T; « 1. This case corresponds to 
the part of the curve 1 of Fig. 2 that belongs to 
large values of u, where the curves 1 and 2 are 
close to each other. For values of the argument 
the solution of Eq. (11) is of the form 


s (u, B) = ul(1 — 1/16u"). (13) 


Here we have already dropped a term propor- 
tional to B, since B turns out to be a small quan- 
tity. Substituting the value of s(u,8) for u= uy, 
from Eq. (13) in Eq. (12), we get 


pee PSA 4 Ti—T "/e 
“tae 


It can be seen from Eq. (14) that if the original 
inequality (T,;—Ty) « T, is satisfied, then even 
for y ~ 1 we have 8 <1. Therefore it is legiti- 
mate to use the more exact equation (10). This 
gives a more accurate value of the speed: 

es 4 , aa 
~e Vayier\ fh 

2) T,>> To, but U,<«K €(T)). Small values of u 
are then important, and this corresponds to the ap- 
proximate solution of Eq. (11) 


(14) 


(14a) 


7 


BS. BY3 
s (u, yu 1 af a) . (15) 
For B « 1 we get the expression 

B = U,/V3e(To)- (16) 


3) y «1, and T,/Ty is of the order of several 
units. We then get 8 «1. Neglecting 8 in Eq. (11), 
we reduce this equation to a Riccati equation, which 
can be integrated in terms of Bessel functions of 
pure imaginary argument. [11] Equation (12) for 
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the determination of the speed is then written in 
the form 


3 


Ty, (© uf’) | 1», (4 ut) = (T/T). (17) 


Since T; >To, this equation always has a solution. 
Here we have assumed that T,— Tp) is not small 

in comparison with T,. Then u, is obviously of 
the order of several units, and the speed is found 
from the equation 


U 1 T1\3 
Bass pe ger) : 
After the speed v of the boundary of the heated 
gas has been determined as a function of T, and 
Tp, the problem of the propagation of the thermal 
wave is solved from considerations of balance. 
Neglecting the energy contained in the region 


where the temperature falls, we have the energy | 
equation 


(18) 


4 nR*[U,(T)+e(T)] =E, (19) 
which, together with the equation 
dR/dt =U (T7, To) (20) 


and the relations (1) and (2), determines R and T 
as functions of the time t (here T is the actual 
temperature of the matter in the transparent re- 
gion, and E is the total energy in the wave). 

The problem we have considered has meaning 
only as long as T, >To. Ifit turns out in the 
course of the solution of a given system that T, 
and Ty) are comparable, the further work of solu- 
tion can be conducted in the approximation of ra- 
diative thermal conduction, since when this is true 
the radiation has come into equilibrium with the 
matter (cf. (1-31). If the time at which this oc- 
curs is sufficiently large, there may have been 
time for a rather large hydrodynamical expansion 
of the hot region. 

In conclusion we express our gratitude to Yu. P. 
Raizer for helpful discussions. 
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We apply quantum field theory methods to find the collective excitation spectrum of a super- 
conductor. We use the possibility to formulate superconductivity theory as a one-dimensional 
relativistic problem. We construct the Bethe-Salpeter equation for two-particle Green’s func- 
tions, whose poles determine the excitation spectrum, in the weak coupling approximation. We 
obtain for a system of neutral particles a sound wave branch which does not terminate at mo- 
menta k of the order A, but continues into the large momentum region, and the excitation en- 
ergy approaches 2A exponentially. In the case of charged particles the plasma oscillation 
dispersion is changed very little by superconductivity. We find a set of excitations with non- 
vanishing momenta; for small k their energy is close to 2A, differing by an amount quadratic 
in the coupling constant. For each non-vanishing component of the angular momentum along k 
there is one branch of the excitation spectrum which does not terminate for small k. In the 
large-momentum region, the energy of these excitations approaches 2A exponentially. 


1. INTRODUCTION 


‘Tue recently developed theory of superconductiv- 
ity is based upon the existence of a bound state of 
particles near the Fermi surface. The presence 
of this bound state leads to a gap in the single- 
particle excitation spectrum, since such excita- 
tions indicate the break-up of a bound pair. Apart 
from the single-particle excitations excited states 
corresponding to the motion of a pair can occur in 
the spectrum of superconductors. The interaction 
between the moving pair and the other pairs leads 
to the propagation of a collective excitation in the 
medium of the bound pairs. It is essential here 
that in excitations of this nature the particle pairs 
act as units in contradistinction to the situation in 
single-particle excitations. A study of the collec- 
tive excitations is important to ascertain the sta- 
bility of a state and the existence of superconduc- 
tivity in it, for this requires that the appropriate 
criterion be satisfied by all branches of the spec- 
trum. The collective excitations may also be im- 
portant for the electrodynamics and the thermody- 
namics of superconductors. 

The collective excitations of this kind may be 
considered to be bound states of two particles or 
quasi-particles with a non-vanishing total momen- 
tum. If the interaction between particles is non- 
vanishing only in the S-state, then only one kind 
of collective excitations with vanishing angular 
momentum is possible. This excitation is a sound 
wave in the electron system and changes into a 


plasma oscillation with a larger frequency when 
the Coulomb interaction is taken into account. 
Turning on an interaction with higher harmonics 
leads to the appearance of a number of branches 
of the spectrum with different angular momenta. 
Long-wavelength excitations of this kind were con- 
sidered by Bogolyubov [1] and by Bardasis and 
Schrieffer. [4 

In the present paper we use Green’s functions 
to study collective excitations. We consider the 
case of zero temperature. Treating the excita- 
tions as bound quasi-particle states enables us to 
determine their spectrum from the poles of the 
two-particle Green’s function. We use for the 
evaluation of this function a method based upon 
the formal resemblance of our problem to a one- 
dimensional relativistic problem; the role of the 
mass is played by the magnitude of the gap, A, 
and that of the only spatial momentum is played 
by the nearness of the particle energy to the en- 
ergy at the Fermi surface. We find the limiting 
frequencies and the dispersion of the oscillations 
with arbitrary angular momentum / in the long- 
wavelength region of the excitations; the results 
are the same as those obtained earlier by other 
methods for particular cases. We use the ex- 
ample of excitations with 1= 1, m= 0 to study 
the spectrum w(k) near its endpoint w = 2A. We 
show that there are a number of branches of os- 
cillations in the region of relatively large wave 
vectors. These branches may make an appreciable 
contribution to the electrodynamic and thermody- 
namic properties of superconductors. 
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2. THE RELATIVISTIC FORMULATION OF 
SUPERCONDUCTIVITY THEORY 


We write the Lagrangian (x) in the form 
\g (x) ax = \ dew (x) (i - tt +p) u(x) 
+ 3\ dxdy ut (x) u(x) D(x —y) ut (y) uly). (1) 


The spinor u(x) is here the electron field oper- 
ator, x = (x,t) = (X,X)), dx =dxdxp, and yp is the 
chemical potential. In the case of an interaction 
through a potential, the function D is of the form 
D(x-y) = V(x-y)6(x)—yo). For an electron 
interaction retarded by the exchange of phonons, 
D is the phonon Green’s function, [3] which in the 
zeroth approximation is equal to 
2 
Dee (2n)-*\ dkdave'** = mae (2) 

where w,; is the phonon frequency, pp the momen- 
tum at the Fermi surface, and A) > 0 Fréhlich’s 
parameter. em 

If we write the interaction in this form we can 
at the same time take into account both the direct 
Coulomb interaction between the electrons and the 
interaction through the phonons, so that for the 
complete problem we have 


D (x — y) =D pn (x — y) ——— 8 (Xo — wr). (3) 


[x—yl 

It is well known!*] that when there is supercon- 
ductivity we must use three kinds of Green’s func- 
tions: 


Gap (x — y) = <TUg (x) up (y)>, 


Fp (x — y) = <Titg (x) up (y)>, 
Fae (0*) = — Fog* (0°). 
(4) 


Here a and £ are spinor indices; the average is 
taken over the ground state of the Lagrangian (1).* 
It is convenient to write the functions 9, F, and 
F* in the unified form (Tu!?(x)ul?(y)), where 
u’(x) =u(x) and u2(x) =u*(x). To do this it is 
natural to combine the operators u and u™ into 
one operator ~(x) with components }, = uj,, 

$2. =U_yp, ¥3 = —iuliyp, and y4=iufp,, or, in 
‘‘split’’ form 


Faa (x — y) = <Tuz (x) ug (y)); 


p(x) = ae eh ac (5) 


*Because we have introduced the term putu into the 
Lagrangian (1), the functions F and F+ depend only on the 
difference x—y, in contradistinction tol] 
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where Oy is a Pauli matrix. This enables us to 
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give the theory a relativistic form. We introduce 
four-by-four matrices yj: 


as (Lio), 


m=(94)> =(e'.,) 


and the operator ~(x) = y~*(x)y,. The matrices 
y; Satisfy the usual anticommutation relations 


(6)) 


{Ys, v4} == {Ys, 15} ra {v4, 5} = 0, 


We define the Green’s function, as usually, by 


G(x—y) = KT (x p>. 
We can write the matrix G in expanded form: 


F (x— 9) 


F (xy) 6, 
6,F +(x—y) : (9) 


G(x—y) =i |_¥y—x 


In the notation of (5) and (6), the Lagrangian (1) 
becomes 


\£() dx=—z\ 5 (op (x) ax 


4 a af 
ae x \ dxdyyp (x) yatp (x) D (x— y) @ (y) va (y). (10) 
Here 
, ; a 1 @ 
p = {30s 7 tapas Pa = 1Po cca ps = —— 5 aa — Bel 


In the momentum representation the Green’s func- 
tion for non-interacting particles can be written as 


Go (p) = lip = — ip! p’, (11) 


where 


PF opp ca Pp AP awh 

In the following we shall be interested in the 
values of all quantities only near the Fermi sur- 
face. In that region we can divide the integration 
over d‘p = (27)~*dpdpy into integrals over the 
angles of the vector p and a double integral over 
P3 and pp: 

m 

i 7 et oer ies ee al TP (12) 
(where p = (27*)"'mp pF is the level density near 
the Fermi surface), and the integration over the 
angles can be left to the last. This is the form of 
a one-dimensional relativistic problem, so that 
we can use the well-developed technique of rela- 
tivistic calculations. 

We write Dyson’s equation for the Green’s fun- 


tion in the usual form 
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G (p) = Gy (p) — Gy (p) = (p) Gp), 


where 2 is the self-energy part. From (13) we 
have 


(13) 


G (p) = 1/(ip + 3). 


In first approximation 2 is determined by the dia- 
gram of Fig. 1 and is expressed by the equation 


ah) —— i\ 736 (p') ysD (p — p’) d*p’. 


The non-diagonal elements of 2 are in this ap- 
proximation reduced to a renormalization of the 
chemical potential and the particle mass. We shall 
assume that this renormalization has taken place 
so that p; = p’/2m, —u,, where m, and yu, are 
the effective mass and chemical potential. For 
what follows, the diagonal elements of the matrix 
x are important since they determine the gap in 
the energy spectrum. If we denote this diagonal 
part by A we have from the definitions (9) and (4) 


A=({ 0 
Bacein wi? Vn 


(14) 


(15) 


(16) 


FIG. 1 


The phase constant in A can be chosen arbitrar- 
ily and below we shall assume A to be real. G(p) 
is then of the form 


(17) 


The single-particle excitation spectrum is de- 
termined by the pole po = (pj + A*)' of G(p). 
From (15) we have for A the equation 


. ies ' 
d=—i\D0—P') ape’. (18) 
With logarithmic accuracy, the region near the 
Fermi surface is the important one in Eq. (18). 

In that region D depends only on the angle between 


p and p’: D(p—p’)=D(n°-n’), n= p/p, n’ =p’/p’. 


Assuming that the attraction in an S-state predom- 
inates in the interaction in D we find that A is in- 
dependent of the angles and satisfies the relation 
— 7 ap 2e ’ ’ 9 

1 = — ig,\ ar (2.= p\D (nn’)dn’/4x). (19) 
If we cut off, as is usually done, [61,5] the logarith- 
mically diverging integral at the limiting phonon 
frequency wp, we get for A the well-known equa- 
tion 


1=g,In(@o,/ A) =8L- (20) 
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More complicated diagrams entering into Z give 
terms of order wp/p «1 or terms in which the 
degree of the logarithm is less than the degree of 
the interaction constant, for instance, gal, [7] 50 
that if gy < 1 it is sufficient to limit oneself to 
the simplest diagram of Fig. 1. When the inter- 
action is not too weak we must replace the dotted 
line in Fig. 1 by an irreducible four-pole (see, 
for instance, Ze 


3. TWO-PARTICLE GREEN’S FUNCTIONS 


The collective excitation spectrum is deter- 
mined by the poles of the two-particle Green’s 
function which in our case can be written as a 
matrix 


K (1, 2; 3, 4) = é<Trp (1) p 2) (8) 9 (4)>. (21) 
Dyson’s equation for K is of the form 
K = —iGG— iaa\ TK dx, (22) 


where I is an irreducible four-pole. [9,10] Instead 
of looking for a pole in the solution of the inhomo- 
geneous integral Eq. (22) we can find the condition 
that the corresponding homogeneous equation be 
soluble. {!9,11] The kernel of this equation is inde- 
pendent of the variables 3 and 4, and we shall 
therefore not write these variables out explicitly 
in K: 
Ky, 2) = — iG :Q)G (@\r (1, 2; 1’, 2’) K (1’, 2’) dtydty. 
(23) 


In the weak-interaction approximation it is suf- 
ficient to limit oneself for the four-pole I to the 
lowest order diagrams: 


Py 


1 


T (0430957, 22) = (24) 


If we change in the equation for Kyp( PyP2) = 
(du(P1) Ypy(p,)) to the variables k = py—p, and 
p = (py + p2)/2 we can write (23) and (24) in the 
form 


Kw = £[(G(e + $)t0),,(124(P— 5), 
+(ce(—p + $)rs), (t86(—P 3), | 
xf dtp’ 1D (p—P') Kal # 


— 1D (h) 12,Sp PK (p’, 8)] (25) 
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where C is given by (6). The integral equation (25) and noting that the trace in pi@,rB is proportional 
to dqpg so that we can replace the matrices yj 


has a solution only if there are well-defined rela- 
tions between the energy ky) = w and the momentum 
k of the excitation, and these determine the energy 
spectrum w(k). The variable p characterizes the 
relative motion of the particles in the excitation. 
One can expand the matrix K,,, in terms of 
any arbitrary set of 16 linearly independent mat- 
rices. We write this expansion in the form 


Ky = Keri, + Kyi, 
The yi are given here by Eqs. (6) and the yi are 


obtained from the y' by replacing the two-by-two 
unit matrices by the Pauli matrices @: 


o 0 0 io 
n=(3 2) 2 =(_ i A, ‘ 
re (pe aioe) 


The Ki describe the excitations with spin zero and 
the K! those with spin unity. 

The presence of two G’s in Eq. (25) leads to the 
fact that only values of the variables p and p’ near 
the Fermi surface are important in (25). We noted 
earlier that in that region 


D(p—p’)=D(nn') (n= p/p, n’=p’/p’), 
d*p = p (dQ / 4x) a*p. 


(26) 


py" 


(6’) 


Integrating (25) over d’p we get for the functions 
Ki (n, &)=\apK'(p, #), —K"* (n, &) = \a*pK* (p, 2) 
the equations 
K? (n, &) = P*" (o, nk) p \ D (nn’) K’ (n’, ky 2 
A , dn’ 
9p *pD (k) | K(n (oon 


(27) 


K (n, k) = P’™" (o, nk) p \D (nn’) Kn’, 2) i 


(a,B=x,y,z). Here P(w, n°k) is of the form 


pit = tie Sp \@p [7.6 (p + a) Ya¥,13G (p at =) 


+CF,CG(—p + $)rst,186(—p — 4], 


pine _ < Sp \@p [v6 (p + >) Ys1"75G (p Ear “) 


+ Cy#CG(—p + +) rer"rsG(—p— +)] fee v(S77) 


Using the equations (i = 1, 3,5) 
CrC => Tp Cy,,C fee 


Tia? 


Cr.C parte Yas Cy.e er Tae 
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' sake of simplicity drop the index a of the functions | 


and LARKIN 


under the trace sign by yj, we find 


ph? = 4 (1 (n) +1" (—n)), 


pis. ee Ova : 1 (n Viens mn’ (—n)) i= it 3 5); 


Pet (0S tn) eee) 


pi — 8.54 (11 (n) +1” (— m)), sai | 


where 


II” (@, nk) = ee Sp \G (p * +) 181 fits (p — +) ap. 
(28’) 


The parity of the function P(n) determines the 
parity of the angular momentum of the correspond- _ 
ing excitation. In the following we shall for the 


Ki, and denote all functions simply by K'. The 
spinor structure of the excitation for the functions 
K! with i= 1,3,5 is then given by the first term 
in (26) (spin 0) for even angular momentum, and 
by the second term (spin 1) for odd angular mo- 
mentum. For the function K‘, on the other hand, 
even angular momenta correspond to spin 1 and 
odd angular momenta to spin 0. 

The quantities ti are evaluated in the appen- 
dix and given by Eqs. (A.9). In order to change 
from the integral Eq. (28) to an algebraic equa- 
tion we expand Ki(n) and D(n-n’) in powers of : 
spherical harmonics:* 


K' (n) = >) KimY im (n); 


gee D (nm’) = Dye, (“gaar) “Pe (nn’) = Di 8.¥ im (n) Vim (0) 
l 


(29) 


If we choose the z axis along k, the z compo- 
nent m of the angular momentum will be an inte- 
gral of motion. If we substitute into the set of 
Eqs. (28) the explicit form of the quantities 


lim = \Yin (n) TI"¥ 1m (n) da, 
we get 
Kim i RE [(z Pie Bf) imKiym 
ly 
+ oe ftymKim + x (5f)itsmK im | 
— 26mopD (k) ~ FrooK Gos 


1 
*We use the normalization P?_ (x)dx = 1. 
lm ) 
—1 
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. ‘ / Be 
Kin aa Dg, | # Frtcnl an Tan (7 + 43 dsl 
Ly 


) KE 


; 
q Ulm 


+ (#5), Kin | 


2 2 
i Wi 3 a 3h 3 
+ 28n0pD (bt) (f +B) Kes, 


2 


: 1 5 aa 
Kin —- De, & DING (9sf)ttymKim Sy q( 25") Rie 


ro 
= (FR) ake 
+ 2mopD (@) 9: (BS), Ki. 
im = DE, (L—f + 8A) 114m Kim: (30) 
Here we have (see appendix ) 
qa=knv, G=io, ¢=R+a 
B= AM OS ea BD 


Since 1°, 1153, 1°, and I‘* are even functions 
of (k-n), and II** and li*? are odd, Eq. (30) con- 
nects the even harmonics K} and K} with the odd 
harmonic Kj and vice versa, so that we can sepa- 
rate the equations for even and odd 7. It is also 
clear from (30) that one can separate the equation 
for K! from those for K*, K*, and K®*. One veri- 
fies easily that when k = 0 the equation for K! 
has no non-vanishing solutions so that we shall 
not consider K! in what follows. 


4. THE CASE k= 0 


When k = 0 the coefficients mk are independ- 
ent of n so that 


ip ik 
Tiim = 941, im 


and the equations for different 1 become separate 
ones. We consider first S excitations. In the case 
of neutral particles D(k) is finite when k = 0. The 
quantities m**, m4, m“, and hence also K‘, van- 
ish so that (30) becomes 


80 27 fKés ir <x f (go— 20D (a, 0)) Koo = 9, 


Bo 7% FR, — (1+ gof —2fpD (w, 0) Koo= 0. (82) 
Equations (32) have a solution K3, = 0, Kjp = 0 
when w= 0. This solution corresponds to the usual 
sound wave excitations [1,12,13] which are discussed 
in the next section. 

We find now the limiting frequencies of the os- 
cillations with 1 ~ 0. We can put Eq. (30) in the 
form 
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Kim = 8,(L-+ tar) Kim + 8, sa PKims 
Kin = 8, 59- [Kim —8,fKim - (33) 


If we put the determinant of (33) equal to zero, we 
fing] 


(1—g,L) (1 + gf) —g,0°f / 44° = 0. (34) 


If g7(g)-87) <1 the value of w is close to 2A 
and f(w/2A) x %4r(1 —w*/4A2)-1/., and thus 


w? (0) = 4A? (1 —a?), (35) 


where 


ay = + 1g? (Zo—8,)?. (35’) 


Equation (35) shows that for any small gy re- 
gardless of its sign, a bound state of two quasi- 
particles exists with a binding energy ~ Aaj. One 
can understand the existence of this level as fol- 
lows. For the aj considered, which are very small 
compared to unity, the energy of the system is 
close to 2A so that the problem becomes a one- 
dimensional non-relativistic one. It is well known, 
however, that in that case there is always a bound 
state for the particles, however weak the interac- 
tion!!4], to be sure, it does not follow from this 
simple picture that the result is independent of 
the sign of gj. 

If one of the g, is very close to gp so that 
gi(go-g,)* > 1, then w is close to zero, f=1, 
and 


w? (0) = 4A? (go — gy) (1 + &1)/8081- (36) 

If gj > go the value of w*(0) given by (36) be- 
comes negative. The presence of excitation with 
an imaginary frequency in the system means that 
the original state is unstable with respect to these 
excitations. In the present case this indicates the 
instability of a state with S-pairing. The stable 
state will be the one in which pairing occurs with 
angular momentum 1 73,48 

We note that the instability of the normal, non- 
superconducting state (A= 0) can also be ascer- 
tained from the form of K. [16] Putting A=0 in 
(30) we find that the equations for Kj) and Ky 
are the same and have a solution when 

1= “in. (37) 

The change in the state caused by this instability 
leads to the appearance of the gap A in the single- 
particle excitation spectrum, while the frequency 
of the collective excitations becomes equal to zero 
[see (32)]. 
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5. SOUND WAVE OSCILLATIONS (1 = 0) 


We consider excitations with /=0. In that 
case we find that in the first of Eqs. (30) the quan- 
tity K?) occurring on the left-hand side cancels the 
logarithmic term g)LK?, on the right-hand side. 
The subsequent considerations are different for 
systems of neutral or of charged particles. For 
neutral particles D(k) is finite for small k and 
in the first of Eqs. (30) we can drop all terms 
apart from those involving Kj), if our accuracy 
is to terms of the order gp or g;.* The disper- 
sion equation becomes of the form 

1 
\ (w? — vx?) f (8) dx = 0. (38) 
coal 


Using (A.10a) and (38) we get for kv/2A « 1/1,12,13] 
@? = = vPR?, (39) 


It turns out unexpectedly that Eq. (38) has also 
a solution when kv/2A > 1. This is connected with 
the fact that if w is near to 2A the integral of the 
first term in (38) is logarithmically large when we 
take the region of small x into account. Using the 
limiting expressions (A.10b) and (A.10c) for f we 
find 


A 4A? kv 

soa Magi — (In F —1)=0, (40) 
and hence 

wale re A exp (—t in), (41) 


It is not difficult to find the corrections of the 
order of magnitude of the interparticle interaction 
g. For instance, in the region of small k we can 
rewrite Eq. (39) as follows, if we take these cor- 
rections into account, 


o? = Lv? (14 gy — 2pD (0) + gi). (39) 
If the interaction is non-vanishing only in the 
S state, then g,;=0, pD(0) = gp, and (39’) is the 
same as Anderson’s result. |!2 
The branch found here is the sound wave branch 
in the system of electrons. This branch goes there- 
fore over into plasma waves in a system of charged 
particles. In that case the function D(k) 
—- —4re?/k? —-- - 0 as k 0. One must therefore 
also take into account terms in K3, in the set (30). 
Dropping terms of order g7 we get 


*For large kv > A the corrections to Eq. (38) are of the 
magnitude ~ g In (kv/A). In accordance with the basic ap- 
proximations in the theory we restrict ourselves to the region 
ky <@p when g In (kv/A) <1; one can find the correction 
terms using perturbation theory. 
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Kio = (1 + goB? foo Koo + pate: (go — 2pD (R))Koo. 
3 / k 2 pa 
K%o = 80 34 fooKin + (20D (t) — 80)(f —Ge— team) Kon 
(42) 


Solving (42) for kv/w « 1 and taking into accoun 
that then also A/w « 1 we get the following expres- 
sion for the frequency 


w? (k) = = ne*pv? ae 2 Rv? (43) 


If we take g7 into account the equation for w*(0) 
will be of the form 


8 4 
a (0) = zme*pv (1 + B1) = 35 e*p,pm, ppm. (1+ gf) 


or, if we use the expression for the effective mass 
m,=m(1 +g,), 07 


w? (0) = 4ane?/m = wo: (44) 


The plasma oscillation frequency (44) has thus 
the same value as for a free electron gas. [12,1] 
This result is physically clear since the frequency 
of the long-wavelength oscillations which occur be- 
cause of the long-range Coulomb forces cannot be 
changed by the presence of finite-range forces in 
the system. We neglect the influence of these 
forces on the dispersion (43), for when A/w <« 1 
the corresponding corrections will be the same 
in superconducting and in non-superconducting 
systems. 


6. EXCITATIONS WITH NON-VANISHING ANGU- 
LAR MOMENTUM AT SMALL k (J =~ 0, 
kv « a,A) 


When k =~ 0 the degeneracy with respect to the 
component m of the angular momentum along the 
direction of motion is lifted. When kv « a,A the 
splitting is small and the distance between the 
levels having different m but the same 7 is small 
compared with the distance between levels with 
different J. In that case l is a good quantum 
number and the set (30) can be solved, as before, 
as a set of independent equations for different l. 
One verifies easily that the influence of neighbor- 
ing harmonics leads to corrections in the disper- 
sion which are small either in the interaction con- 
stant or in the parameter (kv/a,A)* «< 1. When 
there is Coulomb interaction we must consider 
more carefully the case 1= 2, m=0, but one can 
verify that also in that case the correction is pro- 
portional to g. Taking into account the fact that 
w is close to 2A and neglecting terms k*v? com- 
pared to terms k*v*/a? we get 
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Kim =) 07 (L oe fttm) Kin =r igifiumKim; 


‘Kine =e igifimKim — gifumKim- (45) 


If we use (A.10b) we get from the condition 
that (45) be soluble for w?(k) the following ex- 


pression 
@im (k) = 4A? (1 — 7) ++ R?v? (1 + 200. ola im), (46) 


where C are Clebsch-Gordan coefficients. In par- 
ticular, we get from (46) when /=1 


@ip (2) = 01 (0) + 2 R0?, wi, 41 (Rk) = 01 (0) + 


which is the same as Bardasis and Schrieffer’s 
result, (21. 
For large 'l Eq. ee gives 


@im (2) = 01 (0 Aes = (— 


~ k2v?, (47) 


m2) (1>1). (48) 


7. EXCITATIONS WITH NON-VANISHING ANGU- 
LAR MOMENTUM AT LARGE k 


When the wave vector k increases the magni- 
tude of the angular momentum / of the excitation 
ceases to be a good quantum number, and each ex- 
citation is a superposition of harmonics with dif- 
ferent values of J (but one value of m). Fora 
certain value of k which is about equal to Aa/v 
the excitation energy becomes, generally speak- 
ing, equal to 2A, and after that the excitation 
ceases to exist since as w > 2A it is unstable with 
respect to a break-up into two single-particle ex- 
citations. We determine now the shape of the 
spectrum near its endpoint. Let us, for example, 
consider the case 1 = 1, m= 0, and for the sake 
of simplicity assume that all g, with J > 1 vanish. 
Up to terms of order gy we can neglect in Eqs. (30) 
the quantity K‘ so that this set becomes 


Kio = g1(L + fro) K%o Sr ifrroK io, 


(49) 
Using Eq. (A.10b) from the appendix we get 
from (49) 
1 
| = 3a, xtde(I— f+ See) (50) 
0 


where a, is given by (35). The end of the spectrum 
kmax is then determined by the value w(kmax) 
= 2A, and thus 


kmax = 30,A/0. (51) 
Expanding Eq. (50) near Kmax we get 
4A? 2 
(44? — o?) In aor — + (kmax—K)=0. (52) 


It is clear from Eq. (52) that the curve w(k) is 


Kio — igifioKto = faioK io: 
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w 
ZA 


tangent to the horizontal line w = 2A near Kmax 
so that the complete w(k) curve is of the form 
given in Fig. 2. 

It turns out, however, that for each m # 0 there 
is one excitation branch which does not end, even 
at large k. Indeed, if 7 and m have the same 
parity, the matrix elements of f for w near to 
2A are logarithmically large because of the small 
x. This logarithm compensates for the fact that 
the coupling constant in the right-hand sides of 
Eqs. (30) is small. Using Eq. (A.13) we can write 
the set (30) in the form 


Kin == IY DK in 
+ 2 Pim (0) In vas TaD SHPO) (Klin + Kb, 
Kin = i FE Pim (0) Ine BL EsPim O (Rim “tem 


(53) 


Introducing the sh 
2nA 


Xn = Spc tlain (0) i ——— ee o2 Shee (0) (Kim + iKi.m); 
(54) 
we get for the excitation considered here 
Riz = 1 Te Pin (0) Xm> Kin = Pin (0) Xm + (55) 
Substituting (55) into (54) we find 
An ko 5 
t= ie, In Maasai a; (0), (56) 


and hence 


4A? — wo? = min {hv?, 4A®}-exp [-5 za (2 aPin (0)) ji 
(57) 

Equation (57) is valid apart from a possible numer- 

ical factor in front of the exponential, and is applic- 


able in the region 


ku > A >) (Pim (0)- (58) 
Z 
The difficulty of considering the region k ~ aA/v 

makes it impossible for us to follow in detail the 
behavior of these branches, starting from k= 0. 

It is, however, clear from the theorem on the non- 
intersection of terms of the same symmetry [14] 

that the branch extending into the large k region 


a 
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is the one with the smallest energy for a given m, 
that is, the branch with maximum gj. 

When m = 0 an annihilation term with 2pD (k) 
is added to the right-hand side of (53). Restricting 
ourselves to the region ajA « kv « A we get 

ku 


2nA 
Kip = gL Kin +P 10 (0) ate a 


x > 81,P1,0(0)(K?2o+iKio)— 2ipD (R) Keo 


io = oe Py{0) eae 
x > g1,P 140 0) (Kio + iK})—2ipD(®) Kio} (59) 
1, 


Putting 7 = 0 in the first of Eqs. (55) we see that 
the expression in square brackets vanishes and that 
thus K?) = K})= 0. The equations do therefore not 
have a solution with w close to 2A in the region 
aA «kv « A. All excitation branches with m = 0, 
l = 0 which are close to 2A for small k stop thus 
for kv ~ aj7A. 

We note in conclusion that the results of this 
paper have been obtained assuming an isotropic 
model of a metal. Deviations from isotropy /18] 
may turn out to be important when w is close to 
2A. The results are, apparently, little changed 
at small k, if the relative anisotropy of A is less 
than or of the order of g*. The case of large k 
needs separate consideration. 

The authors are grateful to A. B. Migdal, 

S. T. Belyaev, and L. P. Gor’kov for interesting 
discussions. 


APPENDIX 


EVALUATION OF THE COEFFICIENTS mm! 


It is convenient to introduce for the evaluation 
of the quantities II" which are defined by Eqs. 
(28) instead of the 4-vector k =k; —k, the two- 


dimensional vector q with components 
J, = ky = to; qs = (ky — ke)3 = kp/m, = knv, (A.1) 


where v is the particle velocity on the Fermi sur- 
face. Using Eq. (17) and writing 


tip = —4Sp ¥: (A — ip,) Ys trvs(A — ip), 
Pi=P+ 54 p= p—t4, (A.2) 
we rewrite (28’) in the form 
< apt, 
Trey \ ce ens ee A.3 
\eegcrr ea ow 
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Dropping the odd terms in p in t,, which vanish 


when we integrate over p, we get for the tjy the 
following expressions: 


thy = PiP, — A’, his = tig = ha = O, 


tss = PiP2 + A’, ts3 = ts5 = QA, tsa = — tgs = Q5A. 
tsg = (P1)s (P2)s + (P1)a (P2)a — A, tag = Cag + 2A?, 
tsa = — tas = 2 (p1)s (pe)a. (A.4) 


The relativistic integrals which we obtained, 


A?a2p 


A acai rr recy rac. 


(P1)q, (P2)p Fp 


= ‘A.5) 
(p} + A?) (p} + A?) ( 


Tap (g) = — i \ 


(a, 8 = 3,4) can be evaluated simply using Feyn- 
man’s method. !!9] Applying this method to evalu- 
ate I(q) we find 


1 
hes Atd2p * 
‘bak ih [Ad — x) tp + OP 


1 


=i pienea? Ut ee 
wiiaee (Pte +e? 
1 
{ A?d 
i + \ A? + @ Gane (f= p + (¢ — 9x)/2). (A.6) 
0 


Introducing #? = —q?/4A? = [ w* — (k-nv)?] /4A2, 
we find 


(A.7) 


The integral Igg (q) contains a logarithmic 
divergence for large p. We must therefore evalu- 
ate instead of Igg(q) the convergent quantity : 
Iqp(q) ~ Iqp(0), and find the constant Iqp(0) by 
direct ‘‘non-covariant’’ integration, with cutoff at 
a frequency wp taken into account, as when deriv- 
ing (20). As a result we find 


Tap (9) a Tap (0) 7 2 ba (1 —f + B? f) 


— 44,9992 (1—f). (A.8) 
We must bear in mind that the interaction in the 
l-th harmonic may be cut off at a frequency w, dif- 
ferent from wp. The resultant logarithm L (1) 
= In (w,/A) may therefore, strictly speaking, be 
different from L=In(wp/A) =g7!. To simplify 
our formulae we put henceforth w] = wp; if nec- 
essary, we can easily make the appropriate cor- 
rections. Substituting Eqs. (A.4) to (A.8) into (A.3) 
we get the following values for the II'!: 
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Tu = L —f + Bf, lbs = L + pf, Ws3 = M35 = quf/2A, 
ie -— Iles = Qafi2A, Wewesse th Gaga (loa ys 

Tas = 9397 (f — 1), Isa = — Ilas = qsqag™? (1 — f). 
(A.9) 


We give the expressions for the function f (£) 
given by (A.6) and (A.7) in the limiting cases: 


p-0 fe), (A.10a) 
2) 92.10 f(8)-x/2V1—Bp% —_—((A-10b) 
3) B2=— co  f($) ~— > 8? In (— 48%). (A.10c) 


We find also with logarithmic accuracy the form 
of the matrix element fjj,m for large k. In the in- 
tegral 


Liln an \ Pin (x) Piva (x) f (8) dx (A.11) 


1 
the small x region is important. With w — 2A and 
small x, Eq. (A.11) can, according to (A.10b) be 
written in the form 


*max 


2mAdx 
frm = Pim (0) Pim (0) \ 
0 


Vita peo. (A.12) 


If kv < 2A, we have xXmax ~ 1; if, however, 
kv > 2A the function f increases fast according to 
Eq. (A.10c) starting at kvx ~ 2A so that the ex- 
pression for f(8) which was used in (A.12) be- 
comes inapplicable. The matrix element fj],m 
is thus with logarithmic accuracy equal to 
2nA | ko 


fitym = Boe Nn ———— P jp, (0) Pini (0), 


A.13 
Vist at Ade) 


where 
ku = min{ kv, 2A}. 
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Nuclear matrix elements for allowed £ transitions of a number of strongly-deformed nuclei 
are calculated. The matrix elements were computed according to the independent-particle 
model, and residual interactions between the nucleons were then taken into account. In the 
independent-particle model the reduced B-decay probabilities ft differ from the experimen- 
tal values by two or more orders of magnitude. Better agreement between the theoretical 
values of ft and those observed experimentally can be obtained by taking pair correlations 


into account. 


One of the main problems in nuclear theory is 
the calculation of the nuclear matrix elements. 
The difficulty of this problem is that a many-body 
problem must be solved. The first step in this 
direction was the development of the independent- 
particle models (i.p.m.). These models, how- 
ever, provide only a qualitative description of the 
different properties such as the level sequence, 
the spins and parities, and certain selection rules 
for the nuclear processes. The calculation of the 
matrix elements is thus far quite unreliable. 

The interactions not included in the self-con- 
sistent field can be taken into account with the 
aid of the recently developed ‘‘configuration mix- 
ing’’ procedure. The corresponding calculations, 
however, are very cumbersome if the interaction 
of a large number of particles is to be taken into 
account. A method that is quite fruitful when ap- 
plied to nuclear theory is the method of accounting 
for pair correlations between particles, developed 
by Bogolyubov. 

The purpose of the present work was to calcu- 
late the matrix elements of 6 transitions on the 
basis of the i.p.m. with account of the residual 
pair interactions between nucleons (nn and pp 
interactions of nucleons with equal and opposite 
momentum projections on the nuclear symmetry 
axis). For simplicity we confine ourselves to al- 
lowed £6 transitions in strongly-deformed nuclei 
within the framework of the Nilsson model. {11 

A characteristic of 8 transitions is the product 
f (Z,E)t, which in our case has the form!?] 


F(Z, E)t =| (1) 


em ce 
<A> P+ RI <s> PP? 


where f{(Z,E) is the Fermi integral function, t 
the half-life of the nucleus, and D a constant that 


depends on the coupling constant g: 
D = 2n®h* |n 2/m'ctg? = 6550 sec; 


R= 1.7 is the ratio of axial to vector interaction 


constants 
KDe= ZG Deloy, 
DF p 
|<s> P= 411 CF| Dispee [a>]. (2) 
PF Pp 


The last expressions represent the squares of the 
nuclear matrix elements of the 8 transitions, sat- 
isfying the Fermi and Gamow-Teller*! selection 
rules, respectively. Here T, —isotopic spin op- 
erator with integral eigenvalues, s — usual nu- 
cleon spin operator, |i) and (f| —the initial and 
final states of the nuclei, respectively. The sum- 
mation is over all the nucleons that participate in 
the transition. Final summation is over the pro- 
jections ps of the momentum of the nucleus in the 
final state. 

In the B transitions considered by us the ele- 
ments (1) vanish because of the orthogonality of 
the initial and final states (there are no mirror 
transitions ). Substituting the Nilsson wave func- 
tions !] in the matrix element (8) and going over 
to a system of coordinates connected with the nu- 
cleus, in analogy with [4], we obtain 


[<s>? = 4] 11K, K; — Kil 1; Kp Diata aia 
X (Xs, Bp > SKp—K; Xs, B,) + <A LK; — Ky — Ki | 1; —Kp 
xX (HVT Sala ain (hs, 2, » SK; —K; %s, B;) P On; ny 


where I and K —total momentum of the nucleus 
and its projection on the symmetry axis, ajz, — 
coefficients tabulated by Nilsson,“ yg 5 —spin 
nucleon functions, Z = + We — projection of the spin 
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Allowed £f transitions in nuclei with odd A 
Parent Daught T f peerenet | 1 log,, ft 
aughter Bir NT: t 1 7 , R - 
nucleus, In [NnzA} nucleus Tain ze Gaetined bie eel (up 2S Rp SL [Rg fe, experi- ae 
nucleus, kev| faded deli 


ee a aa Sse 


Type au | 
g7Ho!s® 7/.— [523] gsDy™89 5/a— [523] ec ? 3.55 0.38 3.97 <5 [5] 
gaGdist 5/,— [523] gs Tb161 7/o— [523] B- 418 3,42 0.26 4,00 ~4.8 [5 
¢7Ho!® 7/4— [523] geDy161 5/g— [523] ec 26 3.55 0.34 4.06 <4.5 [5] 
ggEr'63 5/a— [523] g7Hols3 7/4— [523] ec 0 3.55 0.36 3.99 <5 [] 
gghir}65 5/y— [523] g7Hoss 7/y— [523] ec 0 3.55 0.44 3.94 <5 [5] 
g;Hot8? ?/y— [523] ggEr67 5/4— [523] B- 700 oo 0.52 3.70 48 [5] 
wv Y b!87 5/s— [523] go T m6? 7/.— [523] ec 293 00 0.39 3.96 <5 [5] 
Lut 9/,— [514] 7 Yb173 7/.— [514] ec 637 3.46 0.45 3.84 5 ["] 
79 Xb1% ‘= [544] ayLul?> 9/,— [514] Be 396 3.36 0.35 3.82 4.5 [] 
74W179 t/a— [514] ng al”? 9/,— [514] ec 30 3.46 0.12 4.38 ~4.6 [°] 
oaPu235 5/4+ [633] ogNp235 7/4+ [633] ec ? 3.56 ~0.03 ~5.00 <5 [°] 

Type ah 

ogSm55 /a— [524] | outs 5/.— [523] 3- 105 oo 0.10 5.38 5.7 [9] 
geDy?8? 3/,— [524] osTb18? 5/4— [532] ec 327 00 0.42 4.92 ? [2] 
oad 459 3/,— [524] gsTb159 5/o— [532] B- 364 0° 0.08 5.48 | 6,4-6,7 | [512] 
ggET}6 3/.— [521] 67H}! 5/,— [532] ec 826 co 0.46 4.90 | 5.4—-5,7 | [3,14] 
ggEr}7} 5 /a— [512] goTm!72 7/.— [523] B- 425 00 0.45 5.20 6.3. [5.25] 
spc? 3/4-+ [654] go Th282 5/5+ [633] B- 0 4.78 ~0.40 ~5.20 6.6 [°] 
oo Th? 5/o+ [633] 91Pa?81 3/54 [651] B- 166 oo ~0.45 ~5.60 5.8 [°] 
ogNp??? 5/5+ [642] oaPu2? 7/o+ [624] B- 512 5.00 0.07 6.15 6,8 | 
oaPu243 7/+ [624] osAm?43 5/5+ [642] B- 84 00 0.24 5.62 | 5.9-6.2 | [5.9.13] 
ooT h232 5/4+ [633] 91Pa2™ 5/o+ [642] B- 84 4.00 ~0.30 ~4.50 5.7 (°] 
o4 Pus 7/>+ [624] osAm243 7/-+ [633] B- 465 4.40 0,62 4.34 5.5—6,0 [5.9] 
ogNp23 5/4+ [642] | oaPu239 5/o-+ [622] B- 286 4.71 0.42 5.63 | 6.9—7.0 [5.9] 


on the symmetry axis of the nucleus, N —princi- 
pal quantum number; the summation in (3) is over 
l, A, 24, and 2g. 

The calculations performed have shown that 
the matrix elements depend rather weakly on the 
deformation. The calculated values of logjy ft 
are listed in the seventh column of the table. 

According to the classification of Mottelson and 
Nilsson!*J all the transitions are divided into type 
au transitions (allowed unhindered) and type ah 
(allowed hindered). The latter are forbidden in 
the asymptotic quantum numbers N, nz, A. We 
note also that in the Nilsson model the f transi- 
tions with AN = 2 are forbidden. 

The effect of pair correlations on the B decay 
was considered in many papers, for example, those 
by Solov’ev. [6] In terms of the i.p.m. the residual 
interactions lead to ‘‘smearing’’ of the Fermi en- 
ergy surface (Ep). The levels (n) with energy 
En > Ef are partially filled (upon inclusion of 
the pair correlations) with probability v2, < 1; 
the levels with energies Ey < Ef are free, with 
probability u2 > 0. It is obvious that the residual 
pair interactions will hinder the transitions that 
are allowed in the i.p.m. (the statistical weights 
of the states participating in the transitions will 
decrease). On the other hand, the f transitions 
to the filled levels with Ep < Er, which are for- 
bidden in the i.p.m. (by the Pauli principle) turn 


out to be allowed in the presence of pair correla- 
tions. 

The correction factors Re to the B-transition 
probabilities, necessitated by the smearing of the 
Fermi surface, have the following form 1 

1) B decay of the type 


aks (2ny)) ,, (217) 12 (2ny) , (22 y+1) (2ny) ,(22y+1) 2 
Rp [u,,. Yn J Il (a, u,, “ren On ) 


n+n; 
x off (uz) yirzr). 4. yf2nz) yerzt))2, (4) 
nen 

where nj and ng are respectively the initial and 
final states of the odd neutron and odd proton. Here 
and throughout 2ny +1, 2ny and 2ny-1 denote 
the number of the neutrons, and 2nz + 1 etc de- 
note the number of the protons. 

2) B decay of the type 


(20 2n 2nz—1) ,,(2nZ) (2nz—1) ,.(22Z) 
Rg = [vp, Z) On N)]2 Il (u2"z us a a Bia 2))2 
nen; 
2nnjy—1) ,,(27 A”) (2ay—1) _ (22,7) 
4 Il (ue NF a Dee ys (5) 


n! eng 


In the case of e-capture the corrections have a simi- 
lar form. The calculated corrections Rg are listed 
in the eighth column of the table. 

All the foregoing £ transition can be divided 
into transitions with change in the number of paired 
neutrons (protons) in the shell, and transitions 
with decay of the odd nucleon. In the i.p.m. there 
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is no difference between these groups of transi- 
tions, but the observed values of ft are somewhat 
greater for the first group than for the second. 
This difference is understandable from the point 
of view of pair correlations, and the calculated 
corrections Rg reflect this fact. 

As can be seen from the table, the theoretical 
values of ft systematically approach the experi- 
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ence logig (ft exp — logy (ft)theor has an average 
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Collisions between nucleons and heavy nuclei are considered within the framework of the 
hydrodynamic theory. It is shown that the reference system in which the secondary particle 
angular distribution possesses forward-backward symmetry is not the c system. 


Beten *KII and Milekhin">4] have considered 
the interaction of nucleons with nuclei using the 
hydrodynamic theory of Landau. "71 If n < 3.7 
(where: n is the number of nucleons in the tube), 
the problem is solved completely, but if n > 3.7, 
only the dependence of the multiplicity of the 
process on the dimensions of the nuclei has been 
obtained. In the present paper we present the re- 
sults of investigating the symmetry properties of 
the distribution of shower particles with the help 
of the hydrodynamic theory for the case n > 3.7.1 

If n > 3.7, a region of motion forms in the ex- 
panding meson cluster, called the second wave of 
rarefaction (s.w.r.), which is bounded by the 
vacuum on one side and on the other by the region 
of hydrodynamic motion which arises as a result 
of the reflection of the simple wave on the front 
of the shock wave/*1 (called the first reflected 
wave). According to Milekhin, [5] the angular dis- 
tribution of the secondary particles in the one- 
dimensional approximation [8] is given by the 
relation 


N. ov (n, ¥ 
a Sua iiea 2, (1) 
where W = 0x/dy — x, and x(n,y) is the hydro- 
dynamic potential determined by the equation of 
Khalatnikov: [71 


OX 


oy? 


aX ax 
= 25, = 0: (2) 
Here y=I1n(T/Tp), n= tanh! vy, T is the tem- 
perature of the medium, Ty is the initial tempera- 
ture, v is the velocity (velocity of light c= 1), 
Ny is the total number of particles, yk =n (TK/Tp), 
and T; is the decay temperature. 

For |y,| >> 1 the decay of the system is deter- 
mined by the s.w.r. Solving Eq. (2) for the region 
of the s.w.r. by the method proposed by Milekhin, [4] 


we can determine the function 8¥/dy. With an ac- 
curacy up to terms of order 1/|y | we have 


We [1 C2 — 160) 
— 2) + AB, (lo (@) +112) 
V=3+4+V3, B= (n—2—V28)2+V3/7 +4V23), 


ov 


oy 


a retains es (5 V3+ 9) AB 
= a eee 2 = sre TLE Et 
(5+3V3) AB, 
=}, a eae lot i ae 
2V¥3(2—YV3) wy 


Using relations (1) and (3), it is easy to show that 
the angular distribution of the secondary particles 
has forward-backward symmetry in the reference 
system moving with respect to the system of the 
center of gravity with a velocity V, where 
4(n+1)+3V3 n—i 

= (7 ae V3) aa ( n+1 )} 
For example, for a tube with n= 6 we have V= 0.4. 

We note in this connection that the experimental 
determination of the energy of the system by the 
‘thalf-angle’’ method leads to a lowering of the 
value of the energy by a factor exp (—2 tanh V) 

[for n=6 we have exp (2 tanh V) =2.2]. The 
lowering of the energy leads again to a certain 
rise in the degree of anisotropy of the angular dis- 
tribution of the shower particles. 

For the system as a whole the violation of the 
symmetry will be due to particles in the simple 
wave (about one particle) and in the first re- 
flected wave (about four particles). However, 
the contribution of these particles is small and 
decreases with increasing energy of the incoming 
nucleon. This last assertion may become invalid 
if account is taken of the viscosity, which leads to 
the formation of an additional number of particles 
in the region of the simple wave. /®! 


(4)* 


V = th| 


*th = tanh, Arth = tanh™. 
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The analytic properties of the one-fermion Green’s function and of the mass operator in the 
quantum theory of many bodies are investigated. In particular, the problem of the poles of 


the mass operator is examined. 


Ws: shall investigate the analytic properties of 
the one-fermion Green’s function of a system of 
interacting Fermi particles in the ground state. 
This problem has been treated recently in a paper 
by Luttinger. [1] Luttinger confines himself, how- 
ever, to the consideration of ‘‘normal’’ Fermi sys- 
tems, i.e., systems that do not have an energy gap 
in the spectrum of one-fermion excitations. The 
present paper deals with the analytic properties 
of the Green’s function for systems of both types 
(both with and without a gap). In particular, a 
study is made of the problem of the connection of 
a gap in the spectrum of the one-fermion excita- 
tions with a pole of the mass operator of the fer- 
mion. Also it is shown that one subtraction may 
be necessary for the presentation of the mass op- 
erator in the form of a dispersion integral. 

For simplicity we shall confine ourselves to 
spatially homogeneous systems, although the re- 
sults we obtain can be extended to the case of in- 
homogeneous systems. Also we shall assume that 
the number of particles N in the system is very 
large, and accordingly shall neglect all correction 
terms of order N7! in the quantities considered. 

Let us define the one-fermion Green’s function 
by the equation* 


G (x, x’) = i<T Oh (x) P(x’). (1) 
Using the fact that G(x— x’) depends only on the 
difference x —x’, we represent this function as a 
Fourier integral: 


G(x) = ar | dpdocisH" G (p, 0). (2) 


As Galitskii and Migdal [2] have shown, G(p, w) 
has the integral representation 


*In the literature one often encounters a definition of the 
Green’s function which differs from ours in sign. 


0 co 


G (p, o) = \ jars se) +-\ do’ 
0 


wo’ —o-+ id 
—oo 


A (p, 0’) 
PORE EY 


where w is the energy measured from the chem- 
ical potential of the system, and the function 
A(p,w) is nonnegative, i.e., A(p,w) = 0, and 
satisfies the condition 


| dod (p, ©) = 1, (4) 
which is a consequence of the canonical commuta- 
tion relation 


{tha (x, #), pe (x’, A} = Sap 6 (x —x’). (5) 
We write down Dyson’s equation for G(p,w): 
— Gt (p, o) = — waite o) + M (p,o). (6) 


Here G)(p, w) is the Green’s function of the system 
of noninteracting particles, and M(p,w) is what is 
usually called the mass operator for the fermion. 
Equation (6) is essentially a definition of M (p, w). 
As is shown in the paper of Galitskii and Migdal, [2] 


Gy (p, o)= — lo + du — Cp + ide (£,)]17 
St (Oy ee ba ct fOR( Gp) 1 *, 
su =p — Ep, Cp = p?/2m — Er, (7) 


where Ep is the Fermi energy, Ww is the energy 
measured from the Fermi energy, and ¢€ (x) 
=x|x|7}. 
It follows from Eqs. (3) and (4) that 
lim wG (p, o) = — 1, (8) 


| @ | +00 
from which, when we use Eq. (6) and (7), we get 


lim o 1M (p, @) = 0, (9) 
@ | 0o 

i.e., when the absolute value of w is large M (p, w) 
can increase, but more slowly than w. It must be 
noted that Eq. (9) restricts the possible character 


1191 


1192 


of the increase of M(p,w) at infinity. Indeed, in 
general the function M (p,w) does not necessarily 
have to increase for large w. It can approach a 
constant or even decrease. 

From Eq. (3) there follows an important prop- 
erty of G(p,w), regarded as a function of the 
complex variable w. First, G*(p,w) = G(p,w*), 
from which it follows that also M*(p, w)=M(p, w*). 
Furthermore, as is easily verified, the sign of the 
imaginary part of G(p,w) agrees with that of the 
imaginary part of the argument. Following Castil- 
lejo, Dalitz, and Dyson, [3] we shall call functions 
that have this property R-functions (see also a 
paper by Ansel’m and others (41), itis easy to see 
that R-functions have the following property: if 
H(w) is an R-function, then —H~!(w) is also an 
R-function. Thus — GCG i& w) and —Go'(p, w) are 
also R-functions. When we now use Eqs. (6), (7), 
and (9), we can verify that M(p,w) is also an R- 
function. 

This fact enables us to write a general expres- 
sion for M(p,w) analogous to the representation 
(3) for the Green’s function. To do so we first note 
that to the zeroes of the Green’s function (if there 
are any) there correspond poles of the function 
M(p,w). On the other hand, an R-function can 
have poles only of the first order, and these poles 
must lie on the real axis and have real and nega- 
tive residues. We readily convince ourselves of 
this if we note that near a pole any function may 
be replaced by its principal part (pole term) at 
that pole. If our function is an R-function, then 
this principal part is obviously also an R-function. 
It is not hard to verify that an expression of the 
type a(w—2)~" can be an R-function only for 
n=1, a>0O, and real ©, and from this there fol- 
lows the assertion made above about the poles of 
M (p, w). 

As has already been noted, the poles of M (p, w) 
correspond to the zeroes of the Green’s function. 
It follows from Eq. (3) that G(p,w) can be zero 
only at points at which A(p,w)=0, since 
Im G(p,w) ~ A(p,w) for real w. On the other 
hand, as Galitskii and Migdal !?] have shown, 
A(p,w) can be defined in the following way: 


Dd) [<alvr OIC. 12, e>0 
A (p,)=} < 10 
d} [a1 PO [O12 «<0, ya 


where the sum is taken over all states of the sys- 
tem which have the momentum p and the energy w. 
From physical considerations it is improbable 
that this expression would be zero at any isolated 
value w=w(p); itis still more improbable that 
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the function Re G(p,w) would simultaneously 
vanish at w= w(p). In any case, we cannot indi- 
cate any reasonable physical ideas corresponding 
to such a situation. Therefore in what follows we 
shall assume that the zeroes of the Green’s func- 
tion can lie only in regions of values of w where 
A(p,w) = 0. 

It also follows from Eq. (3) that in these re- 
gions G(p,w) is continuous and has a continuous 
positive derivative. Therefore in each region of 
values of w where A(p,w) = 0 there can be not 
more than one zero of the function G(p,w). We 
shall assume that A(p,w) can be zero only ina 
region near zero, i.e., for values of w in the 
range 


— A (p)<@< Ay (p); Ax (p) > 0, (11) 


and it follows from Eq. (10) that to this there cor- 
responds a gap in the spectrum of the one-fermion 
excitations [the connection between the pole of 

M (p, w) and the gap in the one-fermion spectrum 

has also been investigated by Migdal {5}, 

Thus we must consider two cases: 1) there is 
no gap in the spectrum of the one-fermion excita- 
tions, and 2) there is a gap in this spectrum. 

To begin with, let us consider the first case 
(the only one treated by Luttinger (iJ). Assuming 
that M(p,w) increases with increasing w, we 
have 


0 
M (p,0)=M (p) +0 \ do! 2 2) 


QO @ 1-10) 
ie ata ee (12) 
0 5 4 
where M(p) =M(p,0) is a real quantity, and 
a (p,o) = € @) ImM (p, ) > 0. (13) 


It is easy to obtain this expression if we make use 


of the following fact. The Green’s function G(p, w) 


is the limiting value of the function defined by Eq. 
(3) (if we regard it as a function of the complex 
variable w) as w approaches the real axis from 
above, if w > 0, and from below, if w< 0. Itis 
obvious that M(p,w) must have this same prop- 
erty. Applying Cauchy’s theorem to w7!M (p, w) 
and taking C, as the path of integration, we get a 
function whose limiting value as w approaches the 
real axis from above coincides with M (p,w) for 


Sr 
C, 
ete: 
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w > 0 (Fig. 1). Then taking as the path of integra- 
tion the contour C, of Fig. 1, we get in a similar 
way an expression for M(p,w) for w< 0. These 
two expressions are combined in Eq. (12), if we 
use the fact that M*(p, w) = M(p,w*); it is easy 
to see that a(p,w) must be positive in order for 
M (p, w) to be an R-function.!*.4] If, on the other 
hand, M(p,w) remains bounded (or decreases ) 
as w increases, then in just the same way, apply- 
ing Cauchy’s theorem to the difference M (p, w) 

— M(p, ~), we get . 


M (p, 0) = Mp) + \ do’ 


—oo 


a(p, 0’) 
o’ —o + id 


do’ 

* 
where M(p)=M(p,) is real and a(p,w) > 0. 

Let us go on to the second case. The expres- 
sion (3), regarded as a function of the complex 
variable w, now defines a single analytic function 
in the plane with cuts from —~ to —A_(p) and 
from A,(p) to ©. Therefore M(p,~) must also 
be an analytic function of ~ in the plane with the 
same cuts. Applying Cauchy’s theorem to the 
function M (p, w)(w— w,)7! and integrating along 
the path shown in Fig. 2, we get as an expression 
for M (p, w) 


M(p, ©) = M(p, 01) + 85 [(@p — 0) * — (@p — 1)" 


a(p, o’) 
o’ — @— ib’ 


(14) 


— A_(p) : 
a 4 do’a(p, (ss | 
1s ( do'a(p, o (ss — va) (15) 


A+ (P) 


where 55 =0, -A_(p) < wp <A,(p), a(p,w) >0, 
and 6 —0 if A,(p)—0; the function M (p, w;) 
is real, and w, is an arbitrary quantity lying in 
the interval from —A_(p) to A,(p). In particu- 
lar, we may set w, = 0. 

In this expression we have taken account of the 
fact that, as was shown earlier, M (p, w) can have 
a pole in the region where A (p,w) = 0, and that 
the residue at this pole must be negative. If 
M (p, w) remains bounded for large w (or de- 
creases), then Eq. (15) can be replaced by the 


expression 
2 —A- (Pp) 


6 dw’a(p, 0’) 
Mo,)=MO)+—2o+ | Ets 
° dw’a(p, 0’) 
+ \ ee we de! (16) 
A+ (p) 


where M (p) is real, and the conditions satisfied 
by 62, a(p,w), and wp are the same as before. 
We note further that a necessary and sufficient 
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condition for the existence of a pole of M (p, w) 
are the inequalities 


G (p, — AL (p)) <= 0, G (p, Ay (p)) Pe 0. 


It is interesting to consider as an example the 
problem of the form of the Green’s function and 
the energies of the elementary excitations in the 
case in which we can confine ourselves to just 
the pole term and a constant term in the expres- 
sion for M(p,w). As is well known, the spectrum 
of the elementary excitations is determined by the 
zeroes of the expression (6). In our approximation 
we get from this condition 


w? — o (@p + 2p) + oz, — 4, = 0, 


(17) 


18 

Bp = fp — on — M OP). eh) 
Solving this equation, we have 

et = 1 [o,+2,+V@,— 2) + Sl, (19) 


where €p is the energy for particles, and €p is 
the energy for holes. It can be seen from Eq. (19) 
that Ep > €p and equality, €p = €p, is impossible, 
provided only 5p is not zero. The minimum of 
the difference «€p—¢€p gives the width of the energy 
gap in the spectrum of the one-fermion excitations. 
The Green’s function is obviously of the form 


G ( pet Up Up 

Pale) aoe —e + id @—e,— id’ (20) 
= == \p=)2 

WR OM rE lic Gu dite geet ips 

p ( a Sa) Oe: (o, — ef)? + 62 (21) 


The number density of the particles in the system 
is given by the equation! 

ye 2 r iad == 2 = 

n= regal Mond G (p, ©) = a5 \ dw (p), (22) 
which can be regarded as an equation for dy. 

If the spectrum of the system is symmetrical, 
i.e., if the energy of a particle, taken as a function 
of the momentum, differs only in sign from the en- 
ergy of a hole, then obviously wp = —2p, and all © 
of the expressions have particularly simple forms: 


= VE Ss oF = €p, 
ut= (e,+%,) (Zep) 4p tu, = 1. 


For 6u4=0 and M(p) = 0 these expressions take 
the form that they usually have in the theory of 
superconductivity (cf. the paper by Gor’kov (6), 


+ 
e =e 
p p 


(23) 
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In the general case the Green’s function has 
poles in the complex plane, whose positions deter- 
mine the energies and dampings of the elementary 
excitations. These poles lie on a sheet of the ana- 
lytic function G(p,w) different from that defined 
by the expression (3). For particles we have at 
the pole Re w > 0 and Im w< 0, and for holes the 
opposite signs. Using this fact and separating off 
the pole terms, we have 


G (p, @) a SR ia USN nA (p, @), (24) 


Oso — ils 

where ¢g(p,w) has no singularities of the pole type, 
€p and I'5 are the energy and damping for par- 
ticles, and & and rp are those for holes; 


us (p)= (14+ 55)" | (25) 


w= +(e} — iF) : 
Obviously as the momentum increases the en- 
ergy of an elementary excitation must approach 
the energy of a free particle. In this case the 
imaginary part of the energy of an elementary 
excitation, i.e., the damping, is of the form 


Tp na. (p, C,). (26) 
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In conclusion the author expresses his gratitude 
to A. A. Ansel’m, V. N. Gribov, G. S. Danilov, and 
I. T. Dyatlov for helpful discussions. 
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ung of vv pairs by electrons. 


“1, INTRODUCTION 


: Ganmov and Schoenberg [i] were apparently the 

_ first to point out the important role of the energy 

_ carried away from stars by neutrinos via K cap- 
ture and B decay during the process of the stellar 
evolution. 

The great advances in the theory of the univer- 
sal weak A-V interaction have called attention to 
the neutrino mechanism of energy loss from stars, 
connected with the interaction, predicted by the 
Feynman and Gell-Mann theory, [2] between the 
electrons and the neutrino (év)(év)* in the first 
order in the weak interaction constant G. Ponte- 
corvo|?] noted that the existence of such an inter- 
action should make possible emission of a neutrino- 
antineutrino pair in electromagnetic processes in- 
stead of emission of a y quantum (through the 
virtual pair e*e™ ). 

The negligible probability of such processes, 
compared with that of electromagnetic processes, 
is obvious. At the high densities and temperatures 
encountered in stars, however, the energy lost by 
stars through neutrino-pair formation may turn 
out to be comparable with or even greater than 
the energy losses due to y-quantum emission, 
owing to tremendous differences between the pene- 
trating abilities of the y quanta and the neutrinos. 
In addition, the range of the y quanta decreases 
at large Z whereas the cross section for the for- 
mation of neutrino pairs increases. 

Pontecorvo considered by way of an example 
the formation of neutrino pairs in collisions be- 
tween electrons and nuclei. (3] A quantitative in- 
vestigation of this process as applied to astro- 
physics was made by Gandel’man and Pinaev. 41 
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The cross section for the transformation of a y quantum into a vv pair is calculated and the 
cross section for transformation of two photons into vv is estimated. The stellar neutrino 
luminosities corresponding to these processes are computed. Within a broad range of stellar 
_temperatures and densities, these processes are found to predominate over the bremsstrahl- 


FIG. 1 


They obtained the important result that, within a 
definite region of high temperatures and pressures, 
the energy carried away by the neutrinos in the 
aforementioned process exceeds the photon energy 
loss. This result indicates the need for a detailed 
study of all the neutrino mechanisms of energy 
loss from stars. Recently Chiu and Morrison [5] 
and Chiu and Stabler *] considered certain pos- 
sible neutrino mechanisms whereby energy is 
carried away from stars:* 


etetovtv, ytecretvty. 


rtr>rtyt+y. 


In the present article we investigate quantita- 
tively a new supplementary mechanism by which 
neutrinos can carry energy away from the stars. 
In this mechanism the photon breaks up in the 
Coulomb field of the nucleus into a neutrino- 
antineutrino pair. In addition, we estimate ap- 
proximately the effect connected with the process 
of conversion of two y quanta into a vv pair. As 
applied to conditions inside stars, the calculation 
is carried out in nonrelativistic approximation. 


*E,'L. Feinberg was kind enough to advise us that the 
second of these processes was considered in detail also by 
V. I. Ritus, who obtained a much greater value for the 
neutrino energy loss than indicated in the table of Chiu and 
Morrison.L‘] 
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2. CROSS SECTION FOR THE PRODUCTION OF 
A NEUTRINO PAIR BY A PHOTON IN THE 
FIELD OF THE NUCLEUS 


As noted by Gell-Mann, [7] the amplitude of the 
process wherein two y quanta are converted into 
a vy pair, shown in Fig. 1, vanishes in the case 
of local (ev)(ev)* interaction. 

This circumstance is the result of three fac- 
tors: 1) the invariance under charge conjugation, 
which forbids any contribution to the amplitude of 
the matrix element from the vector part of the 
electron current eyge, obtained from the origi- 
nal Lagrangian of the local A-V interaction 


2 oa [era (1 + 45) v) [ere (1 + 15) v1" 
by a Fierz transformation; 2) the impossibility of 
transitions between system states with spin 1 and 
two real photons [8,9], 3) the zero value of the neu- 
trino mass. 

Obviously, if one of the photons is replaced by 
a Coulomb field, argument 2) no longer applies 
and the process in the corresponding diagram of 
Fig. 2 should take place if the (ev)(ev)* inter- 
action exists. In addition, if nonlocality (due, for 
example, to the intermediate charged vector boson) 
takes place at the vertex G, then the process 
y+y—v +>? will also occur. [7] 

In this section we present an exact calculation 
of the cross section for Coulomb disintegration 
of the y quantum into a vv pair, and obtain in 
addition a rough estimate of the cross section of 
the process y + y ~ v + V on the assumption that 
an intermediate boson exists. 

We consider the first process y+A—A+v+pD 
(Fig. 2). Owing to the presence of a pseudo-vector 
current eyqyse along with the vector current eyge 
this process, unlike the formally similar process 
of scattering of a photon in the Coulomb field of 
a nucleus, is of first order in Z. In addition, 
owing to invariance under charge conjugation, 
only the pseudo-scalar current contributes to the 
amplitude of the process. The gauge invariance 
of the matrix elements eliminates the divergences 
(both linear and logarithmic) automatically. 
Evaluating in standard fashion the integrals and 
the traces corresponding to the electron loop, we 
obtain for the matrix element in the non-relativis- 
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tic approximation (i.e., neglecting the squares of 
the 4-momenta of all the external lines compared 
with the square of the electron mass m? ) 


aZG 

~ nVo 

Here €j,7 —fully antisymmetrical unit tensor 
of third rank (i,k,/ =1,2,3); w —frequency of y 
quantum; q —momentum transferred to the nu- 
cleus, the action of which is usually treated like 
the action of an external static field; e, — photon 
polarization vector; p, and pp —4-momenta of 
the neutrino and antineutrino: u and v —the cor- 
responding spinors; a = '457;; G= 10-°/Mi,, M 
—proton mass (fh =c=1); Z=nuclear charge. 

After averaging over the polarization of the y 
quantum and summing over the polarizations of 
the neutrino and antineutrino, we obtain for the 
differential cross section 


Tair edie [a (py) v2 (1 + ¥5) vo (ps). 


(n,q) (n-q) 
a | dn,dn-, (2) 


2y2G2 e2(@-—8,)? de 
doi = Z2a2G rk om v 1 
mt (2m0)8 @? q’ 


where €,, —energy of the neutrino, n,,5) — unit 
vector along the direction of emission of v (V); 
q=k-py—pp. 

In the integration over the directions of emis- 
sion of v and vy, the second term in the square 
brackets drops out, while the first term yields 


dn, dn— 
\\ (ke), en Ye 
An? © (@,— #,)) 4. 20— 6, © 
- rafal hlaee amar ae (3) 


Integrating, finally, over the neutrino energy we 
obtain for the total cross section of the production 
of a neutrino pair by a photon in the field of the 
nucleus 

01 = (7/576n°) Z?0?Gw?. (4) 
When w = 250 kev, for example, this section is 
0.4Z" x 10°™ cm?, i.e., negligibly small. However, 
under conditions prevailing inside stars this cross 
section causes, as we shall show below, noticeable 
neutrino emission from very dense ‘‘hot’’ stars. 

Let us consider briefly the process y +y—v 
+ v. As mentioned above, it can occur only if a 
nonlocality exists in the A—V interaction. If this 
nonlocality is connected with a heavy intermediate 
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vector boson, (a carrier of weak interactions ), 
then the diagrams contributing to the amplitude 
of the process will be of the type shown in Fig. 3. 
The double line in this figure represents the in- 
termediate vector boson of mass M. 

To estimate the order of magnitude of the cross 
section we consider only the contribution corre- 
sponding to diagrams of type a, disregarding dia- 
grams such as b and c, in which the y quanta are 
absorbed by the heavy particle. Diagram a leads 
to logarithmically divergent integrals, so that the 
cross section of the process does not depend 
strongly on the cut-off momentum L. Taking L 
to be of the order of the mass of the intermediate 
meson, which in turn is taken to be of the order of 
the nucleon mass, we obtain the following approxi- 
mate estimates for the total cross section for the 
production of a neutrino pair in a collision between 
two photons, in the nonrelativistic case (w*, w!? 
«m?): 


6g = (02G?/2n°) ww’, (5) 


where w and w’ are the frequencies of the incom- 
ing photons in the frame fixed in the star. 


3. CONTRIBUTION OF THE CONSIDERED PROC- 
ESSES TO THE NEUTRINO EMISSION FROM 
THE STARS 


In this section we explain the role played by the 
elementary processes considered here in the en- 
ergy loss from the stars, and compare these proc- 
esses with bremstrahlung of neutrino pairs by 
electrons. 3:4] We are essentially interested in 
the conversion of a photon into a neutron pair in 
the field of the nucleus. 

Let us find the energy hia transferred by the 
photons to the neutrino pairs in 1 cm? per second. 
Describing the distribution of the photons n, by 
means of Planck’s formula with kT « m, we ob- 
tain for aig 


 _ Noo dn, = 3.4-10°2 78, (6) 


where ny — number of nuclei per cm’; p —density 
of the matter (in g/em®); 1/v = 2C,Z?/Ay (Cj is 
the weight concentration of the element, Zj its 
charge, and Aj its atomic weight; the summation 
is over all the elements contained in interstellar 
matter); the temperature T is given everywhere 
in kev. 

It must be borne in mind that the rate of energy 
release obtained here is many times smaller than 
the rate of energy release in hydrogen reactions, 
and therefore the neutrino loss can compete with 
the thermonuclear loss only if the thermonuclear 


reactions in the star are already practically non- 
existent and the star is characterized by a large 
value of Z. 

Gandel’man and Pinaev"] have shown that al- 
though the cross section in the Gamow-Schoenberg 
process "'J is proportional to G? and the neutrino 
bremsstrahlung cross section [3,4] is proportional 
to a*G*, nonetheless, owing to the lower abundance 
of the elements with low threshold for the inverse 
B process and to the anomalously large lifetime of 
certain nuclei, the process e +A—e +A+v+D 
proposed by Pontecorvo [3] prevails at T < 100 kev 
over the processes considered by Gamow and 
Schoenberg. We shall therefore compare the effect 
we are considering with the effect investigated by 
Gandel’man and Pinaev. (“1 

If q, is the rate of energy release per cm® ob- 
tained in [4], we get for a star consisting entirely* 
of Mg"4 


qe /qy = 2.5-10°T"*/p, (7) 


When T > 50 kev and p * 10° we obtain q{}!) > q). 
We see thus that the process yt A—A+t+v+) 

can make an appreciable contribution to the neutrino 
emission from the stars. 

Let us compare now the neutrino luminosity Lye 
corresponding to 0,, with the values of Ly ob- 
tained in [4], In addition, we compare L{) with 
the photon luminosity L,. We base our calcula- 
tions, as in [4] | on a model of a point source. We 
have 

. R 
pos \ gi? do =3,4-10-*§ + 4x\ oT *r2 dr, (8) 
0 
where R —radius of the star, characterized by a 
constant central density pe of a convective nucleus 
with radius 0.169 R11] and temperature Tg. In the 
remaining part of the star which makes in practice 
a small contribution to L, we have 


Rir—A - Rir—1 \3-5 
ER Wie gi ame Be p= c(Fe ay) 


(€ = 0.169). Integrating (8) and expressing R in 
terms of pc and Te using the formulas 


_ M 
Te = 0.7-107% p= 
p= 37M | = aR® (qe = DOr + Ai), 


we determine Ly expressed in solar units of lu- 
minosity (Lo = 3.78 x 108 erg/sec): 


*Present-day data [10] indicate apparently that white 


dwarfs with mass on the order of the mass of the sun, if 
formed as the result of evolution of stellar remnants or 
stars with low initial hydrogen content, consist essen- 
tially of Mg”*. 
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LO D1 TSE BO (9) 


vp 


The ratios of L{) to the photon luminosity [4] Ly 
and to L, are 


(10) 
(11) 


LO [Ly = 10-4p2/vpbT?, 


LP ei 10%n Treo 


where 1/ug = 2ZC;,Z;/A;, and b is the coefficient 
in Kramers’s formula for the free path of the pho- 
ton inside the star. 

Figure 4 shows on a logarithmic scale the lines 
L/L, = 10% and L{/L, = 108 for Mg (u =e 
=2, b=1, v= Ve). In the region bounded by the 
lines AB and CD we can compare L(}) with the 
values of L, and L,, obtained in [4] assuming no 
degeneracy and low radiation pressure compared 
with matter pressure. We see that see) > L, over 
a wide range of temperatures and densities. In 
addition, when pg > 10° and 30 kev < Tg < 100 kev, 
the neutrino luminosity is one order of magnitude 
or more greater than the photon luminosity. 

Let us give, finally, the ultimate formulas cor- 
responding to the process y+y—v +d), the cross 
section 02, of which was estimated by us approxi- 
mately in Sec. 2. 

To obtain qi?) we must integrate (w + w’) 0d», 
using a Planck distribution for the frequencies w 
and w’: 


gq?) = 2\\ (o + ow’) o2dn, dny. (12) 

We obtain 
go 18 -10°-*7*: (13) 
gq) | gX = 3-10-73, (14) 


For the neutron luminosity we obtain, in analogy 
with (9), 

Le ees 01D fe ee fee (15) 
Furthermore 


L® | Ly =e 5,82-10°T2*p, / by (16) 
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and 


L® | L® ~ 0,48vT? | p,. (17) 


4. CONCLUSION 


The foregoing analysis shows that at high den- 
sities and temperatures the neutrino energy loss 
from stars, and particularly the loss connected 
with the processes investigated in the present 
article, assume an important role in the energy 
release from the stars. At a density p = 10° and 
a temperature of 42 kev (5 x 10°degK) (Z =12), 
for example, the energy release from one gram of 
stellar matter per second due to the process y+ A 
—A+v+v is 10° erg/g-sec, and is much greater 
than the corresponding energy due to the photons. 
The investigation shows that in a wide range of 
densities and stellar temperatures the mechanism 
considered here prevails over the mechanism of 
neutrino bremsstrahlung. (3,41 

The neutrino energy loss from stars is appar- 
ently particularly important in connection with the 
problem of white dwarfs and, in general, stars with 
low photon luminosity. It is known that the lifetime 
of stars with high luminosity is small compared 
with the age of the galaxy. On the other hand, in 
stars with low luminosity the evolutional time 
scale is very greatly increased (considerably 
greater than the age obtained for the stars from 
general cosmological considerations ), if evolution 
due to burning up of hydrogen is taken as the 
base. {!2] In this connection it is interesting to 
point out that the use of the neutrino luminosity 
in the analysis of the age of white dwarfs should 
apparently lead to a considerable reduction in 
their evolutional time scale. 

A related question is that of the initial content 
of hydrogen in white dwarfs that have not passed 
through the nova explosion stage, and are the end 
products of the evolution of an entire star that has 
exhausted its sources of nuclear energy, so that 
the energy released is a result of compression. 

At small amounts of radiated energy per unit 
mass and at a finite time scale, the white dwarfs 
could exhaust their hydrogen only if its initial: 
content was small. The question of the neutrino 
luminosity of such stars obviously can change 
our notions concerning the smallness of their 
hydrogen content. The neutrino energy release 
apparently plays an important role also in the 
dynamics of the explosion of supernovae. MJ 

No matter how attractive these considerations 
may be, it must be kept in mind that the question 
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of the high neutrino luminosity of stars is con- 


nected with the still unsolved question whether the 


(ev)(ev)* interaction of first order in G exists 
in nature. 
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SINGULARITY IN THE PHOTOPRODUCTION 
OF 1° MESONS NEAR THRESHOLD 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1688-1689 
(November, 1961) 


jie analysis of the experimental data on photo- 
production of 7° mesons on protons in the near- 
threshold energy region [1] has revealed a number 
of disagreements with conclusions derived on the 
basis of one-dimensional dispersion relations. [2] 
The difficulties discussed in “1 in dealing with 
the photoproduction process on the basis of dis- 
persion relations (a study of this question will be 
published separately) are, however, to some ex- 
tent removed by the uncertainties arising from 
the imprecise estimates of the dispersion inte- 
grals. In the analysis of photoproduction in the 
region of angles 6 = 0°, in which the largest dis- 
crepancies appeared previously, [1] we have dis- 
covered an interesting effect which shows the sen- 
sitivity of the differential 1°-photoproduction cross 
section to slight changes in the dispersion inte- 
grals. 

Consider the photoproduction cross section at 
zero degrees: 


ds 


dQ ange = #1 (9? 8 = 0°) — Fa (q?, 0 = 0°)|?, (1) 


where q and k are the momenta of the meson and 
photon in the barycentric frame, and F, and F, 
are invariant photoproduction amplitudes. C2] tt 
follows from the analysis of the existing experi- 
mental data that (w = V1+4q?; we set throughout 
fhi=yw=c=1) 


(F1 — Fs) exe =[V eo (— 0,3 + 0.79) + i-2.41-5 (a, — a) 
x(1—35)V44q,] +107, (2) 


from which it is obvious that at q? ~ 0.18 one has 
Re (F, — F,)g=o° = 0 so that the cross section is 
determined entirely by the small imaginary part 
of the amplitude, related to the rescattering of 
charged mesons (a7 is the S-wave scattering 
length of mesons on nucleons in the state of iso- 
topic spin uf T, a,—a3 = 0.245, [3] and q, is the 
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momentum of the 7* meson). It can be seen from 
the figure that the cross section for photoproduc- 
tion at zero degrees, calculated from Eqs. (1) and 
(2), goes through a sharp minimum in the appro- 
priate energy region of the photons. This charac- 
teristic behavior of the cross section is, accord- 
ing to the estimates of Ustinova, [4] not substan- 
tially changed by the singularities connected with 
the threshold of the reaction y* +p—n+17"*. 


ao 10°? cm?/sr 
6-0 


40 150 760 170 
E+ tab, Mev 


A similar behavior of the cross section follows 
from rigorous dispersion relations. [2] The calcu- 
lation of the dispersion integral in this case was 
performed on the basis of the same assumptions 
as in C1], with however a careful analysis of the 
high-energy fall of the p Cy, ¥,) resonance and 
without an expansion in powers of cos 9. The cal- 
culations gave “ie = 0.12 in good agreement with 
the experimental indications. 

From what has been said and from Eq. (2) it 
follows that a) the location of the minimum in the 
cross section depends critically on the size of the 
dispersion integral and, consequently, on possible 
contributions from the high-energy region and 
from the mm interaction; b) the magnitude of the 
cross section at the minimum determines the 
difference of the S-wave scattering lengths of 
pions a,—a3, measured in this region of q? only 
indirectly. 

To illustrate the first conclusion let us see 
what would be the effect on the photoproduction of 
a wn interaction (see, e.g., (61), If the parameter 
characterizing the contribution of the mz interac- 
tion takes on the values A/e = 2 or —2, then 
Re (F;—F2)g—o° vanishes at qj ~ 0.05 and ~0.30 
respectively, making the agreement between cal- 
culations and experiment worse. A similar effect 
is obtained if the dispersion integral is changed 
by 20—30%. 

The presence of the indicated effect should 
make itself strongly felt in the ratio 
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“ [(dogq/d&@)/(do/d@ )lg-oe, where dogq/d@ is the 
' cross section for the process y+d—d+7. In 
_ the impulse approximation we have for this ratio 


la ds 


odd | as i ek acai 
dQ | dQje—. 3|V+S 


das (3) 


where V and S stand for the isovector and iso- 
scalar parts of the photoproduction amplitude, and 
I? = 1 is the deuteron formfactor. In the region 

q © do, where |V+S| is small, dogq/d& depends 
critically on the value of S, and a study of this 
ratio may provide information on both S-wave 
photoproduction of 7 mesons on neutrons and 

on the m7 interaction, since the latter is connected 
to the two-pion intermediate state which contrib- 
utes only to S. In this way the study of the indi- 
cated singularity may give rise to valuable infor- 
mation about the parameters of pion physics at 
low energies. 
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IN THE ULTRASONIC ABSORPTION CO- 
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(November, 1961) 


A great deal of attention has recently been di- 
rected to the study of the electron structure of 
metals by ultrasonic means. In the case in which 
Kl >> 1 (K is the wave vector of the sound, l is 
the mean free path length of the electrons) oscil- 
lations in the absorption coefficient a were ob- 
served in a comparatively weak magnetic field 
perpendicular to the vector x. These oscillations 
are due to the coincidence of the cyclotron radius 
of the electron orbit with an integral number of 
sound wavelengths.'1s2] The theory of this phe- 
nomenon has been considered by V. L. Gurevich [3] 
and Kaner, “4] who gave the connection between 
the absorption coefficient and the energy spectrum 
of the conduction electrons. The quantum oscilla- 
tions of the absorption coefficient in the perpen- 
dicular field were observed experimentally in 
bismuth and zinc. [5:6] Gurevich, Skobov, and 
Firsov, [7] predicted the existence of a new quan- 


tum effect—gigantic oscillations of the absorption 
coefficient. The predicted oscillations arise in a 
non-perpendicular field (in particular, in a lon- 

gitudinal one) if the following conditions are sat- 
isfied: 


xl =V C/kT 


(¢ is the chemical potential and © the cyclotron 
frequency of the electrons). Both conditions are 
satisfied at helium temperatures. The frequency 
of the ultrasound is 100—200 Mc/sec and higher 
for sufficiently pure metals with only slightly 
occupied electron bands. 

With the aim of observing this phenomenon, we 
set up experiments in a longitudinal magnetic field 
(H || K) of intensity up to 35 koe. Single crystals 
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‘of zinc prepared by zone refining were used. The 


purity of the samples is characterized by a resid- 
ual resistance Ry.» /Rgo = 3 x 107°. 

The dependence of a — a on the reciprocal of 
the magnetic field is shown in Fig. 1 (a and a 
are the absorption coefficients in the field and in 
the absence of a field, respectively). The wave 
vector K and the vector H were directed along 
the [1010] axis of the crystal; the frequency of 
the ultrasound was 220 Mc/sec. The absorption 
coefficient increases markedly with increase in 
the magnetic field intensity, and in a field H ~ 10 
koe oscillations appear, the amplitude of which 
increases rapidly. The period of the oscillations 
in the inverse field is AH~! = (0.204 + .005) x 10S 
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oe~! and is identical, for this orientation, with the 
period of the de Haas—van Alphen oscillations of 
the magnetic susceptibility, measured by Verkin 
and Dmitrenko [8] (the so-called fine structure 

of the effect), with accuracy to within the experi- 
mental error. 

The same dependence for the vectors k and H 
directed along [1120] is shown in Fig. 2. The dis- 
tinctive feature of this curve is the decrease in the 
coefficient a in comparison with ap in the weak 
field, and its increase in the stronger field, al- 
though @— ad) remains negative over the whole 
range of variation of H. For this orientation, the 
oscillations of a are beats between two compo- 
nents having neighboring periods AH™! 
= (0.16 + 0.005) x 1075 oe-!. These periods 
differ somewhat more from the period of oscil- 
lation of the magnetic susceptibility for the [1120] 
direction. 

The study of the amplitude of the gigantic oscil- 
lations was carried out by us at 1.9—4.2°K. The 
amplitude of the oscillations increases with de- 
crease in temperature. 

Evidently, just as in the case of the de Haas— 
van Alphen oscillations, it is possible to determine 
the effective mass of the carriers by the temper- 
ature dependence of the amplitude; however, a 
theoretical analysis is still necessary here. The 
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difference is observed between the periods of os- 
cillation of the magnetic susceptibility and of the 
gigantic ultrasonic absorption is due to the differ- 
ence in the cross section areas of the Fermi sur- 
face on which the oscillations are realized. 

The de Haas—van Alphen effect is determined, 
as is well known, by the extreme cross sections 
of the Fermi surface, while gigantic oscillations 
are realized on that cross section Pz, = P2, which 
guarantees the equality v, = w""] (w is the ultra- 
sonic velocity and v is the Fermi velocity of the 
electrons ). 

In conclusion, we thank B. G. Lazarev for in- 
terest in the research and also for furnishing the 
pure zinc. 
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HEXAGONAL ANISOTROPY IN MnCO, AND 
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(November, 1961) 


Dayatosumsx1 has shown! that the thermo- 
dynamic potential of rhombohedral antiferromag- 
netic crystals showing weak ferromagnetism con- 
tains, among others, a term K; sin? 3g, where 9 
is an angle taken in the (111) plane. This term is 
responsible for the hexagonal anisotropy occurring 
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in the basal plane. In crystals having weak ferro- 
magnetism the spontaneous moment can either be 
directed along a twofold axis (Dzyaloshinskii’s 
state II), or lie in the plane of symmetry (state 
III). 

We have made measurements of the hexagonal 
anisotropy in monocrystals of MnCO; and CoCO3 
prepared by a hydrothermal method by N. Yu. 
Ikornikova in the Crystallography Institute of the 
U.S.S.R. Academy of Sciences. The crystals of 
CoCO, were rather perfect monocrystalline plate- 
lets, bound by low-index planes, ~ 0.3 mm thick 
and 0.8—1 mm in diameter. The MnCO; crystals 
were larger, but less perfect. In both cases the 
trigonal axis [111] was perpendicular to the planes 
of the platelets. 

Circular disks were prepared from these crys- 
tals by means of a special tool on an ultrasonic 
drilling machine. The CoCO; sample had a diam- 
eter of 0.6 mm and a thickness of 0.35 mm. Its 
measured volume was 1.11 x 10-4 cm? and its 
weight 0.472 + 0.01 mg, corresponding to a den- 
sity p = 4.25 g/cm’; this is in good agreement 
with the tabulated value p = 4.13 g/cm®, The 
MnCO, crystal was found to be much softer, and 
the shape of the sample after machining was less 
perfect. Its diameter was 1.3 mm and thickness 
0.35 mm. 

The anisotropy measurements were carried 
out on a torsion balance with a quartz suspension 
35u in diameter. The suspension constant D 
= 1.86 dyne-cm/rad; the balance constant D’ 
= 1.24 x 10°? dyne-cm/mm with a precision of 
reading ~ 0.1 mm. 

The measurements were conducted at the tem- 
peratures of liquid helium, hydrogen, nitrogen, 
and at room temperature in a field of 5600 oe; 
this value is approximately twice as large as the 
saturating fields of these substances determined 
by Borovik-Romanov and Ozhogin. [3] 

The MnCO, sample showed a weak hexagonal 
shape anisotropy at all temperatures and practic- 
ally no crystallographic anisotropy below the Neél 
point (32.5° K-)), Our preliminary measurements 
indicate that the anisotropy, if observed at all, is 
in every case, less than 1 erg/cm*. This result is 
in contradiction to the data of Date, {4] who, using 
the results of ferromagnetic resonance measure- 
ments, obtained for the anisotropy field a value 
that is at least an order of magnitude greater than 
that which follows from our data. 

Unlike the MnCOs, the CoCO, sample showed 
a very strong hexagonal anisotropy. At 4.2°K we 
obtained a value K, = 634 erg/cm’; K; = 0 at all 
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other temperatures used, which lie above the Neél 
temperature (18.1°K/]), Preliminary measure- 
ments indicate a very fast drop in Ks with tem- 
perature. 

Using the relation Hy = 18K3/Ig (where Hg is 
the critical field at which saturation associated with 
uniform rotation is attained and I, is the spon- 
taneous ferromagnetic moment per unit volume, 
equal to 50 cgs esul%]), we obtain He = 228 oe. 

This value as well as the much smaller one for 
MnCO, is an order of magnitude different from the 
actual saturation field, which in both cases amounts 
to 2—3 koe. This indicates the presence of some 
other magnetization processes. 

The authors sincerely thank P. L. Kapitza for 
his interest in the work and A. S. Borovik-Romanov 
for valuable advice and helpful discussions. 
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THE PHOTOMAGNETIC EFFECT INA p-n 
JUNCTION 


I. K. KIKOIN and I. N. NIKOLAEV 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1692-1694 
(November, 1961) 


Srupies of the photomagnetic effect in semicon- 
ductors have shown that illumination of the con- 
tacts (electrodes) influences the measured pho- 
tomagnetic emf, especially at low temperatures. 
This behavior suggests that the photomagnetic ef- 
fect may appear in the blocking layer formed at 
the boundary between a semiconductor and a metal. 
The present letter describes some experiments 
designed to check this suggestion. 

1. A sample of germanium in the form of a 
rectangular 10 x 4 x 4 mm parallelepiped was 
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used. Metallic indium was fused onto one of the 

4 x 4mm ends of the sample, forming a diffused 
p-n junction. The opposite 4 x 4 end had an ohmic 
contact (tin). The photomagnetic potential differ- 
ence between these two contacts was measured with 
the sample illuminated in a magnetic field normal 
to the length of the sample. The measured poten- 
tial difference was the sum of the photomagnetic 
emf’s of the homogeneous part of the sample and 
of the p-n junction. The two emf’s can be sepa- 
rated because the photomagnetic emf in the homo- 
geneous portion is proportional to the illuminated 
length of the sample, while the junction emf is in- 
dependent of the illuminated length. 

The illuminated length of the sample was varied 
by moving a rectangular metal screen placed di- 
rectly in front of the sample. The screen could be 
moved along the length of the sample from the 
ohmic contact to the p-n junction. Initially the 
whole sample was screened. As the screen was 
moved, the ohmic contact, the homogeneous part 
of the sample, and the junction were uncovered in 
the order listed. An emf was recorded without 
any magnetic field; this was the usual photo-emf 
across the p-n junction. This emf was balanced 
out by means of a potentiometer before application 
of the magnetic field. The potential difference pro- 
duced by the magnetic field was measured by a 
null method for two opposite directions of the field. 
From these two measurements, the odd and even 
photomagnetic emf’s were deduced. 

Figure 1 gives the dependence of the measured 
odd photomagnetic emf at 77°K as a function of the 
screen displacement x, which represents the 
length of the illuminated part of the sample. The 
curve of Fig. 1 shows that initially the photomag- 
netic emf is proportional to x. Near the position 
of the junction the emf increases abruptly by an 
amount U,, which is obviously the photomagnetic 
emf of the junction. 

2. To check whether the photomagnetic emf is 
not due to some edge effects, a p-n junction was 
produced in the middle of an 18 x 4 x 4 sample. 
Ohmic contacts were deposited on the two 4 x 4 
mm ends of the sample and served as potential elec- 
trodes. Otherwise the procedure was the same as 
above. 

Figure 2 gives the dependence of the odd photo- 
magnetic emf as a function of the illuminated 
length of the sample at 300°K. The results of 
Fig. 2 confirm the existence of the photomagnetic 
effect across the p-n junction. 

3. The same sample was used to measure the 
photomagnetic emf when direct current was passed 
through it. When the current was in the ‘‘blocking’’ 
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(reverse) direction the photomagnetic emf was 
considerably greater than the emf in the absence 
of the current. In the ‘‘passing’’ (forward) direc- 
tion the photomagnetic emf was not affected by the 
direct current (the potential drop across the 
sample accompanying passage of the current was 
balanced out). 

4. The observed behavior could be considered 
to represent changes of the photo-emf in a mag- 
netic field, C1] but supplementary experiments 
showed that the photomagnetic emf is not directly 
related to the photo-emf appearing across the 
p-n junction in the absence of a magnetic field. 

Suitable treatment of the illuminated surface 
could alter the sign of the photomagnetic emf (this 
was observed also in homogeneous samples [2]) 
without affecting the sign of the primary photo-emf. 

The photomagnetic emf was also measured on 
illumination through a narrow slit moved across 
the sample. Passage of the slit across the p-n 
junction produced a sharp maximum of photomag- 
netic emf. 

Apart from the odd photomagnetic emf across 
the p-n junction, an even emf was also observed, 
but its nature was not clear. 
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A detailed description of studies of the photo- 
| magnetic effect in p-n junctions will be published 
| later. 
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(November, 1961) 


LnvestTiGATION of the temperature dependence 
of the heat capacity of antiferromagnetics gives 
the possibility of verifying the predictions of the 
theoretical law of dispersion of spin waves. How- 
ever, up until the present time such investigations 
have not been carried out. In large part this is 
connected with the fact that in the usual antiferro- 
magnets, because of the presence of a significant 
gap in the energy spectrum, the magnetic heat 
capacity should change exponentially, and in the 
low temperature region it is found to be small 
compared with the lattice heat capacity. One of 
the authors “1] has shown that in the case of the 
antiferromagnetic carbonates, in which the spins 
lie in the plane perpendicular to the three-fold 
axis, the spin-wave spectrum divides into two 
branches, one of which has practically no gaps. 
The result is that the magnetic heat capacity, 
beginning at very low temperatures, should vary 
according to a cubic law. 

In the present work the temperature depend- 
ence of the heat capacity of MnCO 3 was studied 
from 1.6 to 80°K. The MnCO; compound in the 
form of tiny crystals was obtained by a hydro- 
thermal method by N. Yu. Ikornikova of the Insti- 
tute of Crystallography of the U.S.S.R. Academy 
of Sciences.!?] The measurements were carried 
out in a vacuum calorimeter similar to that used 
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FIG. 1. Temperature dependence of the molar heat capac- 
ity of MnCO, (points and heavy curve) and caco,l’] (light 
curve) extrapolated to 0°K (dashes). 


in[,4] in the region 1.5—14° K and in an adiabatic 
calorimeter (*] from 14 to 80°K. The tempera- 
ture was measured with a bronze thermometer 
below 4°K, a carbon thermometer between 4° and 
14° KL6], and a platinum thermometer above 14° K. 
Figure 1 shows the general behavior of the heat 
capacity. The characteristic maximum correspond- 
ing to the transition of manganese carbonate from 
the antiferromagnetic to the paramagnetic state 
can be seen here. The heat capacity maximum is 
found at 29.5° K, which is 2.9° lower than TN 
= 32.4°K, as determined from magnetic data. (1 

In order to separate out the magnetic heat 
capacity it was necessary to subtract the lattice 
and nuclear heat capacities from the data obtained. 
In order to estimate the specific heat of the lattice 
we made use of the results of Simon and Swain, {7 
who investigated the temperature dependence of the 
heat capacity of diamagnetic CaCO3, isomorphous 
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FIG. 2. Temperature dependence of the magnetic heat ca- 
pacity of MnCO,.(Thellight lines are according to the spin 
wave theory from the magnetic datal']) 
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with MnCO3, above 14°K. From Fig. 1 it can be 
seen that above the transition temperature the heat 
capacities of MnCO, and CaCO; vary according to 
the same law and do not differ by more than 4%. 
Since the heat capacity of CaCO, already follows 
a T® law below 25°K, we considered it possible to 
extrapolate these results to helium temperatures 
and took for the lattice heat capacity the following 
formula obtained from the data of Simon and 
Swain!]; Cyo4 = 2.08 x 1074 T? joule/deg mole. 

It is to be noted that this amount of heat capacity 
does not exceed 10% of the total heat capacity of 
MnCO; at low temperatures. As is known, [8] oy- 
dering of the nuclear moments begins already at 
helium temperatures in antiferromagnets, leading 
to an additional contribution to the heat capacity of 
the form Cyyc = b/T*. From our data at low tem- 
peratures we find b = (2.7 + 0.5) x 107? joule/ 

deg mole, which agrees within the limits of error 
with the value of b for MnF». [8] 

The magnetic heat capacity C), obtained from 
our data after introducing the corrections indicated 
is plotted in Fig. 2 vs. T?. We see that up to 3.7°K 
the heat capacity varies according to the cubic law, 
agreeing with the formula obtained in /!J, 


Cy = (40? 8 / 5p) x8, nT w (T/T x)? = aT. 


Substituting in this formula the values x, = 43 
x 1073, 1 = 0.24, Ty = 32.4°K from |], we obtain 
a = 17.5 x 1074 joule/mole deg*. The experimental 
value is a = 18 + 0.7 x 1074 joule/mole deg*. Such 
good quantitative agreement between the tempera- 
ture dependences of the spontaneous magnetization 
and heat capacity of MnCO, is an important experi- 
mental confirmation of the spin wave theory. From 
3.7 to 6°K Cyy increases sharply and thereafter up 
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to 8.5°K follows the cubic law anew. The coefficien 
in this new cubic law equals (2.1+ 0.1) a. This re- 
sult is also found to be in agreement with the pre- 
diction of spin wave theory, according to which the 
magnetic heat capacity should increase with a 
doubled coefficient after excitation of the second 
branch (which has a gap kTaRr). An approximate 
estimate of the size of the gap from a consideration 
of the transition region gives Tap = 15°K. 

The authors sincerely thank Acad. P. L. Kapitza 
for his constant interest in the work, and also 
Prof. P. G. Strelkov for valuable advice on the 
method of measurement and N. Yu. Ikornikova, 
who prepared the MnCQs3. 
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